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During  the  tenure  of  this  contract  We  have-made  progress  ’on  three  fronts: 

1.  The  recursion  operator  of  the  Landau-Lifshitz  equation  has  been  computed  explicitly.  This 
has  been  achieved  algorithmically  by  utilizing  methods  introduced  earlier.  It  should  be  emphasized 
that  in  addition  to  the  important  implications  of  these  results  to  general  lattice  theories  and  neural 
networks,  the  answers  obtained  are  novel  on  their  own  merit  since  textbooks  referred  to  constructing 
the  above  recursion  operation  as  an  outstanding  open  problem. 

We  have  been  invited  to  lecture  on  the  above  work  in  several  major  international  conferences 
(Italy,  Japan,  South  America,  France,  Canada,  US). 

2.  We  have  continued  our  study  of  nonlinear  optics.  We  have  introduced  a  new  system  of 
nonlinear  PDE’s  that  governs  the  development  path  of  photoresist  fabrication.  We  have  employed 
a  proof  given  in  collaboration  with  Araki  concerning  an  iteration  scheme,  used  throughout  the 
analysis.  We  have  reported  this  work  in  various  publications  and  in  a  number  of  international 
conferences. 

3.  Substantial  progress  has  been  made  towards  solving  the  nonlinear  Schrodinger  (NLS)  equation 

on  the  half-line.  Finite  boundedness  in  conjuction  with  nonlinear  evolution  equations  have  alluded 
investigators  for  years.  Since  nonlinear  optics  is  to  be  employed  on  finite  boundaries,  a  major  thrust 
was  needed  to  achieve  viable  results.  A  new  method  has  been  introduced  and  tested  on  the  NLS 
on  the  half-line.  For  the  first  time  concrete  analytical  results  have  been  obtained,  and  the  entire 
problem  has  been  reduced  to  linearizing  a  certain  equation  satisfied  by  the  scattering  data.  This 
linearization  and  the  application  of  the  above  method  to  other  important  evolution  equaitons  is 
under  investigation.  r  __ _ _ 
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A  Note  on  an  Exact  Solution  for  the  Optical 
Absorbance  by  Thin  Films* 

H.  ARAKI 

Research  Institute  for  Mathematical  Sciences.  Kyoto  University.  Kyoto  606.  Japan 
and 

E.  BAROUCH 

Department  of  Mathematics  and  Computer  Science.  Clarkson  University.  Potsdam.  NY  13676.  USA. 
(Received:  I  July  1987) 

Abstract.  The  Babu-Barouch  solution  of  Berning's  difference  equation  for  tire  electromagnetic  fields  within 
optical  thin  films  is  shown  to  converge  in  the  continuum  limit  to  a  solution  (expressed  as  a  converging  series) 
of  the  limiting  differential  equation. 


1.  Introduction 

In  nonlinear  optics,  there  is  mounting  interest  in  a  deeper  analysis  of  the  effect  of  the 
nonlinear  interplay  between  the  light  intensity  and  the  complex  refractive  index.  A  basic 
formulation  for  the  electromagnetic  field  in  thin  films  was  introduced  by  Bcrning  [2], 
Recently,  Babu  and  Barouch  [1]  obtained  an  exact  analytical  solution  of  Berning’s 
difference  equations  in  a  closed  form.  This  difference  equation  describes  the  situation 
where  the  thin  film  is  divided  into  many  sublayers  and  all  relevant  quantities  in  each  layer 
are  constant  within  the  layer. 

The  purpose  of  this  Letter  is  to  discuss  the  continuum  limit,  i.e.,  the  limit  of  the  width 
of  each  sublayer  converging  to  0.  We  will  establish  mathematically  that  the 
Babu-Barouch  expression  for  the  electromagnetic  field  converges  in  this  limit  to  a 
unique  solution  (explicitly  given  by  a  converging  series)  of  differential  (or  equivalently 
integral)  equations  which  is  a  natural  limit  of  Berning’s  difference  equations. 

2.  Results 

Let  E i  and  //,  be  the  electric  and  magnetic  fields  in  the  y'th  sublayer,  X  be  the  wavelength 
of  the  incident  (exposing)  beam,  /,  be  the  thickness  of  the  yth  layer, 

Nj  =  tij-  iKj  (2.1) 


*  Supported  in  part  by  the  NSF  Grant  #  ECS  8611298  and  the  mathematics  division  of  AFOSR. 
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be  its  complex  refractive  index  and 

<p,  =  2n  IjNj/i  (2.2) 

(the  phase  thickness  of  the  /th  layer). 

Then  the  Babu-Barouch  solution  is 


Ej  =  J  dv  |(^m  e  +  //,„)  le''"'2'"  cos  ,  ,  +  (i/W, ,  ,)  sin  <£,,,]  x 

'  m  1 

x  f]  {[e2^2' +  l]cos<)>,+  ,  +  [(//A'/4  i)  e-2’1"2'  + 
j-j*  i 

+  »7V/  +  !  e2ntx2'"  ’]  sin  <p,+  ,  }1| ,  (2.3) 

hj  =  J  d.v  |(£m  e  ~2nix2n'  +  H,„)  [cos  0,  +  ,  +  /TV,  +  ,  e2nix2J ' 1  sin  <py  +  ,  ]  x 
r  m  -  I 

x  fl  {[e2™2'  +  l]cos  <plt  ,  +  WIN,,  ,)  e"2’1'"2'  + 

L/-7  +  i 

+  iW/+ ,  e2"“2'‘']  sin</>,+ j. 


We  will  consider  the  limit  of 

m  -*  oo  ,  b=  max  (/,)  -*  0  , 

J 

m 

£  lj  =  D  (the  total  thickness  of  the  film). 

>- 1 

We  assume  that  there  is  a  smooth  function  /V(r)  such  that 

j 

I 

\k  =  i 

For  j(m)  such  that 


Nj  =  N[  I  /*  ■ 


>("0 

lim  £  lj  =  z , 
y-  i 


(2.4) 

(2-5) 

(2.6) 

(2.7) 

(2.8) 


we  prove  that  the  limits 

E(z)  =  lim  ,  H(z)  =  lim  (2.9) 

exist  and  can  be  expressed  as  a  series  of  multiple  integral  expressions  (see  equations 
(4. 1 5)— (4.20)).  They  are  the  unique  solution  of  coupled  integral  equations  (5.9)  and 
(5.10).  They  are  also  the  unique  solution  of  the  coupled  differential  equations  (5. 1 1)  and 
(5.12)  with  E{D)  and  H(D)  as  initial  conditions. 
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3.  A-integration 

Each  factor  in  (2.3)  and  (2.4)  is  a  sum  of  two  terms  (for  (he  first  two  (actors)  or  four 
terms  (for  the  remaining  factors),  each  term  proportional  to  an  integer  power  of 
vt’  =  e2nLx.  After  multiplying  out  into  a  Laurent  polynomial  of  w,  the  .x-integration 
eliminates  all  terms  except  those  independent  of  ir. 

Case(l):  Em  =  1,  Hm  =  0. 

The  negative  (  -2mth)  power  of  ve  multiplying  E„,  in  the  first  factor  can  be  cancelled  out 
by  multiplying  the  first  terms  of  all  remaining  factors:  2'  '  1  +  12' =  2"’.  Instead  of 
taking  the  first  term  from  all  factors,  we  may  replace  some  of  them  by  other  terms. 
Replacement  by  the  second  or  third  term  will  decrease  the  power  of  w  by  2'  or  2/+  \ 
respectively.  Replacement  by  the  fourth  term  will  increase  it  by  2'  (2/+  1  =  2‘  +  2')- 
These  changes  of  the  power  of  w  are  listed  in  Table  I. 


Table  1.  Change  of  powers  of  w  according  to  the  chosen  terms  - 
Case  ( 1 ) 


2nd  term  3rd  term  4th  term 


2nd  factor 

-  2'*  1 

- 

- 

>=j+ 1 

-2'*  ‘ 

-V'2 

2“  ' 

1  =  j  +  2 

-2Jt  2 

_  2'  • 

V'2 

/-  factor 

-2' 

-  2'  * 1 

2' 

For  obtaining  the  w-independent  product,  we  have  to  balance  the  decrease  and 
increase.  If  the  fourth  term  is  chosen  in  the  /  =  A  factor  with  an  increase  of  2*.  this  can 
be  cancelled  out  only  by  one  of  the  following  combinations:  The  second  term  from  the 
/-factors  with  l  =  k  -  1,  ...,k'(j<  k'  ^  k  and  none  here  if  A'  =  k)  and  the  third  term 
from  the  /-factor  for  /  =  k'  -  1  if  k‘  >  j  +  T;  the  second  term  from  the  second  factor  if 
A '  =y+l. 

The  above  type  of  sequence  of  choices  may  be  repeated  in  mutually  nonoverlapping 
sequences  of  factors.  Thus,  Ej  of  (2.3)  for  Em  -  1,  //,„  =  0  is  given  by 

£V  =  (  ft  cos^Wt-l)"  fl  (A^+,/A,:)tan(/V:  tan^t,  i  (3.1) 

\l-j+  l  /  v-  I 

where  the  sum  is  over  n  =  0,  1,  2, . . .  and,  for  n  >  0,  over  all  possible  integers  A, . .  .k„, 
A;, ....  A;  satisfying 


m  >  A,  >  A',  -  1  >  k2  >  k'2  -  1  >  . . .  >  A„  >  A;  -  1  ^  j  . 
The  same  reasoning  gives  the  following  expression  for  //, : 


Hj  =  (iNj  +  |  sin <£,„,)  (  fj  cos <Pi ) 

\l-J  +  2  / 


(3.2) 
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x  Z<"(-1)"  II  W..  ./**;)  lan ft- lan  </>*,,  ,  + 

V  =  I 

+  ^  fj  cos  </>, j  £(2,(  -  1 )”  ' iNkn ,  |  tan  <pkn  +  ,  x 

X  n  Mt. ,+  i/^;)  tan  0a;  lan  ft,  *  i  .  (3-3) 

v  =  | 

where  the  sunt  in  (3.2)  is  now  divided  into  two  parts  I' 1  ’  and  Z(2>  according  to  k'„  jtj  +  1 
or  k'„  =  j  +  l  (n  =  0  term  is  in  1  *). 

Case  (2):  Em  =  0,  Hm  =  1. 

We  follow  the  same  method  of  computation  as  in  the  previous  case.  In  (2.4)  for  Hr  the 
product  of  the  ^-independent  term  (the  first  term  in  the  second  factor  and  the  second 
term  in  the  remaining  factors)  is  taken  as  the  standard  for  measuring  the  increase  or 
decrease  of  powers  of  w  according  to  the  choice  of  terms  in  each  factor,  which  is  listed 
in  Table  II.  Thus,  we  obtain 


Hj  =  {  FI  cos0,  £(-l)"  H  (AW^*,+  t)tan<Man<&,+  1 

\/-y+ 1  /  v  —  i 

where  the  summation  is  the  same  as  in  (3.1).  We  also  obtain 
E,  =  (i/Nj+  i)  sin  <p; , 


(3.4) 


,+i((  ri2cos^ 


Xl(1)(-1)”  0  (^*;/AV.+  i)lan0A;  tan + 


+ 


IU)(  -  1 _  1  (i/Nkn  +  , )  tan  (pkn  +  , 


x 


n  -  l 

x  I  I  (HkJVk,<  i)tan^.  tan  <pk^  ,  , 

v-  l 


(3.5) 


where  the  summation  is  the  same  as  in  (3.3). 


Table  11. 

Change  of  powers  of  h 

according  to  the  chosen  terms  - 

Case  (2) 

1st  term 

2nd  term 

3rd  term 

4th  term 

2nd  factor 

0 

2'" 

_ 

- 

/-y+ 1 

2'*  1 

0 

2'*  2 

/->  +  2 

V'2 

0 

—  1' '  2 

2'* 5 

/-factor 

2' 

() 

-2' 

2'*  1 
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4.  Continuum  Limit 

We  first  discuss  the  limit  of  (3.1)  under  (2.5)  and  (2.6).  We  do  this  by  showing  that  (i) 
the  product  of  cos  ip,  converges  to  1,  (ii)  the  sum  is  absolutely  convergent  with  the 
convergence  uniform  in  m  and  {/,},  and  (iii)  the  sum  for  each  fixed  n  converges  to  an 
explicit  multiple  integral  expression. 

(!)  Let 


G=  sup  max{ \N(z)\,  |7V(z)|  '}  (<oc). 

0$r^D 


(4.1) 


Due  to  1  ^  cos  <p  >  1  -  (<p2/2),  we  obtain  for  sufficiently  small  b  (so  that 
|<p,|  <  2nGbjk  <  1), 


1>  fj  cos  <p,  >  n  (1  -  2n2G2A  2l£)  . 

t~j+  l  k  -  i 


(4.2) 


Since 


I  /*  ^  I  lk  =  hD  (4.3) 

k  «  1  k  -  1 

tends  to  0,  the  extreme  right-hand  side  of  (4.2)  tends  to  1  as  d  0.  Therefore 

m 

lim  f]  cos  <pi  =  l  .  (4.4) 

t-j*  i 

(ii)  For  sufficiently  small  b  so  that  \<p,\  jS  tt/3,  we  have  |cos<j»,|  >  cos  tt/3  =  *  and 
hence  |tan0,|  <  2|sin$,|  <  2\<p,\.  By  (2.2),  each  term  in  the  sum  in  (3.1)  is  majorized 
by 


(4 G2)"  n  (l&;l  !</>*..  il)  =  (4 tfC2//)2"  [I  (/*;/*„,)• 

V-  I  V-  I 

Therefore,  the  sum  in  (3.1)  is  majorized  by 

I  (4  jtGVA)2- (I/*, 

«  =  () 

where  the  second  sum  is  over  all  integers  kt>  k\ . k'„  such  that 

»i  >  A:  i  +  1  >  k\>  k2  +  [>...>  k„+  1  >  k'„  >  j  . 


(4.5) 


(4.6) 


(4.7) 


The  permutation  of  these  integers  produces  disjoint  sets  of  the  ordered  set  of  2n  indices. 
Therefore,  the  sum  is  majorized  by 


E  (4nG2/X)2"(2n)\~ '  L(lkl  +  ,4;  ■  •  •  4„ ,  ,4;,) 


(4.8) 


where  the  sum  is  now  all  integers  such  that  m  >  k,  +  1  >  j  and  m  Js  k-  >  j.  Since 

m  m 

I  /*<!/*-/>. 

k - #  +  1  k  -  \ 


(4.9) 
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we  have  now  the  majorization  of  (3.1)  by 

X  (2n)r‘(4nG2D/j.)2"  =  cosh(47tG2Z7/A)  <  /  .  (4.10) 

n  =  (> 

(iii)  For  sufficiently  small  d  so  that  |$A  I  <  n/ 3,  we  obtain 

|tan</>A  -  </>J  <(scc20J|#,.|,sS4|</>J,i£  Cd' |0J  (4.11) 

by  the  mean  value  theorem  (and  the  monotonicity  of  sec  ipk  for  small  cpk).  By  combining 
this  estimate  with  the  estimate  leading  to  (4.10),  we  obtain 

I  |  A  (^*v+i/A*;)(tan<^;tan^>+,)-  (/V*v  +  ,/#*;)(&.&„*  ,)| 

s?C2  f  (2«)!“ 1  (2n)  (4nG2D/A)2n 

n=*  1 

=  ( 4CnG2D&2IA )  sinh(4 nG2D/X)  (4.12) 

which  tends  to  0  as  S->  0.  On  the  other  hand,  the  summation 


X  FI  Mt.+  i/^V*:  )  1) 

v  =>  I 

=  (27t/A)2"I  fl  I'O  (4;/*.*,), 

V-  l  \  k-1  l  / 


(4.13) 


(see  (2.7))  with  n  fixed  and  (3.2)  satisfied,  tends  to 
eo  eo  /■/)  /•  i> 

MX)2”  J  dz;j  /V(z„)2dz„  J  ...J  Af(z,)2dz, 

=  (2tt/A)2"  |  /V(z,)2  dr,  J  ’  dri  J  ’  . . .  j  "  ’  W(zJ2  dz„  J  dz,',  (4. 14) 

as  I/,  ,  4  ->  z  by  the  definition  of  the  (Riemann)  integral. 

Thus,  we  have  established  the  following  when  E,„  =  1,  //,„  =  0. 


Iim£-  =  t  (-l)"(2/r/A); 


•  n  r  n 

■j.  *-J. 


M--J2dz„...  /V(z,)2dz, 


t  (  -  l)"(2rt/A)2"  f  /V(z,)2  dz,  f  ’drj 
n  =  0  Jr  Jr 


tV(z„)2  dz„ 


dz,; 


s£,(r).  (4.15) 

In  (3.3),  the  first  term  tends  to  0  because  /V  ,  ,  sin  </>,,,  ►  0  while  the  rest  is  estimated 
by  (4.10).  Therefore,  we  obtain 

,  r  />  r  /)  e  /> 

lim Hj  =  ^.(  -  l)-(2JtM)2"  1  1  j  TV (r„  .  ,)2  dr„  ,  ,  j  dz,; . . .  j  V(z,)2  dz, 
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=  £  H-irwf'  jVz.^dz,  j’"d=;...j  "dr;,  |” 

=  H.(z) 

when  £,„  =  1,  H,„  =  0. 

Similarly,  when  £„,  -  0,  //,„  =  1,  we  obtain 


NU„.  ,)  ’ dr„,  , 
(4.16) 


lim/Zy  =  £^(  ~  l)"(2tr/2)2"  J  ° N (z‘n)2  dz'„  J  dz„...j  .V(r|)2  dzj  J  dr, 

=  £  (-lyttnlX)2”  j°dz,  J  Al(r;)2dz;  ...  [  " N(z'„)2  <S:'„ 

■«*(*).  (4>7) 

lim  Ej  =  £  (/(-l)"(2ir/A)2',+  1  |  dz„*,J  A'(r„)2  dr,', . . .  j"  A(r,)2dr;|  dr, 

=  £  i(-ir(27iM)2"+1  j  dz,  J  A(rJ)2  dr|  ...  J  "  A(rJ2  dr,',  j  "dz„+1 

=  £*(r).  (4.18) 

The  general  case  can  then  be  obtained  as  linear  combinations: 

E(z)  =  E(D)Ee(z)  +  H(D)Eh(z) ;  (4. 1 9) 

H(z)  =  E(D)He(z)  +  H(D)H„(z) ;  (4.20) 


5.  Integral  and  Differential  Equations 

From  (4.16),  we  see  that 

H,(z)  =  (2ni/X)  J  /V(z„ ,  ,)2£,(r„  +  ,)  dz„  «.  ,  , 

(d/dz)HF(z)  =  -  (2tti/A)(V(z)2£,(z) . 

From  (4.15),  we  also  see  that 

£e(r)=  1  +  (2a//2)  JP//f(z;)dr;, 

(d/dr)£,(z)  =  -(2  ni/X)Hr(z). 


(5.1) 

(5.2) 


(5.3) 

(5.4) 


Conversely,  the  coupled  integral  equations  (5. 1 )  and  (5.3)  for  /  and  //, .  can  be  solved 
by  iteration,  giving  rise  to  the  first  expressions  of  (4. 15)  and  (4. 16)  as  the  unique  solution. 
The  coupled  differential  equations  (5.2)  and  (5.4)  together  with  the  boundary  condition 
£,(D)  =  1,  Hr(D)  =  0  yield  (5.1)  and  (5.3)  and,  hence,  again  have  a  unique  set  of 
solutions  £,(z)  and  //,(z). 
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In  case  (2),  we  obtain  the  following  from  (4.17)  and  (4.18) 


£*(*)  =  (2tw'M)  |  Hh(znt  ,)  dr„ ,  ,  , 

(5.5) 

(d/dr)£„(r)  =  -  (2ra‘/A)//A(z) , 

(5.6) 

Hh(z)  =  1  +  {2m j a)  j  n N(2'„)2Eh(zn)  dr'  , 

(5.7) 

(d/dz)Hh(z)  =  -  (2ni!l)N{z)2Eh(z)  . 

(5.8) 

Combining  the  two  results,  we  obtain  the  following  coupled  integral  and  differential 
equations  for  the  general  case 

E(z)  =  E(D)  +  (2m//t)  J  H(z')dz'  . 

(5.9) 

H(z)  =  £/(£>)  +  (2  nil  A)  j  A'(r')’£(r)  dr'  . 

(5.10) 

(d/dr)£(r)=  -(2  ni/X)H(z), 

(5.11) 

(d/dr)//(r)  =  -  {2ni/X)N(z)2E{z) . 

(5.12) 

liquations  (2.3)  and  (2.4)  are  solutions  of  the  difference  equation  (I)  of  [1].  Dif¬ 
ferential  equations  (5.1 1)  and  (5.12)  are  the  continuum  limit  of  this  difference  equation. 
Thus  we  have  shown  that  the  limit  of  the  solution  (of  (1)  in  [  1  ])  is  the  solution  of  the 
limit  of  the  equation. 
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Simultaneous  bleaching  of  a  contrast  enhancing  film  (CEF)  and  the  underlying  positive 
photoresist  is  considered  in  the  absence  of  any  interface  or  substrate  reflectivity.  The  intensity 
transmitted  by  the  CEF  is  determined  as  a  function  of  exposure  time  exactly  using  the  absorptivity 
of  the  film  in  Dill’s  model  equations.  Corresponding  to  this  time  dependent  transmitted  intensity, 
the  concentration  profiles  in  the  positive  photoresist  have  been  expressed  exactly  in  closed  form. 
Relations,  that  implicitly  define  the  developed  image  profile,  are  derived  assuming  that  the  resist 
development  can  be  approximated  by  a  two  state  process.  Furthermore,  they  are  solved 
numerically  for  a  polysilane-AZ2400  resist  system  and  a  model  CEM-388-resist  combination 
proposed  by  Mack.  The  predicted  image  profiles  are  in  excellent  agreement  with  the 
experimentally  determined  profiles  of  Hofer  et  a!.,  for  the  polysilanes,  and  the  predictions  of 
prolith  for  the  model  system  of  Mack.  ’ 


I.  INTRODUCTION 

In  contrast  enhanced  lithography12  (CEL)  a  conventional 
UV  resist  is  coated  with  a  thin  bleachable  contrast  enhancing 
film  (CEF)  that  exhibits  “bleaching  latency.”  3  Exposure  of 
the  CEF  above  a  certain  threshold  level  results  in  increased 
transmission,  while  exposures  below  the  threshold  produce 
little  change.  Significant  improvement  in  the  quality  of  pro¬ 
jection  printed  features  has  been  reported  by  Griffing  and 
West  for  0.5  /im  images1,2  and  by  Hofer  et  al ?  for  1.0  gm 
images  using  CEL.  Griffing  and  West1,2  used  an  undisclosed 
organic  dye  for  the  CEF,  while  Hofer  et  al.3  used  a  0.2-fim- 
thick  aliphatic  polysilane  as  the  CEF.  Hofer  et  al.  also  re¬ 
ported  that  the  nonlinear  bleaching  of  the  polysilane  film 
used  by  them  was  well  described  by  an  effective  concentra¬ 
tion  dependent  Dill’s  A  parameter,4  given  by 

^dr  =  [0.5+1.4(Me-0.4)]^,  (1) 

where  Mc  is  the  concentration  of  the  unbleached  polysilane 
with  absorbance  A . 

Recently  Dill’s  model  equations  for  the  exposure,  bleach¬ 
ing  of  “linear”  resist  materials,  have  been  solved  exactly  in 
the  absence  of  standing  waves,5  and  the  solution  extended  to 
the  image  reversal  process  with  positive  photoresist.6  More 
recently,  Dill’s  model  equations  have  also  been  solved  in  a 
closed  form  when  the  bleaching  characteristics  are  nonlin¬ 
ear.7  It  has  been  applied  to  the  simultaneous  bleaching  of  a 
positive  resist  and  that  of  a  contrast  enhancing  polysilane 
film,  assuming  that  the  reflections  can  be  ignored.  As  Old¬ 
ham  argues’  ignoring  reflections  “is  actually  appropriate  in 
many  cases  since  the  CEL  itself  is  a  major  aid  in  suppressing 
reflections.”  In  any  case,  the  effects  of  reflections  from  the 
interfaces  can  be  included  using  the  recently  derived  closed 
form  solution  for  the  optical  absorbance  of  thin  films  in  the 
presence  of  standing  waves.9  A  comprehensive  discussion  of 
all  reflections  and  standing  waves  in  the  CEL  process  will  be 
presented  in  a  later  publication. 

In  this  paper,  using  the  closed  form  solution  for  the  con¬ 


centration  of  the  photoactive  compound  (PAC)  in  the  un¬ 
derlying  photoresist  film,  an  implicit  functional  relation  for 
the  developed  image  contour  is  derived.  The  derivation  as¬ 
sumes,  following  Greeneich 10  and  Watts, 1 1  that  resist  disso¬ 
lution  proceeds  down  to  the  substrate  in  the  z  direction  first, 
followed  by  a  lateral  development  in  the  x  direction.12  The 
final  image  profile  is  obtained  for  an  AZ-2400  resist  film 
exposed  through  a  polysilane  layer  and  developed  in  an  AZ- 
2401  developer.  The  calculated  images  are  in  excellent 
agreement  with  the  images  reported  by  Hofer  et  al.3  Devel¬ 
oped  image  profiles  have  also  been  calculated  for  the  model 
CEL-positive  resist  combination  investigated  by  Mack13  us¬ 
ing  prolith  to  simulate  CEM-388.  The  two  calculations  are 
in  good  agreement. 


II.  BLEACHING  OF  THE  CEF 

First,  the  intensity  transmitted  by  the  CEF  is  determined 
as  a  function  of  position  and  time.  The  simultaneous  bleach¬ 
ing  of  the  underlying  photoresist  is  determined  as  a  function 
of  position  and  exposure  using  this  transmitted  intensity. 

Equation  ( 1 )  may  be  rewritten  more  generally  as 

/fc<r  =  aMc  +0  (2) 

with  the  subscript  c  denoting  the  CEF  and  where  a  and  /?  are 
two  material  dependent  constants.  For  the  CEM  class  of 
materials  proposed  by  Griffing  and  West1  and  investigated 
by  Mack,11  a  in  Eq.  (2)  is  equal  to  zero. 

The  bleaching  of  the  CEF  is  described  in  terms  of  Dill’s 
model  equations  by 


and 

—  =  -  (aMl  +0MC  +BC)IC,  (4) 

dz 


•  t  n  fi  12),  Mar/ Apr  1 988  0Z34-21 1  X/88/020564-05$0 1 .00 
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with  the  initial  and  boundary  conditions 
Mc(zs,  0)  =  1  0<z<  1  (5) 

and  s 

/c(0,x,f)  =  l0(x)  for  all  x  and  t.  (6) 

Here  z  is  the  normalized  depth  into  the  CEF  measured  from 
the  top,  x  is  a  lateral  coordinate  measured  across  the  image 
and  used  to  define  the  incident  aerial  image  intensity  /n(x), 
Be  is  the  exposure  independent  absorption  parameter,4  Cc  is 
the  bleaching  rate,  and  t  is  the  exposure  time. 

Following  Babu  and  Barouch,5  a  first  integral  for  Mc  can 
be  written  as 

(a/2)M\  +  0Mc+Bc  lnMc  +  ^lnMt  =/(z),  (7) 

dz 

_ _ _ I 
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where  f  (z)  is  an  integration  constant.  Substitution  of  t  =  0 
and  use  of  Eq.  (5)  in  Eq.  (7)  yields/ (z)  =  a/2  +  /?.  Then 
Eq.  ( 7 )  can  be  integrated  as 

J~Mt(  z.x.t) 

d  \ny{(a/2){\  -/) 

+  P(  \  -  y)  -  Bc\ny}~'.  (8) 

The  lower  limit  g(x,t)  is  yet  to  be  determined.  It  is  ob¬ 
tained  as  Mc  (0 ,x,t)  upon  substituting  z  =  0  in  Eq.  (8).  But 
from  Eqs.  (3)  and  (6), 

g(x)  =  Mc(0,x,t )  =  exp[  -  I0(x)Cct  ].  (9) 

Differentiating  Eq.  (8)  with  respect  to  t,  and  combining  it 
with  Eq.  (2),  one  also  obtains 

(10) 


7  =  /„(*)[  (a/2)  (1  -M2e)  +  0{\-Mc)  -  Bc  In  ] 

C  ^  (a/ 2)[1 -e“2/”<x,c‘']  +p[\ +  B  /  lx)Cct 


The  ratio  Ic  ( l,x,r)//0(x)  is  a  measure  of  the  improve¬ 
ment  in  the  contrast  of  the  aerial  image  due  to  the  nonlinear 
bleaching  of  the  CEF. 


III.  BLEACHING  OF  THE  POSITIVE  RESIST 


Simultaneously,  as  the  transmission  of  the  CEF  increases, 
bleaching  of  the  PAC  in  the  underlying  positive  resist  con¬ 
tinues.  The  bleaching  of  the  PAC  is  described  by 


3M 

dt 


—  IMC 


(ID 


and 


-~=-(AM  +  B)I  0<8<l,  (12) 

38 

with  A,  B,  C  being  the  usual  resist  parameters  and  M  the 
concentration  of  the  PAC.  A  and  B,  as  well  as  the  depth 
parameter  8,  are  nondimensionalized  using  the  photoresist 
thickness.  Thus,  8  =  0  at  the  CEF-resist  interface  and  8  =  1 
at  the  resist-substrate  interface. 

The  initial  condition  is  still  given  by 


A/(£x,0)  =  1, 


(13) 


but  the  boundary  condition  for  I(8jc,t)  at  8  =  0  is  now  time 
dependent  due  to  the  increased  transmission  of  the  CEF. 

/((W)  =/c(l^c,r)  (14) 

and  is  determined  from  Eq.  ( 10). 

However,  this  does  not  create  any  difficulty  for  solving 
Eqs.  (11)  and  (12).  Again  following  Babu  and  Barouch,3 
the  solution  M ( 8yc,t  )  is  determined  implicitly  in  the  absence 
of  substrate  reflectivity,  as 


The  lower  limit  h(x,t)  is  determined,  as  before,  by  substitut¬ 
ing  <5  =  0  in  Eq.  ( 15)  and  then  using  Eq.  ( 14)  in  Eq.  (11), 


h(x,t)  —  M(8  —  0,x,t)  =  exp 


Ic(\ji,t)dt 


(16) 


This  completes  the  determination  of  the  closed  form  solu¬ 
tion  of  the  PAC  concentration  profile  in  the  CEL  process, 
when  interface  reflectivities  are  not  significant. 


IV.  CEL  IMAGE  PROFILE  CALCULATION 

The  resist  dissolution  process  can  be  approximately  repre¬ 
sented  by  a  two-stage  process.1011  In  the  first  stage,  dissolu¬ 
tion  proceeds  in  the  z  direction  until  all  the  resist  is  cleared 
from  the  substrate  in  the  regions  of  maxima  in  the  transmit¬ 
ted  intensity.  This  is  followed  by  dissolution  in  the  lateral 
(x)  direction  till  the  end  of  the  development  process. 

Let  the  total  development  time  be  td ,  and  the  phenomeno¬ 
logical  dissolution-development  rate  function  be  given  by 
R[M ]  (see  Refs.  13  and  14).  Then 

07) 


where 


h 


J«A(x) 

0 


d8' 

R  [A/(5\x)]  ‘ 


(18) 


d\ny[A(\  —  y)  —  B\ny]  ‘. 


ts  is  determined  by  setting  S(x)  =  1  for  all  x,  where 
Ic  ( l,x,r)  has  a  maximum.  At  other  values  ofx,8(x)  is  fixed 
using  this  value  of  ts  in  Eq.  (18). 
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Changing  the  variable  of  integration  from  5  to  M  in  Eq. 
(18)  and  replacing  (SS/3M)X  with  the  result  obtained  by 
differentiating  Eq.  ( 15L  one  obtains 


h 


6.x,r) 

W«W) 


_ dM_ _ 

M[A(  1  —  M)  -B\nM]R(M) 


(19) 


or 

ts=f(MbM,)-  (20) 

The  dependence  of  the  integral  in  Eq.  ( 19)  on  the  expo¬ 
sure  process  is  now  only  through  the  limits  of  integration, 
which  are  determined  implicitly  by  Eq.  ( 15 ) .  The  subscripts 
b  and  t  in  Eq.  (20)  denote  the  bottom  (8  =  1)  and  top 
(S  =  0)  of  the  photoresist  layer. 

Then 


rxf(6) 


dx 


t  M(8jc)] 


(21) 


Here  x,  (S)  is  the  line  profile  calculated  after  a  development 
time  of  ls  and  is  determined  from  Eq.  (18).  The  final  devel¬ 
oped  image  profile,  given  by  x^(8),  has  to  be  determined  by 
solving  Eq.  (21)  for  the  given  td  and  the  ts  obtained  from 
Eq.  (18)./,  can  also  be  rewritten  in  terms  of  the  function  / of 
Eq.  (20)  by  changing  the  variable  of  integration  to  M  and 
recognizing  that 

(dM\  =(dh\  M  [A(  \  —  M)  —  B  \n  M  } 

\dx)s.t  \dx),  h  [A(l  —  A)  —  B  In  h  ] 

where  h  —  h(x,t)  is  given  by  Eq.  (16).  Equation  (22)  is 
obtained  by  differentiating  Eq.  (15)  with  respect  to  x. 
Substitution  in  Eq.  (21 )  yields 

tx=(p^y'[A{\-h)-B\nhr' 
r"  !*/<«>  1 

X  d\nM{[A(\  —M)  —  B\nM)R(M)}~' 

Jm  (*,<«>| 

(23) 

=  (p^Y'  [A(\-h)-B\iih)-'f{\tfMl), 

(24) 


where  Mf  and  M,  are  used  to  denote  the  two  limits  of  inte¬ 
gration  in  Eq.  (23). 


V.  IMAGE  PROFILE  EVALUATION 

The  procedure  for  evaluating  the  developed  image  profile 
is  summarized  here.  Results  are  described  in  the  next  sec¬ 
tion. 

The  aerial  image  intensity  /0(x)  incident  on  the  CEF  is 
determined  by  the  projection  optics.  7c(l,x,/)  is  then  ob¬ 
tained  from  Eqs.  (10)  and  (8).  The  lower  limit  of  the  inte¬ 
gral  in  Eq.  ( 15)  is  then  calculated  from  the  integral  in  Eq. 
(16).  The  development  time  ts  required  to  clear  the  resist 


from  the  substrate  in  the  regions  where  Ic  ( l,x,/)  has  maxi¬ 
ma,  is  obtained  from  Eq.  (18)  by  setting  the  upper  limit 
5(x)  —  1.  Equation  (18)  leads  to  the  line  profile  at  values  of 
x,  other  than  those  corresponding  to  the  maxima  in 
lc  ( l,x,f).  Therefore,  the  solution  of  Eq.  (24)  leads  to  the 
final  image  contour  xf(8),  once  the  model  rate  function 
R[M ]  has  been  specified. 


VI.  RESULTS 

The  developed  image  profile  is  obtained  for  the  polysilane 
AZ-2400  system  of  Hofer  e/a/.3  and  the  model  CEL  positive 
resist  combination  of  Mack13  used  by  him  to  simulate  CEM- 
388  type  materials.  In  both  cases,  the  incident  light  intensity 
is  calculated  using  the  projection  optics  subroutine  from 
prolith.  The  results  for  the  two  resist  systems  are  presented 
separately  below. 

A.  Polysilane-AZ2400  resist  system 

Since  it  is  desired  to  compare  the  calculated  profiles  with 
experimentally  determined  profiles,  the  simulations  here 
have  been  performed  at  the  process  conditions  chosen  by 
Hofer  etal.,  in  their  experiments.  For  completeness,  they  are 
listed  in  Table  I.  The  development  rate  functions  R  [ M]  em¬ 
ployed  in  these  calculations  for  the  5:1  and  the  4:1  AZ2401 
developers,  are  given  explicitly  by  Hofer  etal.'*  It  should  be 
noted  that  the  exposure  wavelength  used  by  Hofer  el  al.  is 
A  =  313  nm  and  that  the  image  development  using  5/1  wa- 
ter/AZ2401  developer  requires  a  very  long  660  s  or  more. 
The  results  are  presented  in  several  figures.  Figure  1  presents 
the  normalized  aerial  image  intensity  distribution.  Figure  2 
shows  the  image  profile  as  a  function  of  development  time  in 
a  5:1  AZ2401  developer.  The  effect  of  surface  inhibition  on 
the  profile  is  evident.  The  shape  of  the  calculated  profiles 
agrees  very  well  with  those  reported  by  Hofer  et  al.  For  com¬ 
parison,  image  profiles  obtained  in  the  absence  of  the  polysi¬ 
lane  film  are  shown,  for  otherwise  fixed  process  conditions, 
in  the  same  figure.  Degradation  of  the  image  by  a  reduction 
in  the  side  wall  slope  and  resist  thinning  is  obvious. 


Table  I.  Polysilane  simulations. 


Projection  system  Resist  parameters 

(AZ2400  @313  nm) 


X  =  313  nm 
NA0  =  0.167 
c  =  0.52 

Defocus  =  1.87  ,um 
Linewidth  =  1  O^rn 
Pattern  =  line-space  pair, 

CEL  parameters  (for  313  nm) 


A  =  0.  !62//jm 
B  =  0.184/^m 
C  =  0.01 28  cmVmJ 
Thickness  =  1.25  fim 


Ac  —  8.93//tm 
Bc  =  0. 175/^jm 
C,  =  0.0376  cnr/mJ 
Thickness  =  0.2  nm 

Energy  =  1 10  rr,J/cm: 
(except  where  noted) 
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Normalized  distance  from  image  center 


Fig.  1 .  Normalized  aerial  image  intensity  distribution  of  1 .00pm  line-space 
pair.  X  =  313  nm,  JV^0  =  0.167,  <7  =  0.52,  and  defocus  =  1.87  pm. 


Since  development  with  the  5:1  developer  takes  an  unduly 
long  time,  the  effect  of  using  a  4: 1  developer  has  been  studied 
at  two  exposure  doses,  namely,  1 10  and  1 80  mj/cm2.  It  may 
be  noted  from  Fig.  3  that  the  4: 1  developer  causes  resist  thin¬ 
ning  at  the  lower  exposure  compared  to  the  more  dilute  5: 1 
developer,  and  the  final  image  from  an  exposure  at  1 80  mJ/ 
cm2  and  development  with  5: 1  solution  is  quite  superior  over 
all  the  other  images. 

B.  CEM-388-resist  system 

Finally,  Fig.  4  shows  the  profiles  obtained  with  the  CEL- 
resist  combination  studied  by  Mack.  The  CEL  used  here  is 
very  similar  to  the  CEM-388  manufactured  by  General  Elec¬ 
tric.  The  nominal  parameters  for  the  system  are  given  in 
Table  II,  containing  the  parameters  for  the  development  rate 
function  R  [MJ  proposed  by  Mack.13  Three  CEL  film  thick- 


Oittanca  from  Imago  center  (pm) 


Fla.  2.  Simulated  profiles  of  t  .00  pm  line-space  pair  in  AZ24Q0  resist  using 
5:1  water/ AZ240I  developer  in  the  presence  and  in  the  absence  of  0.2  pm 
polysilane  layer  at  various  development  times:  —  575,  —  625,  -  -  675, 
and -  725  s.  O  with  polytilane  layer  and  □  without  polysilane  layer. 
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Distance  from  image  center  (pm) 


Fig.  3.  Simulated  profiles  of  1.00  pm  line-space  pair  in  AZ2400  resist  as  a 
function  of  AZ240I  developer  concentration  for  various  exposure  energies 
and  development  times  chosen  for  the  same  nominal  linewidth:  —  4:1  and 
180  mJ/cm;,  60  s;  —  5:1  and  180  mj/cm2,  240  s;  —  4:1  and  1 10  mj/cm2, 
1 40  s;  •  ■  5:1  and  1 10  mJ/cm2,  725  s. 


nesses  are  investigated:  0.2,  0.4,  and  0.6  Exposure  ener¬ 
gy  for  each  thickness  is  adjusted  to  give  the  same  nominal 
linewidth  at  the  bottom  of  the  opening  after  development  for 
a  fixed  time  of  60  s.  No  surface  inhibition  term  is  present  in 
the  dissolution  rate  function  used  here.  The  variation  of  the 
side  wall  angle  with  CEL  thickness  of  the  images  in  Fig.  4  is 
very  close  to  that  predicted  by  Mack  from  his  prolith  simu¬ 
lation  study. 


VII.  CONCLUSIONS 

The  concentration  of  the  PAC  in  the  underlying  positive 
resist  has  been  evaluated  in  a  closed  form,  allowing  for  si¬ 
multaneous  bleaching  of  the  contrast  enhancing  layer  and 
the  positive  resist.  Representing  the  resist  development  by  a 
two  stage  process'0  "  the  resulting  image  profiles  have  been 
calculated  for  the  polysilane-AZ2400  resist  system  studied 
by  Hofer  et  al.,  and  for  a  model  CEM-388-resist  combina¬ 
tion  investigated  by  Mack.  Agreement  with  the  experimen- 


Distonce  from  image  center  (pm) 

Fig.  4.  Simulated  profiles  of0.8pm  isolated  space  in  model  CEM-positive 
resist  system  studied  by  Mack  —  0.2  pm  and  120.0  mJ/cm2;  —  0.4  pm 
and  180.0  mJ/cm2; - 0.6pm  and  247.7  mJ/cm2. 
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Table  11.  CEM  simulations. 
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1  Abstract.  We  analyze  further  the  algebraic  properties  of  bi-Hamiltonian 

1  systems  in  two  spatial  and  one  temporal  dimensions.  By  utilizing  the  Lie  algebra 

of  certain  basic  (starting)  symmetry  operators  wc  show  that  these  equations 
possess  infinitely  many  time  dependent  symmetries  and  constants  of  motion. 
The  master  symmetries  t  for  these  equations  arc  simply  derived  within  our 
formalism.  Furthermore,  certain  new  functions  7'12  are  introduced,  which 
algorithmically  imply  recursion  operators  </>,,.  Finally  the  theory  presented 
here  and  in  a  previous  paper  is  both  motivated  and  verified  by  regarding 
multidimensional  equations  as  certain  singular  limits  of  equations  in  one  spatial 
dimension. 


I.  Introduction 

This  paper  investigates  certain  algebraic  aspects  of  exactly  solvable  e'  olution 
equations  in  2  +  1  (i.e.  in  two  spatial  and  in  one  temporal  dimensions).  It  is  a 
continuation  of  [1],  although  it  can  be  read  independently. 

We  consider  evolution  equations  in  the  form 

</,  =  *(</),  (LI) 

where  q(x,y,t)  is  an  element  of  a  suitable  space  S  of  functions  vanishing  rapidly 
for  large  x,y.  Let  K  be  a  differentiable  map  on  this  space  and  assume  that  it  does 
not  depend  explicitly  on  x,y,t.  If  Eq.  (1.1)  is  intcgrablc  then  it  belongs  to  some 
hierarchy  (generated  by  a  recursion  operator  c/>, , ).  hence  in  association  with  (1.1) 
we  shall  study  q,  =  K,n,(q).  Fundamental  in  our  theory  is  to  write  these  equations 
in  the  form 

9l,  ~  J dy 2^i2  2  k  V 2  1  =  j (/l  2 (i |  1  K'|”i  =  A’1,") ,  (1.2) 

H  14 

where  6tl  =  <5(>i  —  y2)  denotes  the  Dirac  delta  function,  qt  =q(x,yht),  i=  1,2, 
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K'1, "It/;,  ,t|;)  belong  to  a  suitably  extended  space  N.  </>,  2 .  K .  arc  operator  valued 
functions  in  S.  If  q  is  a  matrix  function  then  I  is  replaced  by  the  identity  matrix. 
Throughout  this  paper  m  and  n  are  non-negative  integers. 

The  following  results  w^e  obtained  in  [  1 J:  i)  There  is  an  algorithmic  approach 
for  obtaining  the  recursion  <  perator  <l\  from  the  associated  isospeetral  eigenvalue 
problem,  ii)  This  operato  is  hereditary,  in)  l-ach  member  of  the  hierarchy 
(0"2K°2  l)n  =  J(/y2<512<f>72^°2' !•  where  K'l2l  is  a  starting  symmetry,  is  a 

R 

symmetry  of  (1.2).  For  example  the  Kadomtsev  Pctviashvili  (KP)  equation  and 
the  Davey-Stewartson  (DS)  equation  admit  two  such  hierarchies  of  commuting 
symmetries,  iv)  If  the  hereditary  operator  admits  a  factorization  in  terms  of  two 
Hamiltonian  operators,  then  hierarchies  of  commuting  symmetries  give  rise  to 
hierarchies  of  constants  of  motion  in  involution  with  respect  to  two  different 
Poisson  brackets.  For  example,  the  KP  and  the  DS  equations  admit  two  such 
hierarchies  of  conserved  quantities. 

The  above  results  extend  the  theory  of  [2  4]  to  equations  in  2+1.  Novel 
aspects  of  the  theory  in  2  +  1  include:  i)  The  role  of  the  Frechet  derivative  is  now 
played  by  a  certain  directional  derivative.  If  subscripts  /  and  d  denote  these 
derivatives  then  there  is  a  simple  relationship  between  directional  and  total  Frechet 
derivatives: 

K.2„[ *.2*'.2]  =  A.2,[/  J  =  Kl:,  t/-nj  +  K,3'P-121,  (1.3a) 

where  Kl2  is  an  arbitrary  function  in  S.  and  Ki:  denotes  the  Frechet  derivative  of 
Kl2  with  respect  to  qh  i.e. 

(</,  +«/•„,  (/y)|rM„  /.  j  =  1,2,  i  j.  (1.3b) 


Operators  on  which  directional  derivatives  are  defined  are  called  admissible  [1] 
(applications  of  the  (/-derivative  in  explicit  examples  can  be  found  in  Appendix  A, 
see  also  Appendix  C  of  [IJ).  ii)  The  starting  symmetry  K"2  can  be  written  as 
K”2L  where  K°2  is  an  admissible  operator.  Fssential  to  our  theory  is  that  the 
operators  K°2.  acting  on  suitable  functions  form  a  Lie  algebra. 

1.  For  the  equations  associated  with  the  KP  equation, 

<^12  =  D2  +  ql2  +  Dq^D' 1  +  qx2D  ’q,20  q*2±  q,  ±  q2  +  ot(D,  +  D2). 

(1.4) 

where  Dt  ==<)/<}>■,•.  The  starling  operators  K  V 2  are  given  by 

Af,2^/>(/,‘2  +  ^i2D'1t/12,  (1.5) 

and  Hi 2  is  an  arbitrary  function  independent  of  x,  i.e. 


H\2  —  H,  2(i| ,  y2 ). 

The  Lie  algebra  of  K°l2  is  given  by 

[/V ,  2  HVi,  N ,  2  H\2l}d  =  -  N ,  2  //VV.  L/V ,  2  M ,  2  lift L  = 

[Ml2H\lLMl2H\2ttd=  ~^2Nulln- 


(1.6) 


•wl2«VV. 


(L7) 
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where 

J  -  (1.8) 

* M. H'ffi,  =  idyiUWH'&  -  //j\’ //“’).  ( 1 .9) 

H 

2.  For  the  equations  associated  with  the  US  equation 

*^12  =  £7(^>12  t  2'  Q  1  2  )t  Ql2^  I  2  =  0]  7' I  2  ±  ^  12  Ql’ 

Pt2F,2=Fl2„-JFl2-F^J,  (1.10) 

where  J  =  a<r,  <r  =  diag(I,  —  1),  0  is  a  2  x  2  off-diagonal  matrix  containing  the 
potentials  <7,  (x,y),  <?2(.v,.v)  and  0l2  is  defined  on  off-diagonal  matrices.  The  starting 
operators  K°2  are  given  by: 

Nl2  =  ef2.  Ml2=Ql2a ,  (Ml) 

and  /712  is  an  arbitrary  matrix  function  satisfying  the  following  properties: 

W12  diagonal  matrix,  F,2//,2=0.  (1.12) 

Also 

[(V12tfV>, N12HWL  =  -Nl2H%  LNX2H\'i,Mi2H\2lh  =  -  M12//VV, 

[AJ12//'l,j,M12//ft’L=  -  (113) 

iii)  The  recursion  operator  <Z>12  is  admissible  and  enjoys  a  simple  commutator 
operator  relation  with  hl2  =  /i(yt  -  y2): 

C^2JU2l  =  -/^’.2,  l>  j2='-'W.  (1-14) 

'.'l 

which  implies  that  c>,2  A.’1,"]  =  Sl20"2K (,'2-  I  =  £  l>  where 

d\2  =  (V(5,2/(,1'i  . 

The  starting  operator  K°2  is  also  admissible  and  its  commutator  relation  with 
hi2  implies  that  (jI2K\"j  can  be  written  in  the  form 

&l2K\"'2  =  6l20]2KQl2  \  =  £  hnJ<l>"{2'K';2 •<>',,  (1-15) 

1=  1 


for  suitable  constants 

1.  For  the  two  classes  of  evolution  equations  associated  w  ith  the  KP  equation 
we  have  that 

0=- -4ot,[(V12,/iI2]  =  0,  [M12Ji12]=  fi  =  /i/2.  (1.16) 

and 

F'l  2=  <V  ,  2 

K'.Wf,2. 


(1.17) 
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2.  For  the  two  classes  of  evolution  equations  associated  with  the  OS  equation 
'we  have  that 

P  =  2a,  [/V,2./i,2J  =  [A>12,/i12]  =  0  (1.18) 

and 

/!’(")  (119) 

In  [I]  we  assume  knowledge  of  the  underlying  isospectral  problem.  This 
problem  implies:  a)  a  hereditary  operator  0]2:  b)  suitable  starting  operators,  say 
Mj 2  and  /Vl2,  and  functions  7/12;  c)  two  skew  symmetric  operators  such  that 
<P12  =  0i122)(@'i12)_'.  Furthermore,  it  can  be  shown  (hat  <P, 2  is  a  strong  symmetry 
for  the  starting  symmetries.  One  then  needs  to:  a)  Find  ft  and  hnl  appearing  in 
Eqs.  (1.14),  (1.15).  b)  Compute  the  Lie  algebras  of  A/ , 2 , /V , 2  on  function  Hl2  (i.e. 
obtain  equations  analogous  to  (1.7),  (1.13).  c)  Verify  that  the  starting  symmetries 
correspond  to  extended  gradients,  i.e.  verify  that  ((©Vi)- 1  K i2  H12)d,  K?2  =  Mu 
or  Nl2,  is  symmetric  with. respect  to  the  bilinear  form 

<0i2. /i2>  =?  J  dxdyldy2  trace y2I/12.  (1.20) 

R3 

d)  Verify  that  @iV  >  ©i  2*  are  compatible  Hamiltonian  operators. 

In  this  paper  the  following  results  are  presented,  i)  In  Sect.  2  we  investigate 
further  the  Lie  algebra  of  the  starting  symmetries  Knl2H  12.  In  [1]  we  only  used  a 
subclass  of  solutions  of  (1.6)  and  (1.12),  given  by  H ,2  =  hi2  =  fi(y,  —  y2)  and 
Hx2  =  hi2(al  -y  bo),  a,b,  constants,  respectively.  This  gave  rise  to  time-independent 
commuting  symmetries.  We  now  choose  H l2  to  be  a  more  general  solution  of  the 
above  equations;  this  gives  rise  to  time  dependent  symmetries.  Time  dependent 
symmetries  for  the  KP  have  been  studied  in  [6,7. 18,20].  ii)  In  Sect.  3,  using  the 
Lie  algebra  of  K°2Hl2  and  an  isomorphism  between  Lie  and  Poisson  brackets 
we  prove  directly  that  0"l2K°l2H ,2  correspond  to  conserved  quantities.  This 
derivation,  which  capitalizes  on  the  arbitrariness  of  Hl2.  has  the  advantage  that 
does  not  use  the  bi-Hamiltonian  factorization  of  0l2.  In  other  words,  for  the  theory 
developed  in  this  paper  one  needs  only  to  verify  a)-c)  above. 

We  recall  that  Fuchssteiner  and  one  of  the  authors  (ASF)  introduced  an 
alternative  way  for  generating  symmetries,  the  so-called  master-symmetry 
approach.  A  master-symmetry  is  a  function  r  which  has  the  property  that  its  Lie 
commutator  with  a  symmetry  is  also  a  symmetry.  The  r  functions  for  the 
Benjatnin-Ono  and  the  KP  equations  were  given  in  [5]  and  (6  7J  respectively. 
Several  authors  (e.g.  [8]-[12])  have  noticed  that  master-symmetries  also  exist  for 
equations  in  1  +  I  as  well  as  for  finite  dimensional  systems  [13].  Let  r  and  T 
denote  mastery-symmetries  for  equations  in  2  +  !  and  1  +  I  respectively.  If  0  is 
the  recursion  operator  and  S=  IK  +  7„  is  the  scaling  symmetry  of  an  equation  in 
1  +  1,  q,  =  K,  then  T  =  <Z>T0  is  a  master  symmetry.  However,  there  exists  a 
fundamental  difference  between  r  and  T.  The  function  0“  1  7'  (0  is  a  Hamiltonian 
operator)  is  not  a  gradient  function;  this  can  be  used  to  constructively  obtain  0 
from  T.  But  0  " 1  t  is  a  gradient  and  hence  the  above  construction  of  </»  from  t  fails. 

In  Sect.  4  we  show  that  x  is  not  the  proper  analogue  of  T.  Let  us  consider  the 
KP  for  concreteness.  As  it  was  mentioned  earlier,  0"2K°l2  I  generates  time- 
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independent  symmetries;  it  will  be  shown  here  that  <I>"  ,  Af V z(>'t  +  y2f  generates 
time-dependent  symmetries.  It  turns  out  that  t  =  (<bf2K°2(v,  +  y2)), ,  (see 
Sect.  IID).  But  0f2  ^12^12 ^12  *s  an  extended  gradient  for  all  tf12,  hence  0“‘t 
is  a  gradient  function.  In  Sect.  4  we  show  that  the  proper  analogue  of  T  for  the 
K.P  is  T{1  =  (it  corresponds  to  <l>2\  for  the  KdV).  Actually,  0 , 2  7, 2  is 

not  an  extended  gradient  and  it  can  be  used  to  constructively  obtain  tfil2. 

In  Sect.  5  we  show  that  exactly  solvable  2  +  I  dimensional  equations  are  exact 
reductions  of  nonlocal  evolution  equations  generated  via  nonlocal  isospectral 
eigenvalue  problems.  This  result  both  motivates  the  basic  ideas  and  concepts 
introduced  in  [1]  and  in  this  paper,  as  well  as  verifies  several  results  presented  in 
the  above  papers. 

II.  A  Lie-Algebra  for  Equations  in  2  +  I 

In  developing  a  theory  for  time-dependent  symmetries  in  2  +  1  it  is  useful  first  to; 
i)  characterize  the  commutator  properties  of  these  symmetries,  ii)  study  the  action 
of  <i>  on  the  Lie  commutator  [a,b]L,  where 

[a,b]t  =  a(.|>]  —  />,.[«],  (2.1) 

and  aL  denotes  an  appropriate  derivative.  This  derivative  is  linear  and  satisfies  the 
Liebnitz  rule.  For  equations  in  1  +  1  one  only  needs  [a,b]f,  while  for  equations 
in  2  +  1  one  also  needs  [<j 1 2 ,  fe 2 2]]d  (see  (1.3)). 

Lemma  2.1.  a1'1  is  a  time  dependent  symmetry  of  order  r  of  the  equation  q,  =  K,  i.e. 

P(J^ 

--  +  iy'U  ],.  =  o,  (2.2) 

ff 

<Tlr,=  £  IiJ)=  l).K]L,  j  =  I ....  r,  [K.I,r,]L  =  0.  (2.3) 

j=o  j 

The  above  result  follows  from  the  definition  of  a  symmetry  and  the  assumption 
that  LiJ)  is  time  independent.  It  implies  that  constructing  a  symmetry  of  order  l 
is  equivalent  to  finding  a  function  22'°'  with  the  property  that  its  (/  +  I )"  commutator 
with  K  is  zero. 

The  action  of  a  hereditary  operator  <!>  on  a  Lie  commutator  is  given  by: 


Theorem  2.1.  Let 

S  =  <PL  IK  ]  +  [<*>.  K  ,J- 

(2.4) 

Then 

ai) 

<P"LKl,K2]L  =  [Kl<0nK2]L  +  ^i<J>'''Sl0'>yi. 

(2.5) 

If  <t>  is 

hereditary,  i.e.  if 

&t  [0v~\w  —  <J><P,  [u]w  is  symmetric  with  respect  to  i\  w. 

(2.6) 
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then  the  follow  ini)  are  true : 

a2)  <f>L[<f>’’K]  +  [<X>(<f>',/C)J  =  0nS,  (2.7) 

a3)  <Pn+mlKl,K2]L  =  l0"Kl,0"'K2  J,. 

+  </>“(^  £  <!>'"  '.S',  </;'  1  Jk2  -  £  0"  rS2</>r  1  jfc  , . 

(2.8) 

(in,  n  are  non-negative  integers). 

Proof.  To  prove  (2.5)  use  induction:  (2.5)0  is  an  identity.  Applying  0  on  (2.5)„  we 
obtain 

0n  +  ,[K1,K2]L=<PCK,,<f>',K2]I.+  <f^  £  0n-rS,0r-l^jK2. 

Equation  (2.5)n  +  1  follows  from  the  above  and  the  following  identity 
0[KuM }L  =  [A.'  j  ,  0M]l  +  S,  M. 

Equation  (2.7)  also  follows  from  induction.  To  prove  (2.8)  first  note  that  (2.5)  implies 

(  I  <t>m  rSt  0''  1  )k2  =  [K„  0mK2\.  (2.9) 

Equation  (2.5)  also  implies 

Let  K2  =  0"K2,  then  (2.6)  implies  5\  =  0mS2.  and  the  above  equation  becomes 


<f>mK2],  =  [0"K ,,  d>mK2J,  -  ^  f  0n  r0mS2  0r~  . 

Applying  0"  on  (2.9)  and  using  the  above  we  obtain  (2.8). 

Corollary  2.1.  Let  the  hereditary  operator  0  he  a  strong  symmetry  for  both  K ,  and 
K2,  i.e.  5,  =  S2  =  0.  Then 

0n  +  m{_K{,K2'il.  =  [0nKl,0mK2  J,..  (2.10) 

In  the  rest  of  this  section  we  characterize  extended  symmetries  <r]2.  The 
following  theorem,  proven  in  [  1  ],  maps  extended  symmetries  a ,  2  to  symmetries  cr , , . 

Theorem  2.2.  Assume  that  the  commutator  of  0I2  with  hl2  is  given  by  (1.14)  and 
that  the  starting  operator  K°2  are  such  that  (1.15)  is  valid.  If  a ,  2  is  an  extended 
symmetry  of  (1.2),  i.e.  if 

%lt2  +L<T12.«^2'/''i2K',,2lJ,  =  0.  (2.11) 


then  o ,  j  is  a  symmetry  of  (1.2),  i.e. 
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+k,,.M"!  l,  =o.  (2.12) 

In  the  above 

=  (2.13) 

and 

[n’l2<<5l2<r,"l2^<12'  l]j  =  X  (’ii.lL^l  2- <r>1  2  't  2  t>  1  2  3d  •  (2.14) 

/  =  <> 

It  is  necessary  to  rewrite  f>l20"l2K<l2- 1  >n  l'1c  form  appearing  in  (2.14)  since 
the  directional  derivative  is  defined  only  for  functions  of  the  form  Ll2Hl2,  where 
L[ 2  is  an  admissible  operator. 

Using  Lemma  2.1,  Corollary  2  1  and  the  Lie  algebra  of  K°ZH  ,2  (with 
appropriate  //12)  we  obtain  extended  symmetries,  which  then  via  Theorem  2.2 
give  rise  to  symmetries. 


Proposition  2.1.  Assume  that  the  hereditary  operator  d>l2  is  a  strong  symmetry  for 
the  admissible  starting  operators  A/ , , ,  /V , , ,  and  that  [1.14),  [1.15)  hold.  Further 
assume  that  A/12,  /V,2  form  a  Lie  algebra  [analogous  to  (F7),  [1 .13)).  Consider  the 
following  hierarchies 


d\,  = 

$dy26l2<l>12Nu- 

K 

l=Rv2^.2(V,ri  = 

(2.15a) 

<Ii,= 

$dy2<>\2(t>,[  i  M  \  2' 

R 

l  =  Rv2c>12M(^ 

It 

=  M(>"  !■ 

(2.15b) 

Then: 

a)  («3>T2M,2  1), 

1.(^2 

N 1 2  •  1 ),  i ,  are  symmetries  of  Egs.  (2. 

.15). 

b)  Appropriate 

linear 

combinations  of 

{^2M,2H\Vne 

■  WiNu 

//(rk } .  i  for 

suitable  functions  generate  time  dependent  symmetries  for  Egs.  (2.15). 


Rather  than  proving  the  above  proposition  in  general,  we  use  for  concreteness, 
the  Lie  algebra  (1.6)  to  sketch  how  the  above  results  can  be  derived.  Details  are 
given  in  II. A,  II. B.  Let 

N\n)2  =  0"Nt2,  A 7 Vi  =?  (1>"MI2.  (2.16) 


Then,  using  Corollary  2.1,  Lqs.  (1.7)  imply 


[/V(|m2>//'1’2),iV,1V,,//'122,JJ=  -  /V,mt VV, 


[MriH\'>.M“f‘'ll\2n,=  -  N',’V"4  '■  "ll\f. 


(2.17) 


Part  a)  of  the  proposition  is  a  direct  consequence  of  Lqs.  (2.17)  and  (2.14).  For 
example 

[A^  UijN'ri •!],«=  -  i  /v,,vm  +  "-,>  /7',,,2=(), 

l  ~  O 

since  H{{2  =  [I.A'^L  =  0;  thus  N\m2- 1  arc  extended  symmetries  of  (2.15a). 

Consider  part  b)  of  Proposition  2.1.  Let  us  first  consider  symmetries  of  order 
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one  it  t.  Then 

M'f2’(y.+y2)  "'I  (2.18) 

are  first  order  time  dependent  extended  symmetries  of  (2. 15a).  Similarly 

/V +  y2)  —  tlb„A  ”•  I,  (2.19a) 

M •  (y i  +  y2 )  -  t2b„ ,  /V<m + •  1 ,  (2.19b) 

are  extended  symmetries  of  (2.15b)  with  b„  ,  =  (  —  4a)  V  2~s(  ”  S). 

v  =  0  \l  —  S  J 

To  derive  the  above  we  use  Lemma  2.1  and  Lqs.  (2.17).  For  example,  to  derive 
(2.18)  we  look  for  a  function  £<,n2>  such  that  its  commutator  with  Sl2  N\"\- 1, 
commutes  with  <5 U/V I.  Clearly  •il1<2  =  +>2)  or  A'7'1"'(y1  +  y2).  For, 

(2.17a)  implies 

[NTCO'.  +  .V2Ui2^'u-  'L  =  2/<(")\‘"  +  "-'»- 1, 

since  H'{ 2  =  [y,  +  y2.^'12],  =  -  2<>M.  where  <),  ,  =  0  if  /  /  1  or  1  if  /  =  I. 

In  a  similar  manner 

N\m](yi  +  y2  )2  -  <4//  "  )  N\y ' n ~  "(v ,  +  y2) - t2  4 /I2  (;,)'/v-,r2—i. 

2W^(>T  -F3’2p-<4/^”^A7r2'"_  "0  ,  -F  r2)  +  /24/f2^"y  •  (2.20) 

are  second  order  time  dependent  extended  symmetries  of  (2.15b).  Similarly 

Ntm»  (y,  +  y2)2  —  f4b„ ,  "(v,  +  y2)  +  f24/>2 ,  N,m  + 2"~ ’>■  1.  (2.21a) 

XJ'-’-O-,  +  y2)2  ~  t4/Vl  /V,M  '"’•(.»•,+  y2 )  +  f 2 4b 2 ,  .V/1’"* 2n_  "  I, 

/>„.,=(  -4a)(«  +  2),  (2.21b) 

are  extended  symmetries  of  (2.15b).  Indeed 

C  NTHy,  +J'2)2.5,2w'l*i-l]4  =  4^'^ivr2v,-,,(y,  +.V2K 

since,  [(y,  +  y2)2,<5'12]  =  -4(y,  +y2 )<’>,.,.  Also 

[(V‘,V*"  "(y,  +  >'2K^.2A7<"i  1  j  =  2/^'^/V'V  2-2>. 

The  extension  of  the  above  results  to  any  order  in  time  is  straightforward:  To 
generate  a\r\  consider  I =  N\m]{y,  +  y2)r  or  M',”1  (y,  +  y2)r.  The  commutator  of 
(y,  +  y2)'  with  <5',2  produces  (y,  +  y2)r“'.  Thus  the  rlh  commutator  of  (y,  +y2)r 
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with  ^  produces  I  which  commutes  with  hence  Lemma  2.1  guarantees  the 
existence  of  an  r,h  order  symmetry. 

II. A.  Time  Dependent  Symmetries  for  the  liquations  Associated  with  the  KP 
Equation.  Following  the  construction  and  the  argument  sketched  above,  extended 
symmetries  of  order  r  in  time 


<2  =  I  (2.22) 

i  <> 

are  generated  through  Proposition  2.1,  starting  with  I'1,"1  =  or  A/W-W'l 

where  H($,  is  defined  by 

+y2r;  (2.23) 

more  generally,  any  homogeneous  polynomial  of  degree  r  in  y,  and  y2  could  be 
used  as  well  (note  H\2  solves  (1.6)).  Using 


[Mu.'S'ij]  =  -(!-(-  s)  IT; 

( r  -  s)! 


we  can  show  that 


aZ  0, 
a  <  0, 


(2.24) 

(2.25) 


i)  The  class  of  evolution  equations  (2.15a)  with  Nt  2~q;2  admits  t-dependent 
symmetries  of  order  r  given  by 


and  by 


Z'Pl-N'fl-H'ft, 

_  (m  i  jn 

Z'ii  =  I  v(r,  j,  s)Ni2 


')  (r-  t-'l  si) 

H,2'- 


£\0l  =  M?jH\r'2, 

,(">*)"  L  :'i*  0  (’  V  2,,  ,  |) 

L'{\  =  £v(r,  j,s)M  "•  H,2"' 


(2.26a) 

(2.26b) 

(2.27a) 

(2.27b) 


where  j  2  1,  the  summation  I  is  from  sl,s2,...,sj  zero  to  P„  and  P„  =  (n  -  l)/2  if 
n  is  odd  and  (n  —  2)/2  if  n  is  even.  Also 


Hr,j,s)  =(— fl  °(r-  I  2s  +  I  ) )(  J]  + 


and  b„j  =  ( -  4a)' 


r,  (2.28) 


r-  I  2s,+  1  ! 
1=  1 


ii)  The  KP  class  (2.15b)  with  M  12  =  Dq;2  —  qi2D  lqi2  admits  r-dependent 
symmetries  of  order  r  given  by 

=  nwhv2. 


(2.29a) 
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{..i .  :,<i  i  ,  v  2>, ,  i)  (,  .  i) 

£™  =  Zvlr.2j.s)N,z  "  H\i .  (2.29b) 


("i 1 1’/  1 1'.  •  i  i  i.  ’n 1 1)  ('  i.  -'i-*  i) 

2T«V",,=*^v(r.27- l,.v)A/12  11  //l2"  ,  (2.29c) 

and  by 

2  ¥2  =  (2.30a) 

("■ 1  ->  •  i  L  2</  *  i)  (r  L  J'i  h) 

£iiy,  =  £v(rJ2j,s)Mt2  ’  '  W12"  .  (2.30b) 

lln  M  y  ijtl)  (r 

£\It"  =  Z\ir,2j- l..s)A/w  “  • // , 2  *  '  ,  (2.30c) 

w,th  and  L/'S/^"r.*)  =  <-4«>'  tor  ,(/-5  )• 

//.B.  Time  Dependent  Symmetries  for  the  Equations  Associated  with  the  Davey- 
Stewartson  Equation.  The  construction  of  /-dependent  symmetries  for  the 
equations  associated  with  the  DS  equation  is  similar.  Extended  symmetries  of  order 
r  in  time  are  generated  through  Lemma  2.J,  starting  with  =  N[m) H{[\  or 
where  H[[\  is  defined  by, 

H\r'2=  diag(,f+,  £+i;  =  +v2  ±2ax.  (2.31) 

satisfies  the  same  formula  (2.24).  obviously  replacing  [7/{,r2.  (5  s,  2],  by  [H1^, 
^si2/]/.  Then,  using  Corollary  2.1  and  Eqs.  (1.13),  one  can  show  that 

i)  The  class  of  evolution  equations  (2.15a)  with  Nl2  =  Ql2  admits  /-dependent 

symmetries  of  order  r  given  by  Lqs.  (2.26)  and  (2.27),  where  ~  (2a)' 

and  7  SH. 

ii)  The  class  of  evolution  equations  (2.15b)  with  M ,  2  =  Q f2  er  admits  /- 
dependent  symmetries  of  order  r  given  by  Lqs.  (2.29  30).  replacing:  N(  )-> 

in  Eq.  (2.29b),  M< 11  in  L.q.  (2.29c),  A/' '  -*  M'  ~}'  in  Eq.  (2.30b), 

in  Eq.  (2.30c)  and  using  h„  t  =  (2x)' 

Il.C.  Connection  with  Known  Results.  Before  the  discovery  [14]  of  the  recursion 
operator  of  the  KP  equation,  a  different  approach,  the  so-called  master-symmetries 
approach,  was  used  to  generate  an  infinite  sequence  of  commuting  symmetries  [6], 
as  well  as  /-dependent  symmetries  [7  II],  of  the  KP  equation  (see  also  [18, 19]). 

The  existence  of  a  hereditary  operator  in  2  +  I  dimensions,  together  with  the 
Lie  algebra  of  the  starting  symmetries  allows  a  simple  and  elegant  characterization 
of  the  2  +  1  dimensional  (gradient)  master-symmetries  introduced  in  the  above 
papers.  Here  we  briefly  consider  the  KP  example. 
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In  Proposition  2.1  and  in  Sect.  H.B.  we  have  shown  that  the  functions 

x\Y]  =  (2.32) 

(where  H ^  is  defined  in  (2.23),  but  it  could  be  any  homogeneous  polynomial  of 
degree  r  in  y,  ,y2,  and  K°tl  is  Nt2  or  A 1I2)  have  the  property  that  their  (r  +  l)5' 
commutator  with  is  zero,  namely 

L  =0.  (2.33) 

r  +  1  limes  r  +  1  limes 

Then  Theorem  4.1  of  [1]  implies  that 

=o,  (2.34) 

r  +  1  times  r  +  1  times 

namely  T(",r)  are  the  so-called  master-symmetries  of  degree  r  of  KP  [1 1],  Equation 
(2.33)  essentially  follows  from  the  fact  that  a  single  commutator  of  t {y£r)  with 
generates  a  linear  combination  of  lower  degree  master-symmetries;  in  fact,  choosing 
for  concreteness  T(1”'r)  =  0™2  W12(yt  +  >'2)'  and  K("\  =  AT”],  we  have 

-  i  fc.jMirio'.+ytMn] 

/  =  0 

=  T0(r-l )  rl  bnJ  t\V  (2.35) 

/=i  (r  — 1)1 

which  implies 

Wr’.A/V!  ]f  =io[r-  /)  T\rn'r-‘'-  (2.36) 

/=i  (r  — /)! 

For  r  =  I  Eq.  (2.36)  becomes 

[rVJ*1*.  AfVi  ]r  =  A/V-.***';  (2.37) 

master-symmetries  of  degree  1  generate  equations  which  belong  to  the  given 
hierarchy. 

III.  Lie  and  Poisson  Brackets  for  Equations  in  2  +  1 

In  this  section  we  first  derive  an  isomorphism  between  Lie  and  Poisson  brackets. 
Then,  using  this  isomorphism  and  the  Lie  algebra  of  the  operators  K y2,  we  prove 
that  0f2*  K°i  W,  2  are  extended  gradients.  This  implies  that  all  extended  symmetries 
of  the  previous  section  give  rise  to  conserved  quantify. 

Theorem  3.1.  Let  [a,b]L  =  aL[b]-b,fa]  be  a  l  .ie  commutator  and  (J.  g )  be  an 
appropriate  symmetric  bi-linear  form.  Let  grad  /  be  the  gradient  of  a  Junctional  /, 
defined  by  /t [yj  =  (grad  /,  c);  then  y  i s  a  gradient  Junction  iff  y,  =  yf,  where  M* 
denotes  the  adjoint  of  the  operator  M  with  respect  to  the  above  bi-linear  form ,  i.e. 
(  M*f,g  )  =  (f,Mg).  Then  if  the  operator  0  is  a  Hamiltonian  operator ,  i.e.  if 

&*=—&,  (a,  0l[06]c)  +  cyclic  permut  =  0,  (3.1) 
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it  follows  that 
* 

10 f,  03]l  =  0grad</,  0g  >  +  0{(/L  -  /J)[0»]  -  (</,.  -  ffj)[0/]}.  (3.2) 

Proof. 

grad</,  09  >M  =  </#,[t>],  0g)  +  <  /,  0, !,’]</>  +  </,  0</j[_t’J> 

=  </?[©<?]-  »2[©/]>  =  </?[©9J  +  M*f 

where  </,  0L(/]9>  =  </, A/9[e]>  and  A/9  denotes  a  linear  operator  depending  on 
g.  Hence 

[0/,  00]t  -  ©grad </,  &g >  =  0L  [©<,]/  +  0/L[09]  -  0t[0/]0  -  00t[0/] 
-  0/* [0g]  +  09j[0y]  -  0Mf  f 

=  &LL0glf-  &d@ng  -  &M*f  +  0{ (/,,  -  /nc©9]  -  (.</,.  -  g*L)[0f]  }• 

But  the  sum  of  the  first  three  terms  of  the  above  equals  zero  because  of  (3.1).  Hence 
(3.2)  follows. 

In  the  above  aL  denotes  an  appropriate  directional  derivative.  For  equations 
in  1  +  1: 

La,b^L  =  la,b]f,  (f,g}  =  Jt/x  trace  gf.  (3.3) 

H 

For  equations  in  2  +  1, 

C«i2,fol23r.  =  C«i2. </n>0u>=  I  dxdy  tracep,,/,,. 

R2 

•</i2.6Ti2>  =  J  dxdy,dy2  trace  g2Jl2  (3.4) 

R3 

(if/ and  g  are  scalars,  then  delete  trace),  where  [  ,  ]/(  [  ,  L  are  defined  in  (2.13), 
(2.4).  Furthermore  the  following  double  representation  of  the  functional  / 

/  =  J  dxdyl  trace pu  =  J  dxdy^dy2  trace p12  (3.5) 

R2  R3 

allows  us  to  define  the  extended  gradient  grad12/  and  the  gradient  grad  /  of  the 
functional  I  by 

*dl>w]=  J  <*,  2  trace  p,2[t>12]  =  <grad12/,u12>,  (3.6a) 

R3 

J/I>i  i]  =  J  dxdyx  trace  p,  ,  ]  =  <grad  /,  vn  >.  (3.6b) 

R2 

The  following  theorem,  proven  in  [1],  maps  extended  gradients  y12  to  gradients 
Vu-  c 


Theorem  3.2. 

a)  yi2  and  y, ,  are  extended  gradients  and  gradients  respectively  iff  y* 2j  =  y12j 
and  yf  1;  =  yU/,  with  respect  to  the  bilinear  forms  (3.4c)  and  (3.4b)  respectively. 

b)  //  y12  is  an  extended  gradient,  then  yu  is  a  gradient  corresponding  to  the 
same  potential,  namely  if  y12  =  grad[2 1,  then  y, ,  =  grau  /. 


Recursion  Operators  and  Bi-Hamiltonian  Structures 


461 


Proposition  3.1.  Assume  that  the  hereditary  operator  <l>, ,  is  a  strong  symmetry  for 
the  starting  symmetries  M , 2 H , 2  and  N , 2 H , 2 .  Further  assume  that  M]2,WI2  form 
a  Lie  algebra  ( analogous  to  (1.7)  and  (1.13))  and  that  ©12  is  a  Hamiltonian  operator 
whose  inverse  exists.  Then 

0(2*  <P”2^®2//t2,  K° 2  =  M12  or  yVI2  (3.7) 

are  extended  gradients,  proved  that  012'  KV2//,2  are  extended  gradients. 

Proof.  For  concreteness  we  proof  the  above  proposition  for  the  recursion  operator 
and  starting  symmetries  associated  with  the  two  dimensional  Schrodinger  and 
2x2  AKNS  problems. 

III. A.  Conserved  Quantities  for  Equations  Related  to  KP  Equation 

Corollary  3.1.  Let 

Nt2=<?i2,  Ml2  =  Dqt2  +  qf2D-'qf2,  lll2  =  H(y,,y2), 

A<">  =  </>"2A12,  012  =  Z>,  {i*> 

where  <Pl2  is  the  recursion  operator  associated  with  the  KP  and  is  defined  by  (1.4). 
Then 

D~ 1  M<B+  u//y2‘  =  grad(M™H\lLD- 'N'"H\2f>, 

D~ 1  N("+l)H\3i  =  grad<Ml")H,1l2,,D_1  MH',2').  (3.9) 

Proof.  We  first  note  that  the  assumptions  of  Proposition  3.1  are  fulfilled.  Namely 
d>12  is  hereditary  and  is  a  strong  symmetry  of  M l2H l2.  Nil l2,  (sec  Lemma  4.2 
and  Appendix  C.la  of  [1]).  The  operator  D  '  is  obviously  a  Hamiltonian 
operator.  Furthermore,  D~l  M  l2H  12  is  an  extended  gradient  (see  Appendix  A). 
Since  D~lM12HI2  is  an  extended  gradient.  Theorem  3.1  and  (1.7c)  imply 
that  D~l  N\'2H ,2  is  an  extended  gradient.  Then  Theorem  3.1  and 
NWH\%  =  —  M{"*uH\32  imply  by  induction  (3.9a).  Finally  Theorem  3.1  and 
MH\2ftd  =  -  N{n+l)H\^  imply  by  induction  (3.9b). 

A  consequence  of  the  above  result  is  that  all  symmetries  derived  in  Sect.  II. B. 
give  rise  to  conserved  quantities.  For  example,  the  following  /-dependent  extended 
symmetries  (see  (2.19b)  and  (2.21a)) 

+  y2)  +  (12#^  "•  1, 

<r\2l  =  Nffy,  -F  y2  )2  +  (24aM,,”l-(y,  +  y2 )  +  r 2 1 44a2  Nff  "  I, 

of  the  KP  equation  qu  =  =  2(qixxx  +  qK  +  3a2 D~ )  correspond  to 

extended  gradient  functions  D~'o\ and  D~'(r\2f  then  they  give  rise  to  the 
following  t-dependent  conserved  quantities  (see  Eqs.  (4.15)) 


/<“  =  ji dxdy ,  M\V  ’’O',  +  *)), ,  +  *+2^-'  "K+2)- 1).  1 ). 

+  y2)2  )i  i 
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I  fCjim  *  2), 
/v  I  2 


Dn 


lll.B.  Conserved  Quantities  for  Equations  Related  to  DS  liquation 

Corollary  3.2.  Let 

M  12  =5=  C2  I  2  a'  N  t  2  =?  Q 1  2  , 


Hl2  diagonal  and  such  that 

Pl2Hi2  =  0,  M\"'2  =  <P12Ml2,  N\">  =  0]2Ni2,  0l2  =  a,  (3.10) 

where  &l2  is  the  recursion  operator  associated  with  the  DS  equation  and  is  defined 
by  (1.9).  Then 

oM{n*  " iTfi  =  grad  <  M{n) H\'f  oN{ "H\2} > , 

oN(n'H\3l  =  grad  <  W H\lj ,  oM  H\'j  > .  (31  ]) 

Proo/  The  assumptions  of  Proposition  3.1  arc  again  fulfilled  (see  Lemma  4.2 
and  Appendix  C.2a  of  [1J).  The  operator  a  is  obviously  Hamiltonian  in  a 
space  of  off-diagonal  matrices.  Furthermore,  oM  l2H  i2,<r<l>t2N  l2H  l2  are  extended 
gradients  (see  Appendix  A). 

Since  the  above  are  gradients,  N,,,ll\22]j  =  —  M("+UH,32  implies 

(3.1  la).  Then  \_M{n)H\'l  MH\2]]  =  -  implies  (3.1 1  b). 

The  above  implies  that  the  symmetries  derived  in  Sect.  11. C.  give  rise  to 
conserved  quantities.  For  example,  the  F1  and  2nii  order  t-dependent  symmetries 

<1  =  MTzH'n  -  HxtN'fi-L 

<r',V  =  NT2H\2!  -  ti6otM\m2H\'2  +  t2Mf  N\V  2KI, 

of  the  DS  equation  Qh  =  A/1,2,1  =  -  [2o(Q,xx  +  <x2Q, >  (  )  -  Q,  A,  +  A,  Q,], 
(D-JDl  )Ay  =  -  2(D  +  JD{  )<rQ\,  obtained  from  Eqs.  (2.29  30),  correspond  to  the 
extended  gradients  then  they  give  rise  to  the  following  t-dependent 

conserved  quantities  (see  Eqs.  (4.24)): 


/'■»  =  J  dxdy  trace  a 


Ii2>  =  J  dxdyt  traced 


"W'n’).!  +  rJly{0~'ti'r2+)Kl)n 


IV,  On  a  Non-Gradient  Master-Symmetry 

In  this  section  we  make  extensive  use  of  the  isomorphism  between  Lie  and  Poisson 
brackets.  Hence  it  is  useful  to  investigate  the  properties  of 

~g*)—  rL  +  OT*  <9  ~ 1 ;  T=0q.  &,  =  0. 


(4.1) 
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Lemma  4.1.  Let 

S  =  </),L'/  J  +  [</>,  7,  j,  (4.2) 


with  its  adjoint 

S*  -  </»f  L 7  J  +  |/J  *.'/'*]•  (4.3) 

a)  If  0  is  hereditary  then 

4>l[0"T]  +  [</>"  TJ*  0*  -  0*(0nT)f  =  S*0*".  (4.4) 

b)  If  0  is  factorizahle  in  terms  of  compatible  Hamiltonian  operators ,  i.e.  if 
<f>  =  12  0 ' 1 ,  where  O  +  v0  is  a  Hamiltonian  operator ,  0  is  invertible  and  v  is  an 
arbitrary  constant ,  f/itm 

(0T)l  +  0(01)1 0  1  =  0(7',  +  07'J;  0  1 )  +  0.V*  0  \  (4.5) 

where  we  have  assumed  for  simplicity  that  0,  =  0. 

c) 


(0"  T)l  +  0(0"T)*0~ '  =  0n(TL  +  01f0')  +  £  0r~'  00*"  'S*0"'. 

rT\ 

(4.6) 

Proof.  Equation  (4.4)  is  the  adjoint  of  (2.7)  for  K  —  T.  Equation  (4.5)  is  derived  in 
Appendix  B,  and  (4.6)  follows  from  (4.5)  by  induction. 

Theorem  4.1.  Assume  that  0  is  factorizahle  in  terms  of  compatible  Hamiltonian 
operators  and  that  0,.  =  0.  Purl  her  assume  that  0  1  0"  M  is  a  gradient  Junction 
and  that  0  is  a  strong  symmetry  for  M.  Then 

0m  £  0n~rS0r~'  M  =  0grad<  0"  1  0nM, 

r=  1 

Iti 

-  £  0r  ’00*m  rs*0  '0"M 

r  =  1 

—  0m(  T,  +  01*  0  !  )0n  M  -  0n*  m  L  A/,  T)i .  (4.7) 

Proof.  Using  the  fact  that  0" 1  0n M  is  a  gradient.  Hq.  (3.2)  becomes 

[0"M,  0m  T]t  =  0 grad  <  0  “ 1  0"  M,  0m  7  )  —  J  ( 0m  T),  +  0(  0m  I  jf  0 ' 1 }  0" M. 

(4.8) 

Since  M  is  a  strong  symmetry  of  0,  Theorem  2.1  implies 

£ 

£  0"  ,S0r''jM.  (4.9) 

Using  the  above  and  (4.6)  in  (4.8)  wc  obtain  (4.7). 

Equations  (4.6)  and  (4.9)  are  useful  in  finding  non-gradient  master-symmetries 
for  equations  in  2  +  1.  Furthermore,  Theorem  4.1  is  useful  for  deriving  the  potentials 
of  various  gradients.  Formulae  (4.6),  (4.9)  and  (4.7)  take  a  particularly  simple  form 


0mTf.  =  0n*m[M,  7  ],.  +  0” 
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if  the  function  7'12  is  such  that 

'  i)  S12  =  Sf2=cl,  (4.10a) 

where  1  is  the  identity  operator  and  <•  is  an  arbitrary  constant,  and 

ii)  'l\2d+0l2l*2J-)l2'  =  0.  (4.10b) 

In  the  following  two  examples  the  non-gradient  master-symmetries  arc  generated 
through  functions  T12  that  satisfy  Eqs.  (4.10). 

IV  A.  Equations  Associated  with  the  KP  Equation 

Corollary  4.1. 

a)  d>2l2Sl2  is  a  non-gradient  master-symmetry  for  the  KP  and  the  equations 
related  to  KP: 


L<t>nt2Kol2Hl2,02l2dt^d  =  h„0y2'KotIHi2 

8^12  =  (*^12^1  2  )d  +  ©t  2(^1  2^1  2)*  ©12  • 


where  b„  and  H l2  are  given  by 

b„  =  4n,  H i2  =  H(\\, y2)  arbitrary ,  if  K°2  -  N 


and  by 

bn  =  2(2n  +  1 ),  Hl2  =  (yl  +y2)r,  r  =  0,1.  t/K?2  =  M12. 


b)  Let 
Then 


=  y°2  =  MV 

7 12  wn=  grad  12  /»• 

=?  v  —  O'iV  u^i2>^i2)  =  .  ~  j  dxdy, dy2S, 2y\"2  UH\2 

t  1  On  +  I  H  ’ 


(4.11) 

(4.12) 

(4.13a) 

(4.13b) 

(4.14) 

(4.15a) 


=  r“‘ —  J  dxdyi(f”f  l,//l2))1«  (415b) 

w/iere  b„  and  H l2  are  given  in  (4.13). 

Proof.  If 

7-12  =  (5I2,  (4.16) 

Eq.  (4.10b)  is  trivially  satisfied  and  Eq.  (4.10a)  holds  for  r  =  4,  since  <J>,2j[<512]  = 
0*2J«512]  =  4.  Equation  (4.12)  is  a  simple  consequence  of  (4.6)  for  n  =  2;  using  the 
following  results  c 

d>"12[(V12H12,<512L  =  0,  ;  (4.17a) 

^2[lW12(3'i+3'2)r.«5i2L  =  2^I1Ml2(y,+y2r,  r  =  0,l,  (4.17b) 

(see  Appendix  A)  in  Eqs.  (4.9)  and  (4.7)  (with  M  =  K°l2H12  and  W,2  as  in  (4.13)), 
we  obtain 


(4.18) 
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(that  reduces  to  (4.1 1)  for  m  =  2),  and 

t».<*>*i"",KV2H12  =  ©1J  grad12<f<">tf12,</>72<l12>,  (4.19) 

where  we  have  used  0nl20tl  =  0i20*"2.  Equation  (4.19)  reduces  to  (4.15)  if  one 
uses  the  definition  of  </i2,</)2>  given  by  (1.20)  and  (3.4c). 

Remark  4.1. 

i)  T  ==  <P2 1  is  a  non-gradient  master-symmetry  for  the  KdV  equation.  Given 
T  one  recovers  0  from  Tf+  0TJ0  '.  Equation  (4.12)  is  the  two-dimensional 
analogue  of  this  well  known  formula  [8] -[10]. 

ii)  Theorem  3.2  implies  that  Eqs.  (4.15)  with  m  =  1,  //12  =  1  reduce  to  the 
following  formula  [6]: 

y n  -  7—  grad  J  dxdyty\\+ 1 ».  (4.20) 

°n  +  1  H; 

An  analogous  formula,  for  the  KdV  equation  is  well  known 


r 


1 

2(2n  +  3) 


grad  j  dxy(" +  1  ’. 

H 


iii)  We  observe  that  Eq.  (4.18)  for  H l2  =  1  cannot  be  projected  into  Eq.  (2.37). 


IVB.  Equations  Associated  with  the  DS  Equation 

Corollary  4.2. 

a)  0\2Ti2,Tl2=(x/2)oQt2Sl2I,  /  =  diag(/,/),  is  a  non-qradient  master-symmetry 
for  the  DS  and  the  equations  related  to  DS: 

t<^,^?2Hl2.<l>?2T12L  =  n0^*K?2//1J.  (4.21) 

20i2  =  (0\2Tl2)d  +  0i2(022l  l2)*  0l2  ,  012  =  ff,  (4.22) 

where  K°2H22  is  defined  in  (1.11-12). 

b)  Let 

f  12  =  <P?2Vl2.  y  12  =  ®12*  ®I2  =  <7-  (4-23) 


y'r]W|2  =  grad12/„. 


(4.24a) 


/.  +-4r<flr2+  1,H|2.  Tl2>  =  -  — lI-  I  dxdy,dy2  trace Sl2Qt2ay^  l)H12 

fl  +  1  Z(n  -r  1 )  r3 


2(n  +  1) 


Proof.  If 


j  dx dy  ,  trace  o  [Q , ,  (y\"f  u  H ,  2 ) , !  ] . 


Tl2  -r  2  I  2  ^  I  2 


(4.24b) 


Eq.  (4.10b)  is  satisfied  and  Eq.  (4.10a)  holds  for  c=  I  (see  Appendix  A).  Then  the 
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derivation  of  Eqs.  (4.21),  (4.22)  and  (4.24)  is  analogous  to  the  one  of  Corollary  4.1. 
(see  Appendix  A). 

V.  2  +  1  Dimensional  Equations  as  Reductions  of  Non- Local  Systems 
In  [!]  and  [14]  the  classes  of  evolution  equations 

1 1 1, =  { dy  2 1 2  &1 1  k  ?  i '  i '  (5i) 

M 

where  <f>,2  and  K°12  are  defined  in  (1.4  5),  were  algorithmically  derived  from  the 
spectral  problem 

+  q[x,  y)w  +  awy  =  0.  (5.2) 

In  this  section  we  show  that  Eqs.  (5.1)  are  exact  reductions  of  equations 
non-local  in  y,  generated  by  the  following  non-local  analogue  of  (5.2): 

"'ia  +  </>'•  +  xic,.  =  /  iv,  (5.3) 

where 

(</./  )(  v.  v)  =  j </v,i/(  v. y,  y 2 )/(x.  y2  )■  (5.4) 

Hereafter  the  symbols  u  and  nl2  indicate  the  integral  operator  defined  by 

(» /  )(.v,  y)  ==  f  dr, if(.v,  y, y2 )  / (  v.  y2 )  (5.5) 

and  its  kernel  uu  =  i/(.x.  y, ,  y2 ).  respectively. 

The  algorithmic  derivation  of  the  classes  of  evolution  equations  associated  with 
(5.3)  is  standard:  its  main  steps  are: 

i)  Compatibility.  A  compatibility  between  l;q.  (5.3).  written  in  the  more 
convenient  form  |  )  =(  *'  'if"  I-  and  the  linear  evolution  equation 

V  »•*/.>  ()/{"■  J 


.  and  the  linear  evolution  equation 


^  J  =  j,  yields  the  following  operator  equation: 

<?,  =  a  +  [</  +  ocI),.c],:  +  [</  +  x/3, .  <\  ]  +  +  L</  +  xDr  D  1  [</  +  y-Dv.  c]  J 
-  4/.c'a  +  A0[ij  -f  jlDv)  -  (</  +  a/>v)/T„.  (5.6) 

where  the  scalar  integral  operator  2c  is  the  1.2  component  of  the  2x2  matrix 
integral  operator  V,  A0j  =  0  and  [  ,  ]  and  [  ,  ]4  arc  the  usual  commutator  and 
anticommutator. 

ii)  Equation  for  the  kernel.  The  operator  equation  (5.6),  together  with  the 
definition  (5.5),  implies  the  following  equation  for  the  kernels  1  ^ 1 2  -  ^4 , 2 : 

q  1 2,  =  D  ^1 26  1 2  —  </,  2  A , 2  +  —42c 1 2x,  (5.7) 

where 

*X2  =  to1  +  $l2  +  vliD  +  D-'  qX2D'  '  q-{2.  (5.8a) 

$12)12  =  J (4i 3  /32  i.  J  tiff m  -f-  <x{I) j  4-  D2 )./ 1 2 •  (5.8b) 

u 

iii)  Expansion  in  powers  of  Let  us  first  assume  that 

c,2=i  412=o, 


(5.9) 
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equating  the  coefficients  of  /.'(Og  /  S /;)  to  zero  wc  obtain:  C'1,'1?  -  //'"] ;  C\J2  ”  = 
t'Pl2C\J'2  +  H\J2"(l^j^n);  ql2,=  D'f'jiC'"];  where  //‘«  =  //''•(>■ t,y2).  Then 
C<°2>=  V  4s 5>  and 

s  =  0 

<f12,=  £  4’~"D  V'",2S+  1  If’,"2  51  =  I  4'  V/.^"  '  (5.10) 

s  =  0  s  =  0 

where 

®ij*0$>ii0“,=02  +  $f2  +  D$i+2D~l  +y12D  (5.11) 

If  we  assume  that 

cu  =  i  A'CVi,  al2  =  -4nf  A'HYi,  HYi  = 

j  =  0  ;  =  () 

then  0?2  =  D-lq;2-H\"2+"+nr2;  C\j2  n  =  |  V', 2C'/2  +  D  'q]2  //'/]  +  //y2~ 1  ’( 1  g 
</ul  =  £>V',2C'l°2)  +  4<)l-2//'"2»,  where  //ft  =  //<'>(>•,  ,y2).  The  choice  //ft  =  0 

for  O^j^n  yields  C',n2»=  £  4s'"^2sD_,qfj-H<1V*+n  and 

s  =  0 

fll  2.  -  "l  4’-"/>  1  + 1  /K  1  <j ,  2  •  *  ■ *  1  ’  =  "l  4’ - "  ^  2  *  ■ + 1  <?  1 2  ■  /7',V,+ 1 

s  =  0  s  =  0 

(5.12) 

Thus  the  isospectral  problem  (5.3)  generates  the  classes  of  evolution  equations 
(5.10)  and  (5.12). 

It  turns  out  that  the  transformation  ql2  -*<),  ,</,  .</,  =  </(.v,  y, ),  is  an  exact 
reduction  of  Eqs.  (5.10  11)  if,  at  the  same  time.  4s -"//ft".  4* "//ft  1 

P’(^+s  *  j<5i2-  In  this  case  <}i2“*<li2. ^12^^12  and 

[  )Wi2l~‘I>-#i2=»i2<l>iVD-\=Sl20\2tit2-l,  (5.13a) 

^I29li  =  1  ^"2l  +  l</l2'<H2  =^!2<^’l2^12'l  =^12^>"2^,12‘1-  (5.13b) 

Proceeding  exactly  in  the  same  way  it  is  possible  to  show  that  the  nonlocal 
eigenvalue  problem 

Wx  =  JWy  +  QW  +  /JW,  (5.14) 

generates  the  following  class  of  evolution  equations: 

C >,2=f(?(-MW2K  (5.15) 

1  =  0 

where 

^t2F12=a(Pi2-QiiPi2Qi2)^t2<  ft  2  =  /•'(-x,),,,y2)  off-diagonal  (5.16a) 
Q \zf  12  j(h'AQ\: 1^.12  ±  ^  1  .x  C?  j  2 )’ 


(5.16b) 
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<r  =  diag(  1,  —  1)  and  //'/]  is  defined  by 

P.2//V1  =  0,  //</’  diagonal.  (5.16c) 

Also  in  this  case  the  transformation  Q j  2  — »•  A ,  2 C2 1  >s  a  reduction  of  (5.15)  if 

fl..i-*/^”)(0  =  2ot)  and  Hii'2-+5\2I  or  b\2a.  In  fact,  £j2  6ij>  ^12 -♦  <*>12- 
Thus  one  obtains  the  following  classes  of  equations: 

<51261.  =  iI^"^"I,er2<5'i2/  =  <5.2  WiQhl  (5.17a) 

or 

=  (517b) 

associated  with  the  eigenvalue  problem 

•  Wx  =  JW,+  WQ  +  MW. 

The  above  results  clearly  imply  that  all  the  notions  introduced  in  [1]  to 
characterize  the  algebraic  properties  of  equations  in  2  +  1  dimensions  can  be 
justified  and  interpreted  in  terms  of  the  algebraic  structure  of  the  corresponding 
non-local  versions.  For  example: 

i)  The  above  derivations  both  motivate  and  explain  the  derivation  of  the 
recursion  operators  introduced  in  [1 J  and  [14].  In  particular  the  crucial  role  played 
by  the  integral  representation  of  differential  operators  is  clarified. 

ii)  The  directional  derivative  introduced  in  [I],  which  is  the  main  tool  needed 
to  investigate  the  algebraic  properties  of  equations  in  2  +  1  dimensions,  can  be 
derived  from  the  usual  Frechet  derivative  in  the  space  of  non-local  operators.  For 
example,  the  Frechet  derivative  of  \q[2  in  a  direction  J'l2  is 

^  i  2C./ 1 2  ]i/ 1 2  —J  i2{/i2’  (5.18a) 

/ i2t/i2  ~  \ 1 3O32  i  ((13/32)’  (5.18b) 

R 

which  is  exactly  the  direction  derivative  </j [./,  2  ]‘/t  2  introduced  in  [1J. 

iii)  The  definition  of  an  admissible  function  and  of  its  derivative  follows  from 
the  fact  that  reduced  functions  admit  a  double  representation;  for  example  (5.13b) 
implies 

(5.19) 

But  the  directional  derivative  is  defined  only  on  the  admissible  representation  given 
by  the  left-hand  side  of  (5. 19),  which  is  the  form  of  the  function  before  the  reduction: 


t 

1=0 

In  Appendix  A  we  investigate  (liqs.  (A. 3))  the  algebra  of  the  nonlocal  operators 
undefined  in  (5.18b).  Here  we  remark  that  this  algebra  can  also  be  interpreted  as 
an  algebra  of  matrices  in  which  +  indicates  the  operations  of  anticommutator 
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and  commutater  respectively,  namely  at  h  =  ah  ±  ha.  (See  also  Appendix  C  of  [I].) 
This'is  not  a  coincidence  and  the  following  important  observations,  here  illustrated 
on  the  recursion  operator  <P12  of  the  KP  class,  can  be  made. 

i)  Integral  operators: 

=  j dy3(c/t  }J  32  ±  ./ 13^22),  (5.2()a) 

R 

<h2  =  <5i2<h  +  (5.20b) 

is  equivalent  to  the  introduction  of  the  integral  operator  cj ,+,.  Then  #12  becomes 
the  nonlocal  recursion  operator  0{2,  defined  in  (5.11)  and  associated  with  the 
nonlocal  eigenvalue  problem  (5.3). 

ii)  Matrix  operators: 

q1  f  ==  qf  +  /  q;  q,f  matrices,  (5.21) 

reduces  d>12  t0  the  well-knowp  matrix  recursion  operator 

4>  =  D2  +  q+  +  Dq*  D~'  +  q~  D~'  q~  D~l,  (5.22) 

associated  with  the  N  x  N  matrix  Schroedinger  eigenvalue  problem  in  one 
dimension  [15]. 

The  directional  derivative  <3 f 2a [/i 2 ] £/ 1 2  of  q[2: 

flf2dt/l2]t/l2  =/f2012’  (5.23) 

i)  is  exactly  the  usual  Frechet  derivative  </[2[/,2]</)2  of  q‘n. 

ii)  Corresponds  to  the  usual  Frechet  derivative  qtlf]g  of  q*  : 

q±\ng=ftg  =  fg±gf.  (5.24) 

Since  the  ±  operators  in  (5.20a),  (5.8b),  (5.21)  and  (5.18b)  satisfy  the  same 
algebraic  identities  (A. 3),  then  important  algebraic  properties  of  the  recursion 
operator  <P12  of  the  KP  equation  (like  hereditariness)  are  equivalent  to  the 
corresponding  properties  of  the  nonlocal  recursion  operator  <t>12  (5.1 1)  and,  even 
more  remarkable,  of  the  matrix  recursion  operator  <f<12  (5.22). 

In  order  to  make  this  connection  with  the  matrix  formalism  more  clear,  we 
observe  that  the  nonlocal  problem  (5.3)  can  be  obtained  taking  the  N -*  oo  limit 
of  the  N  x  N  matrix  one  dimensional  Schroedinger  problem 

Wx*  +  qW=kW,  (5.25) 

where  the  coefficients  of  the  matrix  q  are  chosen  in  the  form 

(qhj  =  g,M' +  «(<5..;+ 1  -  6i.j-i )'  (5-26) 

with  the  obvious  prescriptions 

? 

<lij(x,t) - »<j(x,t,y,,y2);  (5.27) 

N-oo  N-m  <'.V| 

The  connection  between  equations  in  2  +  1  and  N  x  N  matrix  equations  in 
1  +  1  was  first  used  by  P.  Caudrey.  He  introduced  in  [16]  a  N  x  N  spectral  problem 
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(similar  to  (5.25))  which  reduces  to  (5.2)  in  the  limit  N  -*  /  .  Then  he  showed  that 
'  the  N  x  N  Riemunn  Hilbert  formalism  associated  with  it  becomes,  in  the  limit 
N-*ao,  the  nonlocal  Riemann  Hilbert  and  the  P  formalisms  of  (5.2)  [17]. 

The  connection  established  in  this  section  between  the  spectral  problems  (5.25), 
(5.3)  and  (5.2)  implies  that  the  well  established  theory  of  recursion  operators  and 
their  connection  to  the  bi-Hamiltonian  formalism  in  1  4-  I  dimensions,  once  applied 
to  the  matrix  problem  (5.25),  gives  rise,  in  the  limit  N  ->oe,  to  the  corresponding 
theory  developed  in  [I]  and  this  paper  for  2  +  I  dimensional  systems. 

It  is  remarkable  that  both  algebraic  properties  and  methods  of  solution  for 
integrable  systems  in  2  4-  1  dimensions  can  be  justified  and  obtained  from  the 
corresponding  properties  of  I  +  1  dimensional  systems. 

Appendix  A 

In  this  Appendix  we  present  some  of  the  explicit  calculations  necessary  to  apply 
the  results  presented  in  this  paper  to  the  classes  of  evolution  equations  associated 
with  the  KP  and  the  DS  equations.  In  order  to  make  this  paper  self-contained, 
we  first  present  some  results  contained  in  Appendices  B,C  of  [I], 

The  directional  derivatives  of  the  basic  operators  q\2  and  Qf2,  defined  in 


(1.4b)  and  (1.10b)  respectively,  are 

<1  ujC/nJfln  = ./  i2.di2’  scalars.  (A. la) 

Qtulfii]yi2=fhyi2'  fi 2  Off-diagonal  matrix,  (A.lb) 

where  f*2 are  defined  by 

J  i2f)i2  =?  R'  j(/t}</32  ±  U\yJ n)-  (A. 2) 

H 

I  he  integral  operators  }  ;2  have  the  following  algebraic  properties: 

l,i 2^1 2  =  i  hi 2u,  2,  (A. 3a) 

(“i  2^12  —  ^  f  2  u  l  2  R’t  2  ~  (al  2^1  2  )  1  2  =  —  I  2  cl  I  2  ^  I  2  •  (A. 3b) 

(al2^12  +  ~  (£/  1  Z  ^  l  2  )  c'l2  =  ±C12«i2/)12,  (A.3C) 

‘h*  =  ±ah-  (A. 3d) 


Moreover  the  integral  representations 

‘i  Ilf  12  —  3  W  t  3J32  i  ./  1  3^32  )•  ,.  <f  I  2  =  ^  I  2(i  1  +  a<^12> 

H 

6f2/l2  =  f  ^>'3(61  3]  32  ±  /l  3632)-  6l  2  —  2  6l  ’ 

R 

imply  that  the  operators  </,'2and  Q,'2  satisfy  Eqs.  (A. 3)  as  well.  Equations  (A.3) 
are  conveniently  used  to  show  that: 

a)  The  recursion  operators  0l2  (1.4)  and  (1.10)  are  strong  symmetries  of  the 
starting  symmetries  K°l2Hi2  (1.5-6)  and  (1.11-12)  respectively.  For  example,  if 
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K°2  =  Qi2  a,>d  // 1 2  is  given  by  (1.12), 

^12j[Q[2  W|  2]j  12  —  {Q 1  2  ^1  2  )j L *^1  2  1 1  2  1  +  </>!  2 ( C?  1  2  //  1  2  bl  /  1  2  ) 

=  -ff[<e,2W.2)+/>121C?,+2  +  (?142/>12,(yi2//,2)  +  ]/>2 
-  ("(/',  2  -Ql 2  Pii  Q! 2  )/,  2  )  II ,  2  +  «!/’,  2  y  ,'2  /’.  '  Q  l?  )  f  <  2  "  I  2  =  <»• 

since  the  terms  without  Q‘l2  give 


°(P\ifn)  H 1 2  +  aP\  2  ./  1 2  // 1 2  —  0. 

and  the  terms  with  y,2  give 

—  a(Qt  2  W|  2  )  +  P  I  2*  C?1  2./l  2  —  <t(?i  2  f*!  21  (C?I  2  ^1  2  (  ./l  2 

+  &QUPi2lQi2ft2Y h12-oq;2i\]q;2jx2h12=  -omq12h12)* 

+  Wl2  (2l  2  l^l  21  C?1  ,’/l2  +  Cl  2  /J|  2*  (./  I  2  (?l  2  H  I  2  +  C?  I  2./  I  2  12)) 

=  ~  "Q  12  Pi  2  l2QI2J  12  +  ./  1  2  C2  I  2  W|  2  +  Q  I2J  12^  I  2  )  =  0. 

b)  The  Lie  algebra  of  the  starting  symmetries  is  given  by  Lqs.  (1.7)  and  (1.13). 
For  example 

i)  if  K°2Hl2  are  given  by  (1.5-6): 

[N , 2 H'.'i, M , 2 //'ViL  =  nDq‘l2  +  <h2D-'lh2) ll\!! )  //»'  -  />«/ , 2 //','2‘ ) 4  lift* 

- (q.2 MVi ro1!/,, //•« -c,l2i)  1 «/ , 2 //Vi >  //Vi 
=  -  Dc/.v/fVir  //Vi  +  «/,-20  -  '<  -<//Vir  </,2»Vi 
+  (//Vi)-^,2//Vi)=  -A/.2//VV; 

ii)  if  £  ,2  // 1  j  arc  given  by  (1.11-12) 

t/v ,  2  //Vi.  M ,  2  //Villi  =  ((?  ,2 "//'Vi )  ■  HVi  -  (Gfj  //Vi » '  "//'Vi 

=  -(//','i)  y12<7//Vi  +  ("i//Vi))  tf,2//Vi 
=  -  A/, 2 //Vi- 


c)  The  functions  T12  given  by  (4.16)  and  (4.25)  satisfy  Lqs.  (4.10);  for  examples 
i)  if  Tl2  =  <512,  then 

^  \  2  J  \  2  ~  ^1  2j[0|  2  J  ./  12  =  (2l5|  2  +  d,  2  D  '  l/,  2  +  ()  |  2  /)  (5  |  i  )./  |  2  =  “V  I  2" 

since  <f  12a  =  0  and  S,2  j\2  =  2/,  2,<>, .  /  ,  2  =  0. 
i.)  If  T12  =  (x/2)oQi2Sl2l,  then  Eqs.  (4.10)  are  satisfied  using  the  following  results: 

T12SJ12I  =  iaJ  I  2  " !  2  /  =  v"  .1 1  2 ; 


_«  /■  1  t  ,f  n  ,  j  (i 2  / 1 2 .  /, 2  off-diagonal 


For  instance: 


12/1 2  —  "(7  1 2  ^  1 21  1 2  ~F  C?  1 2  1 2'  /  I  2  )./|  2  +  "(^l  2 

“  -Vl/7^-  6l2/’l21Ql2)/l2=./l2- 


(i  I  2  /71  2'  (il  2  )V"./  1  2 
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d)  d>"2[^?2Wi2,T'12]=0,  if/C“2//12  and  7’12  are  given  by  (111  12)  and  (4.25) 
respectively,  or  by  gf2if,2,W12  =  //(>•,, y2).  and  <512.  For  example 

*)  W12,^12]^  =  <I,12Sl2-H  l2  =0. 

i>)  ^2[fir2W,2.T12L  =  <Pni2(T;2iil2  -  rl2dter2//, 2  ]) 

=  QliixoQii  -  xoQii)- H 12  =  U- 

e)  Equation  (4.17b)  holds.  It  follows  from  M12d[<!>12]  =  D<51+2  +  <l>r2D~l(/I‘2  + 
i/r2D_1^r2  =  2D,  which  implies 

^  1  2  C7W  j  2  ‘ ^  1  2  >  <5 1  2  Jd  =  2<P|2f7  //|2.  (A.4) 

Different  choices  of  H  l2  =  H(yuy2)  give  different  results.  As  it  was  shown  in 
Appendix  B  of  [1] 


<t>\VD  Hi 2=  X(2«)'^2_'M12 -«Vi.  ^12  =  l  ,  — 

i=o  cy | 

an  analogous,  although  more  tedious  derivation,  gives 


(A. 5) 


<P'[VDHl2  =  0n2Ml2.Hi2+  £a,(>)^-*'M12//<22'>,  (A.6a) 

/=  1 

^^(>,+>’2) 

^  •  «<  -  C  <  ’ 


(/i  —  1  )/2,  n  odd 
n/2. 


n  even 


(A.6b) 


and  the  coefficients  C\l)  are  obtained  through  the  following  recursive  construction: 


Cj-n)  =  C(*-1)  +  2Cjm-0+Cj":-21't 

C(o°'=l, 


(A. 7) 


where  Ctf'  =  0  if  b  <  0  and  b  >  a.  Equations  (A.4)  and  (A. 6)  imply  Eq.  (4. 1 7b). 

f)  &22  ^"2^12^12  are  extended  gradients;  for  example  if 
')  ^12  =  ^12  ?  <7 1 2 » ^12  =  H(ylty2),  6^12  =  D  and  n  —  0: 

<fl2AD-lNl2Hl2)digi^y  =  {fi2,D-lg;2Hl2y  =  (D-'fi2,H;2gl2y 

—  D  lfl  2>  !7)  2  )  =  (  D  */l  2^1  2’t/l2  )• 

ii)  K?2  =  M12=Dqt2  +  q;2D~lqi2,H12  =  H{yity2),&l2  =  D  and  n  =  0: 

*\/i2>(^  1  Af  12  ^  1 2  )a  Cj/  j  2  J  ) 

=  <\/i2>3t2Wi24-D  1  g  i2  D  1  </  1 2  bi  1 2  +  D  1  q  1 2  D  1  g  1 2  H 1 2 ) 

=  <fi2AH;2-D-'((D-lq;2H12)- +q;2D-'H;2))gt2y 
=  <(Ht2-((D~lq22Hl2r  +  H;2D'q;2)D-')fl2,gl2y 
=  <(H;2-D-l({D~1q;2Hi2r  +ql2H;2D-'))fi2,gl2y. 

iii)  K?2  =  Ml2=Qi20,Hl2  defined  in  (1.12)  and  n  =  0: 

(  /1 2  >  (<rA/  l2H  i2  )dg  12)  =  </|2.  —  H  12012)  =  (  —  ^i2./i2>0i2)- 

iv)  K°l2  =  Nl2  =  Qi2,H12  defined  in  (1.12)  and  n  -  1: 
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l2)dU  12  ) 

=  </l2>(  —  (P\2  Q12Q11H  i2)+  —  P 12^  i2  +  Q 12^  \  2^12'  Qt  2)^12} 
=  <  (  -  (P  .V  Q 1 2  Q  .'2  H  t  2  )  ' *  -  P  t  2  H  f2  +  Q  ,+2  H  ,  2  P ,  V  (2  ,+2  )  / ,  2 , 0 1  2  >  • 
g)  Equation  (4.24b)  holds,  since 

< f'tV 11 'H , 2 , xoQt2 <5 , 2 /  >  =  -  < xQ  +2 ay<"2+ 1  ^ » H ,  2 ,5 , 2 /  > 

=  |  dxdyt  dy2dl2  trace  Q^pfiV  UHI2- 

D3 


Appendix  B 

In  this  Appendix  we  show  that  if  <Z>  is  factorizable  in  terms  of  compatible 
Hamiltonian  operators  12 and  0  in  the  form  <2>=  720“ and  if  ©  is  invertible  and 
0L  =  0,  then  Eq.  (4.5)  holds. 

We  first  show  that 

(4>T)t  =  y’t  +  Tt(t>*,  <eTb  =  (t>L\byi\  (B.l) 

<Pl[t']r+0yf0'lt)=^[7']l).  (B.2) 

(B.l)  simply  follows  from  the  definition  of  the  adjoint: 

<(4>T)ta,b>  =  (a,0db]T+0rlXb}y  =  (Wt  +  Tt(l>*)a,b>, 
while  (B.2)  requires  the  use  of  all  the  hypothesis  of  this  Lemma.: 

<<PL[t>]T+  0^*0~'v,x) 

=  </2L[0(0~ 1 1’)]0“ 1  7”,  a>  +  </2/.[0otJ  0  " 1 1, 0  ‘ 1  r> 

Then,  using  (B.l -2)  and  (4.4)  for  11  =  0,  we  obtain  Eq.  (4.5): 

((0T)l  +  0(<J>T)10-'  )v  =  0(7, .[t]  +  0r,*0-1r)+  </>,.[(  ]  T 

+  0X7$0-'v  +  0(7,*  0*-  0*Tt)0~lv 
=  0(7,.[t:]  +  0  7  *  0  -  1  v)  +  0S*  0  -  1  v. 
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P.  M.  Santini*  and  A.  S.  Fokas 

Department  of  Mathematics  and  Computer  Science  and  Institute  for  Nonlinear  Studies, 

Clarksoa  University,  Potsdam,  NY  13676,  USA 

Abstract.  The  algebraic  properties  of  exactly  solvable  evolution  equations  in 
one  spatial  and  one  temporal  dimensions  have  been  well  studied.  In  particular, 
the  factorization  of  certain  operators,  called  recursion  operators,  establishes 
the  bi-Hamiltonian  nature  of  all  these  equations.  Recently,  we  have  presented 
the  recursion  operator  and  the  bi-Hamiltonian  formulation  of  the  Kadomtsev- 
Petviashvili  equation,  a  two  spatial  dimensional  analogue  of  the  Korteweg- 
deV ries  equation.  Here  we  present  the  general  theory  associated  with  recursion 
operators  for  bi-Hamiltonian  equations  in  two  spatial  and  one  temporal 
dimensions.  As  an  application  we  show  that  general  classes  of  equations,  which 
include  the  Kadomtsev-Petviashvili  and  the  Davey-Stewartson  equations, 
possess  infinitely  many  commuting  symmetries  and  infinitely  many  constants 
of  motion  in  involution  under  two  distinct  Poisson  brackets.  Furthermore,  we 
show  that  the  relevant  recursion  operators  naturally  follow  from  the  underly¬ 
ing  isospectral  eigenvalue  problems. 


1.  Introduction 

In  recent  years  a  deep  connection  has  been  discovered  [1,  2]  between  certain 
nonlinear  evolution  equations  in  1  +  1,  i.e.  in  one  spatial  and  one  temporal 
dimensions,  and  certain  linear  isospectral  eigenvalue  (or  scattering)  equations. 
These  isospectral  problems  play  a  central  role  in  developing  methods  for  solving 
several  types  of  initial  value  problems  of  the  associated  nonlinear  evolution 
equations.  The  most  well  known  such  method,  the  celebrated  inverse  scattering 
transform  (1ST)  method,  deals  with  initial  data  decaying  at  infinity.  However,  the 
isospectral  problem  is  also  crucial  for  characterizing  periodic  [3]  as  well  as  self 
similar  solutions  [4], 

It  is  quite  satisfying,  from  a  unified  point  of  view,  that  the  isospectral  problems 
are  also  central  in  investigating  the  “algebraic”  properties  of  the  associated 
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nonlinear  evolution  equations:  The  isospectral  problem  algorithmically  implies  a 
certain  linear  integrodifferential  operator  4>,  called  the  recursion  operator.  This 
operator  has  remarkable  properties:  <P  maps  symmetries  into  symmetries;  <f>  has  a 
certain  algebraic  property  [5]  which  Fuchssteiner  [6]  calls  hereditary  and  thus 
generates  commuting  symmetries;  <!>*,  the  adjoint  of  <1> ,  maps  gradients  of 
conserved  quantities  into  gradients  of  conserved  quantities;  4>,  admits  a 
symplectic-cosymplectic  factorization  and  thus  generates  constants  of  motion  in 
involution  [7];  <P  times  the  first  Hamiltonian  operator  produces  the  second 
Hamiltonian  [8],  hence  the  associated  nonlinear  evolution  equations  are  bi- 
Hamiltonian  systems;  the  eigenfunctions  of  <P  are  also  symmetries,  which  actually 
characterize  the  iV-soliton  solutions  [9];  the  eigenfunctions  of  <P  form  a  complete 
set  [10]. 

Well-known  scattering  problems  in  |  +  |  are  the  Schrodinger  scattering 
problem,  the  so-called  generalized  Zakharov-Shabat  (ZS)  or  Ablowitz-Kaup- 
Newell-Segur  (AKNS)  system,  and  their  natural  generalization,  i.e.  the  Gel'fand- 
Dikii  operator,  and  the  N  x  N  AKNS.  These  isospectral  problems  are  related  to 
several  physically  important  equations,  the  Korteweg-deVries  (KdV),  sine- 
Gordon,  nonlinear  Schrodinger,  modified  KdV,  Boussinesq,  N- wave  interaction 
equations,  etc.  The  above  eigenvalue  problems  have  been  thoroughly  inves¬ 
tigated  with  respect  to  both  the  1ST  method  and  the  associated  algebraic 
properties.  The  1ST  of  the  Schrodinger  was  investigated  in  [1, 11],  of  the  AKNS 
in  [12],  of  the  N  x  N  AKNS  in  [13-15],  and  of  the  Gel’fand-Dikii  in  [16].  The 
1ST  of  special  important  cases  of  the  above  systems  were  investigated  in  [17] 
(nonlinear  Schrodinger),  [18]  (modified  KdV),  [19,  20]  (Boussinesq),  [21] 
(3-wave  interactions).  The  recursion  operator  associated  with  the  Schrodinger 
equation  was  obtained  by  Lenard,  of  the  AKNS  in  [12],  of  the  Gel’fand-Dikii  in 
[22]  and  of  the  N  x  N  AKNS  in  [5]  and  [23].  The  general  theory  of  recursion 
operators  and  their  connection  to  bi-Hamiltonian  formulation  has  been  devel¬ 
oped  by  Magri  [8],  Gel’fand  and  Dorfman  [24],  and  Fokas  and  Fuchssteiner  [7], 
Other  relevant  works  include  [25]. 

It  is  also  well  known  that  certain  two-dimensional  generalizations  of  the  above 
scattering  equations  are  related  to  physically  interesting  nonlinear  evolution 
equations  in  2  +  1  dimensions.  In  particular,  a  generalization  of  the  Schrodinger 
equation  is  related  to  the  Kadomtsev- Petviashvili  (KP)  equation  (a  two- 
dimensional  analogue  of  the  KdV).  Similarly,  the  two-dimensional  version  of  the 
NxN  AKNS  is  related  to  Af-wave  interactions  in  2  +  1,  the  Davey-Stewartson 
equation  (DS)  (a  two-dimensional  analogue  of  the  nonlinear  Schrodinger)  and  the 
modified  KP  equation.  The  1ST  for  the  above  two  scattering  problems  has  been 
only  recently  studied  [26].  (For  other  interesting  results  in  this  direction  see  also 
[27].)  In  spite  of  this  success,  the  question  of  using  the  scattering  equations  to 
obtain  recursion  operators  had  remained  open.  Actually,  Zakharov  and  Konopel- 
chenko  [28]  have  shown  that  recursion  operators  of  a  certain  type,  naturally 
motivated  from  the  results  in  1  +1,  do  not  in  general  exist  in  multidimensions. 
Recursion  operators  in  2  +  1  dimensions  were  only  known  for  straightforward 
examples  like  the  2  +  1  dimension  Burgers  equation,  that  can  be  linearized  via  a 
generalized  Cole-Hopf  transformation  [30b].  For  a  brief  review  of  the  literature  of 
the  various  attempts  to  obtain  recursion  operators  in  2+  1,  we  refer  the  reader  to 
[29],  Here  we  only  note  that  Konopelchenko  and  Dubrovsky  [30a]  were  the  first 
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to  establish  the  importance  of  working  with  w(x,yt)tv+(x,y2)>  as  opposed  to 
w(x,y)wt(x,y),  where  w(x,y)  and  w^x.y)  denote  the  eigenfunctions  of  the 
associated  scattering  problem  and  of  its  adjoint,  respectively.  They  also  found  a 
linear  equation  satisfied  by  w(x,y1)w  +  (x,>'2)-  However,  they  failed  to  recognize 
that  this  equation  could  actually  yield  the  recursion  operator  of  the  entire 
associated  hierarchy  of  nonlinear  equations.  Instead,  they  used  the  above  equation 
to  obtain  “local”  recursion  operators.  Thus,  the  question  of  studying  the 
remarkably  rich  structure  of  the  recursion  operator,  in  particular,  its  connection  to 
symmetries,  conservation  laws  and  bi-Hamiltonian  operators  was  not  even  posed. 

Using  a  suitable  generalization,  we  have  recently  presented  the  recursion 
operator  and  the  two  Hamiltonian  operators  associated  with  the  KP  equation 
[29].  In  this  paper  we  present  the  theory  associated  with  these  operators.  In 
particular,  the  notions  of  symmetries,  gradients  of  conserved  quantities,  strong  and 
hereditary  symmetries,  Hamiltonian  operators  are  generalized  to  equations  in 
2+1.  Also  a  simple  algorithmic  approach  is  given  for  obtaining  the  recursion 
operator  from  the  scattering  problem.  As  examples  of  the  above  theory  we  study 
the  two-dimensional  Schrodinger  problem  and  the  2  x  2  AKNS  problem  in  two 
spatial  dimensions.  The  following  concrete  results  are  given: 
i)  The  linear  eigenvalue  problem 

^xx +  <?(*>  y)w +aw>  =  0,  (U) 

where  a  is  a  constant  parameter,  gives  rise  to  the  hereditary  recursion  operator 
<Pl2  =  Dz+qf2  +  Dq;2D~'  +q;2D-'q;2D~' ,  (1.2a) 

where  the  operators  q*2  are  defined  by 

‘lh^<h±‘l2+^i+D2),  D,=  — ,  <?i=Mx,y,),  1  =  1,2.  (1.2b) 

dyt 

The  operator  <Pl2  admits  a  factorization  in  terms  of  compatible  Hamiltonian 
operators,  <Pl2  =  B{22(0\12)~  ',  where  0\'J  —  D  and  0\22  are  skew  symmetric 
operators  satisfying  an  appropriate  Jacobi  identity. 

The  KP  equation 

<?.  =  <fxx*  +  S<?<?x  +  3a  2D-‘q„,  (1.3) 

is  the  second  member,  n  =  l  (/},  =  1/2)  of  the  following  hierarchy  generated  by  <Pl2 

<Ji,=  P.  I  n=0, 1,2, ....  (1.4) 

-  00 

where  <r\°i = (<P{ 2D) •  1  » <?, ,  +  q2m  +  (qx  - q2)D ~Hq\-q2)+ctD-'(qi1x- q2„)  and 
6 (yt  —  y2)  is  the  Dirac  delta  function.  The  KP  is  a  bi-Hamiltonian  system: 

?I,=  !  dy2%yt-yi)&\'2'f'l=  j  dy2S(y,-y2)0\2ly\°],  (1.5) 

-  co  -  oo 


where 
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The  K.P  equation  possesses  two  infinite  hierarchies  of  time-independent  commut¬ 
ing  symmetries  and  constants  of  motion.  For  example,  (‘f>1 2ffi2)i  i,n  =  0.  1, 2, ...  are 
symmetries  of  the  KP. 

The  operator  d>,2  is  the  adjoint  with  respect  to  an  appropriate  bilinear  form 
(see  Sect.  4)  of  the  "squared  eigenfunction"  operator.  One  may  verify  that 

<t>*2wiw2  =  d,  Wj  =  w(x.y,T  (1.7) 

where  w+  satisfies  the  adjoint  of  Eq.  (1.1)  (see  Sect.  4). 
ii)  The  linear  eigenvalue  problem 

Wx  =  JWy  +  QW,  (1.8) 

where  J  =  au,  a  =  diag(  1,-1),  and  Q  is  a  2  x  2  off-diagonal  matrix  containing  the 
potentials  g,(x,y),  q2{x,y),  gives  rise  to  the  hereditary  recursion  operator  <Pl2 
defined  on  off-diagonal  matrices,  where 


<Pi2—0(P  1 2—Q12P 12Q12)’ 
and  the  operators  Pl2 ,  Qf2  are  defined  by 


(19a) 


QhFi2^QyFl2±Fl2Q2,  d  9b) 


and  Qi  ==C(x,y,),  i=l,2.  The  operator  <Pl2  admits  a  factorization  in  terms  of 
Hamiltonian  operators,  <PI2  =  @<,22,(@(,2,)'I>  where  0\'}  =  o. 

The  DS  equation 


‘9l  +  itixx+^Qyy)  =  <?(</>  -M2);  <pxx~Z2<j)yy  =  2\q\lx,  (1.10) 


corresponds  to  q2  =  q{  =  q,  ji2  =  — 


4’ 


and  n  =  2  of  the  following  hierarchy 


dy2<P"l2Qi2o .  (1.11) 

R 

The  DS  equation  is  also  a  bi-Hamiltonian  system  with  respect  to  the  two 
Hamiltonian  operators  0\'l  =  a  and  0\2j  =  <PI2(t  defined  on  off-diagonal  matrices. 
It  also  possesses  two  infinite  hierarchies  of  time  independent  commuting 
symmetries  and  constants  of  motion. 

In  more  detail,  this  paper  is  organized  as  follows:  In  Sect.  2  we  review  the 
algebraic  properties  of  equations  in  1  +  1.  The  KdV  equation  is  used  as  an 
illustrative  example.  This  is  in  a  sense  a  summary  of  [7,  8,  24]  although  we  follow 
the  notation  of  [7],  In  Sect.  3  we  derive  algorithmically  the  recursion  operators 
(1.2),  (1.9).  This  derivation  is  simpler  than  the  one  given  in  [29];  we  now  use 
expansions  in  terms  of  dfd{y\-y2)ldy*2,  where  d  denotes  Dirac’s  function,  as 
opposed  to  expansions  in  terms- of  kl .  In  Sect.  4  we  show  how  <J>)2  generates 
extended  symmetries  at2  and  extended  gradients  of  conserved  quantities  y,2.  We 
then  show  that  (Tu,7n  arc  symmetries  and  gradients  of  conserved  quantities, 
respectively.  Furthermore,  the  remarkably  rich  theory  associated  with  the  bi- 
Hamiltonian  factorization  of  <PI2  is  developed  in  this  section.  In  developing  this 
theory  we  use  two  important  notions:  a)  The  role  of  Frechet  derivative  is  now 
played  by  an  appropriate  directional  derivative,  which  is  naturally  motivated  from 
the  underlying  isospectral  problem,  b)  An  extended  symmetry  <r12  can  be  written 
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as  dl2  ■  I,  where  d12  is  an  appropriate  operator.  The  Lie  algebra  of  these  operators 
is  closed  provided  they  act  on  appropriate  functions  Hl2.  Thus  in  2  +  1  one  is 
dealing  with  a  Lie  algebra  of  operators  as  opposed  to  a  Lie  algebra  of  functions.  In 
Sect.  5  we  give  concrete  illustrations  of  the  notions  introduced  in  Sect.  4. 

We  note  that  Fuchssteiner  and  one  of  the  authors  (ASF)  introduced  an  al¬ 
ternative  way  for  generating  symmetries,  the  so-called  mastersymmetry  approach. 
In  particular,  it  is  shown  in  [31]  that  for  the  Benjamin-Ono  equation  u,=  K, 
the  map  [• ,  r]L,  where  the  bracket  [, ]L  is  defined  in  (2.16b),  r  =  xK  +u2  +  ^Hux, 
and  H  denotes  the  Hilbert  transform,  maps  symmetries  into  symmetries.  This 
approach  has  been  applied  to  KP  in  [32],  and  its  general  theory  has  been 
developed  in  [33]  (for  other  applications  see  [34]).  However,  the  r  has  certain 
disadvantages:  a)  The  relationship  between  t  and  the  eigenvalue  problem  has  not 
been  established,  b)  r  is  not  hereditary,  c)  It  is  not  known  if  i  can  be  used  to  obtain 
the  second  Hamiltonian.  In  [35]  we  develop  further  the  theory  presented  here.  In 
particular,  we  .  i)  analyze  further  the  Lie  algebra  of  the  starting  symmetries  and  use 
<£u  to  generate  time-dependent  symmetries,  ii)  use  an  isomorphism  between  Lie 
and  Poisson  brackets  to  show  that  all  these  symmetries  correspond  to  extended 
gradients  and  hence  give  rise  to  conserved  quantities,  iii)  show  that  the  r 
mentioned  above  comes  from  a  time  dependent  symmetry,  and  since  it  corre¬ 
sponds  to  a  gradient  cannot  be  used  to  generate  <f>12,  iv)  find  a  non-gradient 
mastersymmetry  (for  KP  it  is  which  can  be  used  to  generate  <P12, 

v)  motivate  and  verify  some  of  the  results  presented  here  and  in  [35]  by 
establishing  that  equations  in  2+1  are  exact  reductions  of  certain  nonlocal 
evolution  equations,  of  which  the  algebraic  properties  are  straightforward. 

Since  two  central  aspects  of  integrable  equations  in  2+1,  namely  the  1ST 
method  and  the  associated  algebraic  properties,  have  now  successfully  been 
studied,  we  speculate  that  essentially  all  aspects  of  equations  in  1  + 1  will  be 
successfully  studied  for  equations  2  +  1.  (For  example,  asymptotics  and  action- 
angle  formulation  of  KP  have  been  studied  in  [36].) 


2.  Review  of  Algebraic  Properties  in  1  + 1 

We  consider  evolution  equations  of  the  form 

q,  =  K(q),  (2.1) 

where  is  an  element  of  some  space  S  of  functions  on  the  real  line  vanishing  rapidly 
for  |x|-»oo,  and  K  is  some  differentiable  map  on  this  space  depending  on  q,  and  on 
derivatives  of  q  with  respect  to  x.  We  use  the  KdV  equation  as  an  illustrative 
example: 

+  (2.2) 

Equation  (2.2)  admits  the  following  four-parameter  Lie-group  of  transformations 


x'  =et{x  +  <x  +  yt),  l'  =  e3?(t  +  (J), 


<?' 
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The  above  transformations  (space  and  time  translations,  Galilean  and  scaling 
transformations)  are  uniquely  characterized  by  the  following  infinitesimal  gen¬ 
erators  of  symmetries  [37]: 

<71=4*.  <72=4***  +  6</4*.  2',  =  1+6  tqx,  l'2  =  2q  +  xqx  +  3Hqxxx  +  6qqx). 

(23) 

Actually,  the  KdV  possesses  infinitely  many  symmetries 

=  2n  =  0"2lt  n=  1.2. ... ,  (2.4) 

where  <P,  the  recursion  operator  (a  strong  symmetry)  of  the  KdV,  is  given  by 

<P  =  D2  +  2q+  2DqD~ 1 ,  {D~'f){x)=  J  (2.5) 

-  ro 

It  turns  out  that  <t>  has  a  certain  algebraic  property,  called  hereditary ,  which  implies 
that  <r„  Oj  commute.  KdV  also  possess  infinitely  many  constants  of  motion ;  the  first 
few  are. 

1=  j  Qndx,  e0  =  4.  ei  =  y.  e2=-y+43-  (2.6a) 

It  is  more  convenient  to  work  with  the  gradients  of  constants  of  motion: 
<grad/,u>=  --  f(q  +  £t>)  ,  where  </,  v}=  [  fvdx 

OE  e  =  0  -  co 

is  an  appropriate  scalar  product.  The  functionals  lt,l2  imply 

Vi =4.  y2=<?**+V.  (2.6b) 

Equations  (2.3),  (2.6b)  suggest  that  a  =  Dy,  i.e.  D  is  a  Noether  operator  for  the  KdV 
(it  relates  symmetries  to  constants  of  motion).  This  follows  from  the  fact  that  KdV 
is  a  Hamiltonian,  actually  a  bi-Hamiltonian,  system: 

<?,  =  Ograd  |  --  +q3jdx  =  (£>J  +  2qD  +  2£>(f)grad  J  ydx.  (2.7) 

The  two  Poisson  brackets  associated  with  the  above  are 

{/,./,)  =<grad/„0^grad/>),  ^=lor2, 

0,=D,  G2=Di  +  2qD  +  2Dq. 

It  can  be  verified  that  { , }  is  skew  symmetric  and  satisfies  the  Jacobi  identity. 

The  notion  of  a  conserved  covariant  y  is  a  mathematical  generalization  of  the 
gradient  of  a  conserved  quantity.  Namely,  if  the  functional  /  is  conserved  with 
respect  to  a  given  evolution,  then  y  =  grad/  is  a  conserved  covariant.  Conversely,  if 
y  is  a  conserved  covariant  and  if  y  is  a  gradient  function,  then  its  potential  l  is  a 
conserved  quantity.  For  example  2,  implies  a  conserved  covariant  T,  =x  — 6 tq 
which  is  a  gradient  function,  hence  it  implies  a  conserved  quantity 

CD 

l=j  (xq~3tq2)dx.  However,  i2,  corresponding  to  l2,  is  not  a  gradient  and 

-  re 

hence  does  not  correspond  to  a  usual  conservation  law. 
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The  above  discussion  motivates  the  following  definitions: 
Definition  2.1.  (i)  A  function  a  is  a  symmetry  of  (2.1)  iff 

ff'[K]-fCV)  =  0, 

where  prime  denotes  Frechet  derivative,  i.e. 

$ 

-r-  <j(q  +  F.V)  .  5 

e  =  0 

(ii)  A  function  y  is  a  conserved  covariant  of  (2.1)  iff 

y'[K]  +  K'  +  [y]=0, 


(2.9) 


(2.10) 


(2.11) 


where  K'*  is  the  adjoint  of  K',  namely,  (K'*f  g>  =  </,  K' g). 

(iii)  An  operator  valued  function  <P  is  a  recursion  operator  (strong  symmetry) 
for  (2.1)  iff 


<£'[£] -[K\<f>]=0,  (2.12) 

where  [ ,  ]  means  commutator. 

(iv)  An  operator  valued  function  0  is  called  a  Noether  operator  of  (2.1)  iff 

<9'[K]-0A:'+  -K'0=O.  (2.13) 

(v)  An  operator  valued  function  0  is  called  a  Hamiltonian  operator  iff  it  is  skew 
symmetric  and  it  satisfies 

<a,  0'[®b]c>  +  cyclic  permutations  =  0.  (2.14) 


vi)  An  operator  valued  function  <P  is  called  a  hereditary  operator  iff 

<t>'[<Pv\vD-<P<P'[v]w  is  symmetric  with  respect  to  v,  w.  (2.15) 

(vii)  Equation  (2.1)  is  of  a  Hamiltonian  form  if  it  can  be  written  as  q,  =  0y, 
where  0  is  a  Hamiltonian  operator  and  y  is  a  gradient  function,  i.e.  y'  =  y'  +  . 

Proposition  2.1.  (i)  If  y  is  a  conserved  covariant  of  (2. 1 )  and  ify  is  a  gradient  function, 
then  I,  the  potential  of  y,  is  a  conserved  quantity  for  (2. 1 ). 

(ii)  <P  maps  <t’s  to  o's,  <P*  maps  y's  to  y’s,  and  0  maps  y's  to  o’s. 

(iii)  //  (2. 1 )  is  of  a  Hamiltonian  form,  then  0  maps  y's  to  o's.  Furthermore,  there 
is  an  isomorphism  between  Lie  and  Poisson  brackets: 


[0y  i ,  0?2]L  =  0  grad  <y , ,  0y  2  > ,  (2.1 6a) 

where 

[a,  6],. =«'[/>] -/>'[>],  (2.16b) 

and  Vj.Vj  are  gradient  functions. 

(iv)  If  <P  is  hereditary  and  <P  is  a  strong  symmetry  for  o,  then  0"(T, ,  form  an 
abelian  algebra. 

(v)  //  (2. 1 )  is  of  a  bi- Hamiltonian  form,  then  <P  =  0  2  0 1  is  a  recursion  operator 
of  12.1). 
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(vi)  //  (2.1)  is  a  compatible  hi- Hamiltonian  system,  i.e.  if  it  is  bi-Hamiltonian  and 
if  0,  +02  is  also  a  Hamiltonian  operator ,  then  0  =  0 2&t'  is  hereditary. 
Furthermore,  if  y,  is  a  conserved  gradient  of  (2.1),  then  0  +  "y ,  are  also  conserved 
gradients.  Thus  (2.1)  possesses  infinitely  many  commuting  symmetries  and  infinitely 
many  conserved  quantities  in  involution. 

Given  the  isospectral  eigenvalue  problem  associated  with  (2.1)  there  is  an 
algorithmic  way  of  obtaining  0.  Furthermore,  if  0  has  a  complete  set  of 
eigenfunctions  it  must  be  hereditary: 

Proposition  2.2.  Let 

Vx  =  U{q,X)V  (2.17) 

be  a  linear  isospectral  eigenvalue  problem  associated  with  (2.1).  Let  Gx  denote  the 
gradient  of  the  eigenvalue  X.  If  Gx  satisfies 

0Gx  =  p(X)Gx,  (2.18) 

then  0  =  0*  is  a  hereditary  operator  ( provided  Gx  form  a  complete  set). 


3.  Derivation  of  Recursion  Operators 

A.  The  Schrodinger  Eigenvalue  Problem 

Proposition  3.1.  The  Schrodinger  equation  (1.1)  is  associated  with  the  following 
equation: 

=  IX'Pl2Tl2  —  2qx 2al2  .  (3.1) 

where  q?2  are  given  by  (1.2b),  <5  denotes  the  Dirac  delta  function,  T,  a  are  arbitrary 
functions  of  the  arguments  indicated, 

^.2=?=%i-y2).  Ti2  =  T(x,yt,y2),  a12  =  a(y„y2),  (3.2) 

and  f12  is  given  by 

Vu*D2  +  q;2  +  D-'q;2D  +  D-'q;2D-'q;2.  (3.3) 

To  derive  the  above  result  first  write  Eq.  (1.1)  in  matrix  form 

WX=VW,  H/=('V),  U=(  °  „  ').  (3.4) 

W  \-q-*Dy  0 ) 

Equation  (3.4)  is  compatible  with 

W,=  VW,  V=(^Ab  2 ^  (3.5) 

if 


u,=  K-LU.  n- 


(3.6) 
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The  operator  equation  (3.6)  implies 

A,  =  B  +  2Cc),  E  =  —B  —  24C ,  2CX  =  F.-A, 

(3.7) 

q,=  -BX-QA  +  E4,  4=t?  +  aDy. 

The  above  equations  yield 

A=-Cx  +  D'1  [C,4]-M0,  .4o,  =  0, 

(3.8) 

B=-CXI-[C,q]+, 

E  =  C*  +  D  " 1  [C,  <)]  +  <4  0 , 

<h  =  +  [4,  C]  *  +  [4,  cj  +  +  [4,  D  ■  1  [4,  C]]  +  A0Q-QA0, 

where  [,]  +  is  the  usual  anticommutator  of  two  operators.  We  represent  the 
operator  C  by: 

(C/)(x,y,)  =  f  dy2T(x,y„y2)/(x,y2),  (3.10) 

R 

similarly, 

^0/1  — 2^dy2a12/2  • 

Then 

tf,C±C4,)ft  =  ldy2(q*2Tt2)f2, 

[4t>B  'Hi.C]]/,  =  |  dy2(ql2D  'q\T.Tl2)f2,  (3.11) 

R 

(4o4t  ~Q\Ao)fi  —  —  ^ dy12qllaxlf1 . 

Hence  applying  the  arbitrary  function  /  to  the  operator  equation  (3.9)  we  obtain 
4i2^2,  =  T'i2,„"M<7i2^2)i  +  <?i+2'f'i2,'*-<7i2D  'qi 2 T\ 2  —  2<j| 2a , 2 .  (3.12) 

Remark  3.1.  It  is  easily  verified  that  the  following  important  commutator  operator 
relationships  are  valid: 

[*,*.0-0,  LqtM  =  2ah\2,  [V'12.fc,J-4afc'I2;  (3-13) 

hereafter  h,  2  is  any  arbitrary  function  h(yt  -  y2)  and  h\  2  denotes  its  derivative  with 
respect  to  y,. 

Proposition  3.1  can  be  used  to  derive  nonlinear  evolution  equations  related  to 
(1.1).  One  needs  only  to  assume  appropriate  expansions  of  T12,  al2.  We  give  two 
examples. 

Example  t. 

Tx  2=I<M£,  77"2'  =  C„  u12  =0,  (3.14) 

2  =  0 

where  =  <P<512/dy{,  C,  an  arbitrary  constant.  Then 

"=1.2 . 


(3.15) 


a 


i 
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To  derive  (3.15),  use  Eqs.  (3.14)  in  (3.12)  and  use  (3.13c)  with  hl2  =<>, , .  ! 

<5 . 2<h,  =  d  (  _£  s\  2  v ,  2  r;  + 4a  "i  d\  2  t;  i  - .  j 

Equating  the  coefficients  of  2  1  and  <>J12,  1  ^j^n  to  zero,  we  obtain 

7,'i=o, 

Hence 

^rj,=  (-^)JC„^12  l,  512«2t-512DV127?S'  =  (-^  C^120^r  1.  | 

Thus  (3.15)  follows  with  the  normalization  (  — 1  )"/?„  =  (4a)' "C„. 

Example  2.  ' 

Tl2=isi2T!t  7T2'  =  0,  al2=-ic„«5^.  (3.16) 

7  =  0  .4 

Then 


« =  1, 2, ... ,  (3.17) 

R 

with  the  normalization  C„  =  (-  l)"(4a)")3B. 

Remark  3.2.  1.  The  operators  <f>)2,  V'12  defined  by  (1.2)  and  (3.3),  respectively,  are 
related  via 


<f>12D  =  D¥'12. 


(3.18) 


Hence  the  hierarchy  of  Eqs.  (3.15)  can  be  written  as 


=  I  dy2Si2D^2 1  ■  1  =P^dy2dl2<P\2(<t>i2D)- 1  -  (3.19) 

The  KP  equation  corresponds  to  n=  1  and  /?,  =  the  next  equation  of  the  class 
(for  f]2  =  j)  is 

<?.  =  <?,**«  +  1  Oqqxxx  +  20qxqxx  +  30  q2qx 

+  5a2(2q„x  +  D  '  '(q2)vy  +  2  qxD  "  2qyy  +  4qyfl  “  ’  qy  +  4qD  ‘ 1  qy>)  +  5a4D  *  3qtyyy . 
2.  Similarly,  the  hierarchy  of  Eqs.  (3.17)  can  be  written  as 

Qx=Hnldy6l2DV]2(D-'q;2\)  =  P^dy2Sl2^2q:1\.  (3.20) 


For  n=l  and  /?,=|  the  above  becomes  </1(  =  aqly,  i.e.  it  corresponds  to  a 
y-translation. 


B.  The  2x2  AKNS  in  2+1 

Proposition  3.2.  Equation  (1,8)  is  associated  with  the  following  equation: 

*uQi.  =  °'I’iiVmo,  (3.21) 
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where  V,2o  denotes  an  arbitrary  off-diagonal  matrix  ami  the  operator  'F,2  ( acting 
only  on  off-diagonal  matrices)  is  gircn  by 

'f'l2=FCT(^l2~Ql2^l2Ql2^  ^  ,F,  2  =  F,  2  —  JF,  2  —  F,  2  ./ .  f  3.22) 

yi  yi 

To  derive  the  above  note  that  (1.8)  can  be  written  as 

WX  =  QW,  Q  =  Q  +  JDV.  (123) 

Equation  (3.23)  is  compatible  with  Wt  =  1 W  if 

Q,=  K-&V]  (3.24) 

We  represent  the  operator  P  by 

(TF)(x,  Vi)  =  f  dv2f'(x,  v,,  i\)F(x.  y2).  (3.25) 

R 

Then  [{5,  P1]  =  f  rfy2((5|2K|2)F2,  where  (?,  ,F,  2  =  (7,  F12  —  Fl2(32  +  JF|2 

R  y< 

+  FUyJ.  Hence  (3.24)  implies  £i2Gi,  =  (0-(?i2)^i2'  Splitting  this  equation 
into  diagonal  and  ofT-diagonal  parts  we  obtain 

fi\lQl,=  ^t2^12„~Ql2(/12o  =  ((  •  (3  26) 

where  Ti2d  and  Vl2o  are  the  diagonal  and  off-diagonal  parts  of  Vl2.  Hence 
Eq.  (3.21)  follows. 

Remark  3.3.  The  operator  ‘F,2  satisfies  the  following  important  commutator 
relationship: 

[^i2.*.2]f.2o=-2*A',2F,2o,  (3.27) 

where  F,  2o  is  the  ofT-diagonal  part  of  the  arbitrary  matrix  function  F,  2  and  prime 
denotes  differentiation  with  respect  to  y,. 

The  above  relationship  follows  by  considering  the  diagonal  and  off-diagonal 
parts  of  the  following  equation 


[D  $121^12]^  1 2  2ah,  2<tF,2(i  . 


Remark  3.4.  Assuming 


vi20=  I^i2^.  t’V]  off-diagonal , 

j  =  o 


Eq.  (3.21)  implies 


Gl,—  <J^^2^12^,"i2Q|21,I2d(  P  I  21' I  2i,  ~  ®  , 


where  vl2o  is  any  diagonal  matrix  solving  (3.30b). 

To  derive  (3.30)  note  that  Eqs.  (3.21)  and  (3.27)  imply 


*.262.  =  *  I  Hl'F  1 2^/2  “2x  X  b\ff‘2  »  . 

\i  =  o  j-i  / 

Equating  the  coefficients  of  <5"2 <57, 2,  1,  to  zero  we  obtain 

„<"l  _n  .,(0) _  J _  uyn  -  1  ..(n  -  t )  f  An  -  1  )  _  If/  (n) 

,  v,2— u,  vl2—  ,  r t2  r12  ,  -=u>12  -  rl2Di2. 


(3.32) 
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Equation  (3.32c)  can  be  written  as 

2xov\n1-"=Pllvi?'2-Q;2vl2u,  0=PI2v12u-Q;Xz<  (3.33) 

where  f12l)  is  an  arbitrary  diagonal  matrix.  Hence  (3.32c)  and  (3.32a) 

imply  U|Vl>=  ^  ^ )  <T^l2l’'2i>’  whcrc  vizD  solves  P,2v,2n  =  U.  Hence 

v\°i=  and  the  coefficient  d°l2  imply  (3.30). 

Remark  3.5.  Let  <*>l2  be  defined  by  (1.9a),  then  one  easily  verifies  that 

<Pylo  =  oVX2.  (3.34) 

Equation  (3.30),  for  special  choices  of  vl2o  yields  hierarchies  of  integrable 
equations: 

Example  l.  Let  vi2o  =  a,  then  (3.30)  implies 


Qi,=  -Pn^dy2Sl2a'F''l2Qt2I  =  Pn^dy2Sl2<l>nl2Q-2a.  (3.35) 

To  derive  (3.35)  note  that  Q;2o=-oQ ,+2 .  Also  (3.34)  implies  that  <P12a  =  aV"l2. 
Hence  the  integral  of  Eq.  (3.30)  implies 

-  iQ  ,V  =  -  <K  2°Q  ,V  =  2q;2<7  . 

Remark  3.6.  Equations  (3.35)  for  n  =  0, 1,2  become 


Q,=°Q,  &=-*, 

(3.36a) 

Q.=Q„  i»,  —  i. 

3.36b) 

-PiL2a(Qxx  +  a2QJ-QA  +  AQ]  } 

-  2(0, +  JD,)aQ2  ]■ 

(3.36c) 

Equations  (3.36c)  under  the  reduction  q2=qt=q  yield  the  DS  equation 

('■"0 

'9,  +  \lqxx  +  a2<?yy)  =  q(4>  ~  l<?|2) , 

a  2  ,  „  ,2  (3-37) 

<t>xx-*2<j)yy  =  2\q\lx. 

Example  2.  Let  u12d  =  /,  then  (3.30)  implies 

<2.  .--P.[dy26ii*'PmllQt2-fimldyi6ll#{lQ;il.  (3.38) 

Equations  (3. 28)  for  n-  0,1, 2  become 


e,=o, 

Q,  =  *Qy<  Pt  =  -h 

Q,  =  lhL-^aQxy+BQ-QB] 

(Dx  —  JDl)B  =  4oto(Q])y 


(3.39a) 

(3.39b) 

(3.39c) 
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Equations  (3.39c)  under  the  reduction  q2=ij,  =  ij  yield  (/(2  =  —  j) 

9/  =  ZRxy  +  i‘Q , 

,  ,  (3.39d) 

uxx-ct2uyy  =  2ct\q\ly. 

C.  Motivation 

A  crucial  step  in  deriving  the  recursion  operator  associated  with  the  Schrodinger 
equation  was  to  use  an  integral  representation  of  the  operator  C  [see  Eq.  (3.10)]. 
Also  in  deriving  the  theory  for  recursion  operators  we  will  need  an  appropriate 
Frechet  derivative.  Both,  the  integral  representation  (3.10)  and  the  above  Frechet 
derivative  can  be  motivated  as  follows: 

Consider 

wxx  +  qw  +  otwy  =  0;  (<?/)(*, y)  =  f  dy2q(x,y,y2)f(x,y2).  (3.40) 

R 

Equation  (1.1)  can  be  thought  of  as  the  reduction  of  (3.40)  under  q(x,yt,y2) 
=  Sl2q(x,yl).  It  is  clear  that  q  satisfies  an  equation  similar  to  (3.9)  where  q  is 
replaced  by  q.  Since  the  operator  q  has  the  integral  representation  (3.40b),  one  is 
lead  to  consider  a  similar  integral  representation  for  the  operator  C  [Eq.  (3.10)]. 
An  equation  similar  to  (3.12)  is  also  valid  for  q,  where  q?2  are  replaced  by  qf2, 

4*2/12  ^  )  dy3(ql3f32  ±/i3432)  +  a(0i  +  D2)fx2 .  (3.41) 

it 

The  Frechet  derivative  of  <7*2/12  in  the  direction  <r,2  yields 

1  ^  \  dy3(<T\3f32  +  fi3(r32).  (3.42) 

R 

This  is  precisely  the  directional  derivative  we  use  in  Sect.  4.  More  details  on  the 
concept  of  equations  in  2  4- 1  dimensions  as  exact  reductions  of  nonlocal  evolution 
equations  are  presented  in  [35,  Sect.  V], 

4.  Algebraic  Properties  in  2+1 

The  theory  of  algebraic  properties  in  2  + 1  is  based  on  the  following  concepts:  a)  A 
crucial  step  in  deriving  the  recursion  operator  associated  with  a  given  two- 
dimensional  eigenvalue  problem  is  the  use  of  an  integral  representation  of 
operators  depending  on  q  and  d/dy.  In  KP  for  example  $=q  +  txd/dy  is  represented 
by 

(<?i +aDi)/i2=?  [dy3qx3f32.  (Ala) 

The  above  mapping  between  an  operator  and  its  kernel  induces  a  mapping 
between  derivatives: 

4lJ>12]/l2=  ^>'3^13/32.  (4.1b) 

where  4)d[ff12]  denotes  the  directional  derivative  of  the  operator  valued  function 
4i  in  the  direction  <r12.  Using  an  appropriate  bilinear  form  [see  (4.7H4.8)] 
Eqs.  (4.1)  imply 

4*  ft  2  =(<?2  2 =  ^dy3f{3q 32 ,  =  ^  dy 3 /1 3a32 . 


(4.2) 


388 


P  M.  Santini  and  A.  S.  Fokas 


The  recursion  operator  4>, ,  depends  only  on  and  q*,  thus  one  is  able  to  define 
<P,2<1[<Ti2]-  b)The  theory  of  symmetries  for  equations  in  1  +  1  is  based  on  the 
existence  of  “starting"  symmetries  K°,  which  via  <P  generate  infinitely  many 
symmetries.  For  example,  for  the  Kd  V  K°  =  qx.  For  equations  in  2  +  1  we  find  that 
the  starting  symmetries  K"2  can  be  written  as  fc°2H ,  2,  where  IZ°2 's  an  operator 
and  Hx2  is  a  suitable  function  [for  the  KP  Hl2  =  Ht2{yl,y2)}.  The  operators  fc°l2 
depend  only  on  4i^4*  and  thus  fc°l2d  is  well  defined.  The  Lie  algebra  of  the  starting 
operators  /??2  acting  on  Hl2  is  closed.  This  fact,  which  is  of  fundamental 
importance  for  the  theory  developed  both  here  and  in  [35],  can  also  be  traced  back 
to  the  integral  representation  of  the  fundamental  operator  4-  For  example, 
Eq.  (4.1b)  implies: 

4 1  dLa  i  i\l  1 2 —  4 1  j[/i  2!°  1 2 =  ^  dy3(o ,  3/32  —  fi  31X32) . 

Also  using 

4iJ-4iaii]fi2  =  I  dyi{4tO\2)isf}2=  !  dy3dy3f32ql3or3 , 

R  R2 

it  follows  that 

2]/i2  —  4id[4if\i]ai2=4i  ^dy3(<Jl3f32—fi3o32). 

The  above  equation  can  be  written  as 

[4l/l2>4l(712]i  =  ^l[<T12>/l2]/  > 

where  the  following  brackets  have  been  motivated  from  the  above  example: 

t*  m.  *  ml = kvuwhwu  -  wuwmwi  ,  (4.3a) 

IH\%  H\2n,  =f  l  dy3(H\'}H'$  -  /fft'tfft) .  (4.3b) 

In  1  +  1,  one  considers  the  Lie  algebra  of  functions ;  in  2  +  1  one,  instead,  considers 
the  Lie  algebra  of  operators,  thus  equations  in  2  + 1  have  richer  algebraic  structure 
than  equations  in  l  +  1.  c)  The  recursion  operator  <Pl2  and  the  starting  operators 
fc°2  have  simple  commutator  relations  with  Sl2  or  more  generally  with 
t'i2=h(yi-y2). 

Notation.  We  will  consider  exactly  solvable  evolution  equations  of  the  form 
q,  —  K(q),  where  q(x,  y,  t)  is  an  element  of  a  suitable  space  S  of  functions  vanishing 
rapidly  for  large  x,y.  Let  K  be  a  differentiable  map  on  this  space  (we  assume  for 
convenience  that  it  does  not  depend  explicitly  on  x,  y,  t ).  The  above  equation  is  a 
member  of  a  hierarchy  generated  by  <Pl2,  hence  more  generally,  we  shall  study 
q,  =  Kw(q).  Fundamental  in  our  theory  is  to  write  these  equations  in  the  form 

<?.,=  ldy2Sl2<P]2R°l2- 1  =  [dy2dl2Kr2  =  Krt  (4.4), 

(in  the  matrix  case,  1  is  replaced  by  the  identity  matrix  /),  where  K\n^q,,q2)  belong 
to  a  suitably  extended  space  S,  and  </>,  2,  arc  operator  valued  functions  in  5. 
For  an  arbitrary  function  1 2(^1,  ^2)  we  define  the  total  Frechet  derivative  by 

Ki2,[r\  =  Kl2tlFuy  +  KX2^F22],  (4.5a) 
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where  Kl2t  denotes  the  Frechet  derivative  of  Kl2  with  respect  to  qit  i.e. 


K 1 2,,[f  if]  =?  ^  Ki  2 (<7,  +  Fu,  (jj) 


i<j=  1.2,  i  +  j. 


(4.5b) 


We  also  define  a  special  directional  derivative,  dictated  by  the  underlying 
isospectral  problem  and  denoted  by  Kl2d.  This  derivative  is  linear,  satisfies  the 
Leibnitz  rule  and  is  related  to  the  above  Frechet  derivative  by 


Ki2XSi2Fl2]  =  Kl2i[_F-\. 


(4.6) 


For  arbitrary  functions  fl2  eSand  gl2eS*,  where  S*  denotes  the  dual  ofS,  we 
define  the  following  symmetric  bilinear  form 


<gi2,fi2>±  i  dxdytdy2ltaceg2lfl2,  fl2, gI2  matrices,  (4.7) 

RJ 


where  obviously  the  trace  is  dropped  if  fI2,gl2  are  scalars.  The  operator  L\2  is 
called  the  adjoint  of  Ll2  with  respect  to  the  above  bilinear  form,  iff 

2' /i  2)  — 2*^12/12)  •  (4-8) 

For  arbitrary  functions  feS  and  geS\  we  define  the  following  symmetric 
bilinear  form 

(g,/)  =  J  dxdytracegf,  f  g  matrices.  (4.9) 

The  operator  L+  is  called  the  adjoint  of  L  with  respect  to  the  bilinear  form  (4.9)  iff 

(L+g,/)  =  (g,i/).  (4.10) 


Remark  4.1.  Definitions  (4.7)  and  (4.9)  imply 

(.&  1  28 1  2'  f\  2  )  =  (g  1  2>  ^  1  2/1  2  )  =  (?  1  1  ’  /l  1 )  •  (4. 1  1 ) 

Let  /  be  a  functional  given  by 

/=  f  dxdy{  tracer, ,  =  f  dxdy{dy2dx2  tracer  ,  el2=e(x,yx,y2,t)eS 

R»  r  j 

(if  q12  is  a  scalar,  then  omit  trace). 

The  extended  gradient  grad12/  of  this  functional  is  defined  by 

<grad ,  2  /,  •  >  4  ld[  •  ]  =  £  dxdy,dy2Sl2e ,  2,[  •  ] . 

The  gradient  of  /,  grad/,  is  instead  defined  by 

(grad/,  •)  =  //[•]=  ^dxdyQsi-]. 

It  is  easily  seen  that  a  function  y ,  2  e  S*  is  an  extended  gradient  function  (i.e.  it  has  a 
potential  I )  iff 

Yi2<=Yi2<-  (4.15a) 

A  function  yeS  is  a  gradient  function  iff 


(4.12) 

(4.13) 

(4.14) 


Yf  =  Yf  ■ 


(4.15b) 
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Some  of  the  above  notions  make  sense  only  if  for  certain  functions  the  directional 
derivative  exists.  Such  functions  are  called  admissible. 

Throughout  this  paper  m,n  denote  non-negative  integers. 


A.  Basic  Notions 

Definition  4.1.  i)  An  operator  valued  function  L12  is  called  admissible  if  its 
directional  derivative  is  well  defined. 

ii)  A  function  K ,  2  is  called  admissible  if  it  can  be  written  as  K ,  2  =  R ,  2HX  2, 
where  R.X2  is  an  admissible  operator  and  HX2  is  an  appropriate  function  [for  K.P, 
H  u  =  i  -  3*2)1* 

In  analogy  with  Sect.  2  we  give  the  following  definitions: 

Definition  4.2.  Consider  the  evolution  equation 

<h,=  ^dy26I2Kl2  =  K lx .  (4.16) 

i)  The  function  a  t2  is  called  an  extended  symmetry  of  (4.16)  iff 

u'n/LK]  =  (<512Ki2),|[<t,2]  .  (4.17) 

ii)  The  function  y,2  is  called  an  extended  conserved  covariant  of  (4.16)  iff 

y.2/[K]+(512Kl2)J[y12]=0.  (4.18) 

iii)  The  admissible  operator  valued  function  <Pl2  is  called  a  strong  symmetry 
(recursion  operator)  of  (4.16)  iff 

4>,2/m  +  [^i2.(<5,2^i2y=0.  (4.19) 

iv)  The  admissible  operator  valued  function  012  is  called  a  Noether  operator 
of  (4. 16)  iff 

0,2/[K]-012(^l2K12)?-^I2^,2)^,2=O.  (4.20) 

v)  The  admissible  operator  valued  function  <f>12  is  called  a  hereditary 
operator  iff 

^I2l<f12/i2]gt2-^i2^i2i/i2]gi2  is  symmetric  with  respect  to  /)2,g12 

(4.21) 

Remark  4.2.  i)  ox  2  is  an  extended  symmetry  of  (4.16)  iff  <7,  2  commutes  with  Sx2Kl2, 

[^12>^12^12]<(  =  0-  (4.22) 

This  follows  from  the  fact  that  c,2iI[^i2X12J  =  o-,2/[/C]. 
ii)  If  in  (4. 1 2),  g ,  2  is  an  admissible  function,  612  =  612^12  ^  lhen  the  functional  / 
depends  on  H12,  /  =  /(H12),  and  yl2  =  grad12/,  defined  by  (4.13),  is  also  an 
admissible  function  y,2  =  y(2Hl2,  enjoying  the  property  (4.15a)  for  every  HX2.  If, 
for  instance,  /=  f  dxdyxdy25xlqx2D~'lqX2Hx2  and  the  directional  derivative  is 

defined  in  (4.13)  [see  also  (4.1b)  and  (4.2)],  then  yx2  =  4D~iqX2H[2  is  the 
corresponding  extended  gradient. 
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iii)  If  y ,  2  in  addition  to  satisfying  (4. 1 8)  is  aiso  an  extended  gradient  function, 
then  its  potential  /  is  a  conserved  quantity  of  (4. 1 6).  This  follows  from  the 
following: 

/,=/,IX]  =  U<5,2f <l2]  =  <yl2,<512K12>, 

where  y12  =  grad12/.  The  derivative  of  the  above  in  the  arbitrary  direction  u12  is 
zero  if  (4.18)  holds. 

iv)  <Pi2  is  a  strong  symmetry  for  a12  iff  ' 

^2,,[>12]  +  [4>12,a12J=0.  (4.23a) 

Hence  Eq.  (4.21)  implies  that  <P12  is  a  strong  symmetry  for  (<512K12)  (see 
Lemma  4.1). 

v)  012  is  a  Noether  operator  for  ai2  iff 

®12j[a12  ]  —  ®12a*2j  — al2d®12  —0-  (4.23b) 

Hence  Eq.  (4.20)  implies  that  012  is  a  Noether  operator  for  (Sl2KI2)  (see 
Lemma  4.1). 

vi)  In  the  above  definitions  we  assume  that  a ,  2 ,  y ,  2 , 0 , 2 ,  <PX  2  do  not  explicitly 
depend  on  r.  Otherwise,  <r12/[K]  should  be  replaced  by  dal2/dt  +  <r12  [K]; 
similarly,  for  y12/,  012/,  <Pi2/. 

Remark  4.3.  i)  <PI2  maps  solutions  of  (4.17)  to  solutions  of  (4.17); 

ii)  </>f2  maps  solutions  of  (4.18)  to  solutions  of  (4.18); 

iii)  0l2  maps  solutions  of  (4.18)  to  solutions  of  (4.17); 

iv)  if  012  solves  (4.20)  and  <PI2  solves  (4.1 9)  then  <P"0t2  also  solves  (4.20). 
Definitions  4,2  make  sense  only  if(^12Ki2)j  exists.  For  equations  generated  by 

<Pl2,  (Sl2Kl2)j  is  well  defined: 

Lemma  4.1.  Assume  that  the  admissible  operators  <Pl2  and  R°i2  satisfy  the  following 


operator  equations 

[^.2,‘i^-Wi,  (4.24a) 

[^?2>^*12]=  ~  ^12^12  >  (4.24b) 

where  /),  /7  are  constants,  St  2  is  some  admissible  operator,  hl2  =  h(yl-y2)  and  prime 
denotes  derivative  with  respect  to  y,.  Then  all  notions  introduced  in  Definitions  4.2 
are  well  defined  for  any  Eq.  (4.4)„.  In  particular: 

(<5. 2*1 2*?2  •  1  )<  =  («P .  2  +  ^)"(* ?2  +  2ms  ,2)rf.  (4.25) 

where  the  operator  2  is  defined  by 

[<M,2]=0,  2i  hl2=hl2,  (4.26) 

and  d,j  is  any  admissible  operator.  Thus 


+  f (427) 

Equations  (4.24)  imply  that  6 1  ^  2f° 2  ■  1  =  (<*>,  2  +  P2Y( R°l2  +  22)Sl2  which 

is  an  admissible  function  since  <Pl2,  R“2,  Sl2  are  admissible  operators. 
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Remark  4.4.  i)  For  the  two-dimensional  AK.NS  we  use  two  starting  operators  ft°2; 
both  of  these  operators  commute  with  hl2  (i.e.  JJ  =  0).  For  the  two-dimensional 
Schrodinger  we  also  use  two  starting  operators  one  of  them  commutes  with 

h12,  the  other  implies  fi=  S,2  =  D. 

ii)  It  is  clear  that  the  theory  presented  here,  suitably  modified,  is  also  valid  for 
more  general  commutator  relations  than  the  ones  given  by  (4.24).  In  investigating  a 
new  eigenvalue  problem  one  first  computes  the  commutator  of  <Pl2  and  R°l2  with 
hl2;  one  then  builds  a  general  theory  based  on  these  commutator  relations. 

iii)  We  remark  that  Eq.  (4.24a)  could  be  derived  directly  from  the  underlying 
isospectral  problem  without  using  the  explicit  form  of  <Pl2.  As  an  example,  in 
Sect.  4.E  we  show  that  the  equation  d>f2fF,H/2+ =4AW,iy2+  (which  is  a  direct 
consequence  of  the  spectral  problem  WXX  +  QW=  XIV)  implies  Eq.  (4.24a),  with 
j8=  —4a. 

The  usefulness  of  the  extended  symmetries  and  the  extended  gradients  follows 
from  the  fact  that  their  reduction  yields  symmetries  and  gradients,  respectively. 

Theorem  4.1.  Assume  that  the  admissible  operators  <P  12,  £°2,  satisfy 

[*^i 2»  <5|  2]  =  —  ^12  >  (4.28a) 

[£?2.<5.2]=-^,2<5',2.  (4.28b) 

where  /?,  /?  are  constants,  Sl2  is  such  that 

S,  2J[  ]WI2=^,2/[  ]HI2=0 

and  prime  denotes  derivative  with  respect  to  y,.  Then: 

>)  If  On  is  an  extended  symmetry  of 

9.,=  J^.2^2^2  •  1  -  J^i 2K(r]  =  K',"{ ,  (4.29) 

o , ,  is  a  symmetry  of  (4.29). 

ii)  Similarly,  if  y12  is  an  extended  conserved  covariant  of  (4.29),  y,,  is  a 
conserved  covariant  of  (4.29). 

iii)  If  y,2  is  the  extended  gradient  of  a  conserved  quantity  of  (4.29),  y, ,  is  the 
gradient  of  a  conserved  quantity  of  (4.29). 

Proof.  We  first  note  that  Eqs.  (4.28)  imply 


al) 

^12, [  I28l2  ^l  2^1  2y[  ]?12  —  O' 

(4.30a) 

a2) 

2  ’  ]^I  281  2  —  ^I2^12j[  ‘  ]<5l2f?12  =0< 

(4.30b) 

a3) 

(<5.2^?2  »)/C]=^,2(^?2  •!)/[]. 

(4.30c) 

a4) 

(«.2^2-l^,2-]-«.2(i|2^I-  lU  ]- 

(4.30d) 

Equations  (4.30a),  (4.30b)  follow  from  (4.28a)  (see  Appendix  A).  Using  (4.28b)  and 
the  fact  that  $12/[  •  ]W,2  =  S12„[  ■  ]W,2  =0,  Eqs.  (4.30c),  (4.30d)  take  the  form  of 
(4.30a),  (4.30b)  (with  <P12  replaced  by  £?2).  However,  these  equations  follow  from 
(4.28b)  following  a  proof  similar  to  the  one  given  in  the  Appendix  A. 


* 


Recursion  Operators  and  Bi-Hamiltonian  Structures.  I 


393 


a)  Equations  (4.28a),  (4.30a),  (4.30c)  imply 

0.i*u*?j-t)/[  W.iWatfV  1)/C  3-  (4.31), 

)  We  derive  Eq.  (4.31  )„  by  induction:  Eq.  (4.3 1  )0  is  (4.30c).  Let  subscript  Ldenote  any 

‘  derivative,  such  that  the  Leibnitz  rule  holds.  Then 

(<512^V  ‘  %  -  (<5 nOnWh  =  (^.2^.2  KTA  +  P(S\2K\"A  • 

Hence 

]  =  *,2l[  +  ]•  (4.32) 

We  assume  that  (4.31),  is  valid,  then  applying  2  on  it,  it  follows  that 

(<5n^)/[]=<5',2^,"U]  (4-33) 

is  also  valid:  To  derive  Eq.  (4.33)  note  that  Eqs.  (4.26)  imply 

^12^12  ‘  1  =^I2^I2  ’  1  ■ 

Applying  the  L-derivative  on  the  above  we  obtain 

^(^12^12  '  1)|.[  ]=(^12^I2  ‘  U/£  ]• 

The  above  equation  for  L  =/,  and  (4.26)  imply  (4.33).  Equation  (4.31  )„  + ,  is  valid  iff: 

*.2,[  ]«l2C"  +  *12(i,2C^/[  l+^uO/t  ] 

=  <5,2'f12/C]G"+('Pl2<512  +  ^'12)G,/C3- 

The  first  terms  of  the  left-  and  right-hand  sides  of  the  above  equation  are  equal 
because  of  (4.30a);  the  second  and  the  third  terms  are  equal  because  of  (4.31),  and 
(4.33),  respectively. 

b)  Equations  (4.28a),  (4.30b),  (4.30d)  imply 

(<5 , 2*1  2* ?2  ■ •  1  )d[<5 . 2  •  ]  -  *  .  10 1 2*T  2  ?2  •  1  u:  •  ]  ■  (4-34), 

To  derive  Eq.  (4.34),  we  use  again  induction.  Equation  (4.34)0  is  (4.30c).  Assume 
that  (4.34),  is  valid,  then  applying  the  operator  2  on  it,  it  follows  that 

(<5'.2^.1U<5,2  ■]  =  «. 20uK? VI  •]  +  *',  2(«5,2^riU  ■  ]  •  (4.35) 

Using  (4.35)  it  follows  that  Eq.  (4.34)„+ ,  is  valid  if 

*,2j?i2  •  ,2*tt  +  *iJS,2Ktt)JLS, 2  •  ]  +  IKS’, 2Kri)JLSl2  ■  ] 

=  <5,2*.  lJL  ■  ]<5,2  Ktl  +  (*,  2<5,  2  +  Wl  2)(<5, 2^U  •  ]  +Si2M\  2*?iU  ’  ]  • 

The  first  term  of  the  left-  and  right-hand  sides  of  the  above  equation  are  valid 
because  of  (4.30b);  the  second  and  the  remainder  terms  because  of  (4.34),  and  (4.35), 
respectively. 

c)  Equations  (4.28),  (4.30),  (4.34)„,  (4.3I)„,  and  (4.6)  imply: 

<5,  2^2*1  2^2  lU  ]=(ai^2^2  l)J012  3=(^,2*32^?2  D/[  ] 

=  &12W2R°12  \  ),[•].  (4.36) 
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Using  the  definitions  of  symmetries  and  extended  symmetries  and  Eq.  (4.30c-d), 
the  first  part  of  Theorem  4.1  follows: 

aut—  J  dy2Sl2a u,  =  j  dy 2^12(^12 2^?2 '  12] 

R  R 

=  jW.2l^2^?2  t)/W  =  K,1''i/[<T,lJ- 

The  derivation  of  ii)  is  similar  to  the  derivation  of  i):  It  follows  from  the 
equations 

(<5,2^2*?2  •  D/*[  ]  =  <5.2W2*?2  1);[],  (4.37a) 

(6 , 2V\  2Z[°l ■  1  )J[<5, 2  •  ]  =  ,5, 2(Sl  2d>\  2R°l2  ■  1  )*[  •  ] ,  (4.37b) 

which  are  direct  consequences  of  Eqs.  (4.3 1)„,  (4.34)„,  (4.6),  (4.7),  and  (4.8).  Then 
y,i.=  ldy2Si2yl2t =  -  ^dy26l2(dl2V[2/l0n  \)l[yl2l 

=  ~  [dy2(8l2Vl2R0l2  ■  l)?[<512y12]  =  -  ^3'2(<5,2^2^?2-  D?M 

The  derivation  of  iii)  follows  from  ii)  and  the  fact  that  if  y ,  2  is  an  extended  gradient 
function  y , ,  is  a  gradient  function :  Recall  that  y ,  2  is  an  extended  gradient  iff  y ,  2a[  ] 
=  y?2l  ].  namely  iff  <y,2J[gi2]./i2>  =  <gi2.y.2J[/i2]>-  Letting /i2-k512/i2  and 
8n-*dl2gl2,  we  obtain  (yli/[gn],/,,)=(g,„yU/[/ii])  which  implies  that 
ytl/  =  y*l  (y,,  is  a  gradient).  Moreover,  one  could  easily  show  that  if 
yl2  =  grad12/,  then  y,,  =grad/. 

Another  important  property  of  the  extended  symmetries  is  given  by  the 
following  theorem: 

Theorem  4.2.  If  a ,  2  is  an  extended  symmetry  of  Eq.  (4.29),  then  er ,  2  =  0  is  an  auto- 
Bdcklund  Transformation  for  Eq.  (4.29).  In  equation  ol2=  0,  qx  and  q2  are  viewed  as 
two  different  solutions  of  (4.29). 

Proof.  If  <rl2  is  an  extended  symmetry  of  Eq.  (4.29)  and  (t12  =  0,  then  D,ol2 
=  +<t12/[K]=0,  which  implies  the  result. 

Remark  4.5.  Theorems  4.1  and  4.2  show  that  the  symmetries  and  the  auto- 
Backlund  Transformations  of  an  equation  originate  from  the  same  entity:  the 
extended  symmetry.  This  remarkable  connection  between  symmetries  and  auto- 
Backlund  Transformations  exists  also  in  1  + 1  dimensions.  If  we  consider  as  an 
example  the  classes  of  evolution  equations  in  2  + 1  dimensions  (3.19),  (3.17),  (3.35), 
and  (3.38),  then  extended  symmetries  and  gradients  for  the  corresponding  1  +1 
dimensional  systems  are  still  defined  by  Eqs.  (4.17)  and  (4.18),  in  which  the 
operators  (5,2AC12)d  and  (<5, 2K!2)J  are  evaluated  at  a  =  0.  For  a  =  0  <f>12  is  indeed 
the  operator  that  generates  Biicklund  Transformations  in  1  + 1  dimensions  [38]. 

The  above  theorems  imply  that  it  is  useful  to  have  an  effective  way  of 
generating  extended  symmetries  and  extended  gradients  of  conserved  quantities. 
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For  equations  in  1  + 1  one  makes  fundamental  use  of  the  following  two  notions: 
a)  if  <P  is  hereditary  it  generates  infinitely  many  commuting  symmetries,  b)  If  <P 
admits  a  factorization  in  terms  of  compatible  Hamiltonian  operators  it  generates 
infinitely  many  constants  of  motion  in  involution.  Both  the  above  notions  are 
extended  to  equations  in  2+1. 


B.  Characterization  of  the  Starting  Symmetry  H l2 

through  the  Recursion  Operator  <Pl2 

Fundamental  role  in  the  theory  presented  in  this  paper  is  played  by  a  hereditary 
operator  <J>12  and  a  starting  symmetry  R.°2Hl2.  It  is  interesting  that  the  recursion 
operator  <t>l2  algorithmically  implies  ff]2Hi2.  Furthermore,  if  <Pl2  is  hereditary,  it 
is  also  a  strong  symmetry  for  fc°12Hl2. 

Definition  4.3.  A  starting  symmetry  associated  with  the  recursion  operator  <Pl2  is 
K°l2Hl2,  where  the  admissible  operator  K°2  and  the  function  Hl2  satisfy 

<Pi2§t2Hl2  =  R0l2Hl2,  St2-Hl2=  0,  (4.38) 

and  Sl2  is  an  invertible  operator,  of  course,  on  a  space  of  functions  excluding 
Ker5,j9//12. 

Examples.  1 .  For  the  KP  hierarchies,  Sl2  =  D  and/or  S,  2  =  D(<?f 2)~ 1 D.  This  implies 
WfDqU+q^D-'q; 2,  S12  =  D,  (4.39a) 

§l2  =  D{q;2VlD,  (4.39b) 

with  Hl2  any  solution  of  DHl2=  0. 

2.  For  the  DS  hierarchies  Si2={Qx2)~ '  Pl2.  This  implies 

£?2  =  (?iV  and/or  R°X2  =  QX  2,  (4.40) 

with  HX2  any  diagonal  matrix  solving  PX2HX2  =  0. 

For  the  results  presented  in  this  paper  we  only  use  a  subclass  of  solutions  of 
DHI2=  0  and  Pi2H,2=0,  given  by  Hx2  =  h12=h(y,  - y2)  ind  H  12  =  hl2(al  +  bo), 
a,  b  constants,  respectively.  More  general  solutions  of  the  above  equations  are  used 
in  [35]  and  give  rise  to  time-dependent  symmetries. 

Lemma  4.2.  If  R°i2H {2  is  a  starting  symmetry  associated  with  the  hereditary 
operator  <PI2,  then  <PI2  is  a  strong  symmetry  of  R°X2HX2. 

Proof.  Since  <Pi2  is  hereditary, 

*12.1*1 2/12]* 1 2-^12^121/12]?  12  is  symmetric  in  /12,g12.  (4.41) 

Letting  gx2  =  Sx2 'W,2  we  obtain 

*12j[*l  2^12^  1  2]/l2  —  *12*12d[^12W  1  2 ] Xt  2  ~  *1  2a[*I  2/1  2]^!  2^12 
+  *12*1  2^/123^12^1  2  =  0- 
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Using  <P  Hu.SuH  !2— 0  and  its  consequence  •?i2ll[_/i2J7/i2— 0, 

for  every  /12,  we  obtain 

^iI^2Wl2J/12-(^2H|2U^.2/12]+<f12(^2H12U/I2]=0,  V/„, 

(4.42) 

thus  <Pl2  is  a  strong  symmetry  of  ^J2HI2. 


C.  Hereditary  Symmetries 

Theorem  4.3.  Assume  that  the  admissible  hereditary  operator  <P,  2  and  its  associated 
starting  symmetry  &°2H{2,  defined  via 

tf12^2//!2  =  ^?2//I2,  S12//l2  =  0  (4.43) 


satisfy 

(4.44a) 

[^12.^12]—  ~  (4.44b) 


where  /?, /?  are  constants,  Sl2  is  an  admissible  operator,  hl2=hiyl  ~y2)  and  prime 
denotes  derivative  with  respect  to  y,.  Further  assume  that 

[^?2HV2U?2«,.22,L  =  0,  for  IH'&Hflh-O,  (4.44C) 

where  [  ]d,  [  ],  are  defined  by  (4.3)  and  hl2  belongs  to  H ,2.  Then 

[<t>72^oi2H\ll4>]2R°l2H\2n^0,  for  [H\lf  H\2f], = 0 .  (4.45a) 

Furthermore, 

4>7,2^?2 '  1  are  extended  symmetries  of  (4.4)„ ,  (4.45b) 

for  all  nonnegative  integers  m,  «. 

Proof.  In  analogy  with  the  results  of  I  t- 1  one  easily  verifies  that  if  K\'f  K\f 
commute,  <t>l2  is  hereditary  and  <P!2  is  a  strong  symmetry  for  both  K\'2  and  K\2fi 
then  4>12K\'l  d>”2K\2^  also  commute,  for  all  m,  n.  Using  these  results  with 
K[lj  =  R°2H{'{,  K\2{=  R°2H\2{  one  immediately  proves  (4.45a)  above.  To  prove 
(4.45b)  we  note  that  (4.44)  imply 


<5,2 *\1=  I 
^  =  0 

where  bn  (  depend  on  /),  ft  (see  Appendix  B).  Hence 


(4.46) 


[*7a*?2-U*.2  +  W.a*?ai3-- 


*7a<?2‘l.  I  fr..^i^?a-^a 

r  =  0 


=0. 


(4.47) 


Equation  (4.47)  follows  from  (4.45a)  since  [l,#j2]f  =  0  for  all  nonnegative  integers 
The  left-hand  side  of  Eq.  (4.47)  equals 

(♦7,<?2' ■Itfi.a^a^a- >]-(«, a^2^?2-tu;*72^?2-i]; 
but  the  first  term  of  the  above  equals  (4>7 2^12 '  l)/[KtB>],  hence  (4.45b)  follows. 
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It  turns  out  that  the  recursion  operators  associated  with  both  the  two- 
dimensional  Schrodinger  and  the  two-dimensional  2x2  AK.NS  are  hereditary. 
Actually,  isospectral  eigenvalue  equations  always  yield  hereditary  operators  (see 
Sect.  4E). 

Remark  4.6.  If  <P ,  2  generates  two  classes  of  evolution  equations  (4.4)„,  correspond¬ 
ing  to  two  different  starting  points  Mx2  and  Nl2,  and  if,  in  addition  to  (4.44),  we 
have 

0,  for  \.H\'lH\2n,=  0,  (4.48) 

then  <f>72$|2l  and  <P?2$t2'1  arc  extended  symmetries  for  both  classes  of 
evolution  equations. 


D.  Bi-Hamiltonian  Systems 

Definition  4.4.  i)  An  admissible  operator  012  is  called  a  Hamiltonian  (inverse 
symplectic)  operator  iff 

a)  0*2=-0l2,  (4.49a) 

b)  it  satisfies  the  Jacobi  identity  with  respect  to  the  bracket 

{a12’^12>Cl2}  ^Xal2’®12<,[®12^l2]C12)>  (4.49b) 

for  arbitrary  a12,  bl2,  cl2. 

ii)  An  Eq.  (4.16)  is  of  a  Hamiltonian  form  (or  is  a  Hamiltonian  system)  if  it  can 
be  written  as 

t 

«I,=  [W,20 12?12.  (4-5°) 

where  012  is  a  Hamiltonian  operator  and  yl2  is  an  extended  gradient  function  of 
the  form  y,2  =  ?,2l  [with,  of  course,  (?,2//12),,  =  (y12/J12)J]. 

The  associated  Poisson  bracket  is  given  by: 

{/<l,> /,2)}„  =  <gradi2/(U, 0t2 grad! j/<2>>,  .  (4.51) 

where  the  functional  J(0  is  given  by  J<0  =  }  dxdyldy26l2Q({)2H{i)2. 

R> 

Remark  4.7.  If  0(2  satisfies  a),  b)  above  then  the  Poisson  bracket  (4.51)  is  skew 
symmetric  and  satisfies  the  Jacobi  identity. 

Proposition  4.1.  Let 

G , 2  =  0 1 2 /( 2 ,  0l2  skew  symmetric .  (4. 52) 

Then  for  arbitrary  ai2,bl2  the  following  identities  are  valid. 

a.)<*.2.(0,2.[CI2]-0,2(G,2)J-(GI2)J012)a12> 

~  fi2’an}  4-  {fi2,al2,bt2}  +  {al2,bl2,  fl2} 

+  2, 0|  2(/,  2d  —  /,*  J&,  2a,  2) . 


(4.53) 
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Let  0l2  be  Hamiltonian  and  let  a,2 ,  b,2  be  extended  gradient  /unctions.  Then 

a2)  [0 1 2a,  2, 0 1 2b, 2Ja  =  ©  1 2  8rad|  2  (ai  2<  ©  1  ib\ 2)  •  (4.54) 

These  identities  imply: 

a3)  If  0,2  is  a  Hamiltonian  operator  and  f,  2  is  an  extended  gradient,  then  0,2is 
a  Noether  operator  for  G,2. 

a4)  If  0,2  is  a  Hamiltonian  operator  and  it  is  a  Noether  operator  for  G,2  then 
f,  2  is  an  extended  gradient  function. 

The  above  results  are  exactly  analogous  to  those  in  1  + 1  and  thus  their 
derivation  is  omitted. 

The  above  results  can  be  used  for  any  Hamiltonian  system  as  soon  as  the 
commutator  [©1 2.^12]  *s  specified.  However,  for  a  completely  integrable 
Hamiltonian  system  additional  results  are  valid. 


Proposition  4.2.  Let 

■  *¥?*<*?  areiVtfi2.  yft+ftr  1.  (4.55) 

Assume  that  0,2  is  Hamiltonian,  its  inverse  exists  and  that  f™2H , 2  are  extended 
gradients.  Further  assume  that  Eqs.  (4.4)  are  valid.  Then 

i)  <M-  * '.Wi)  =  & ,  2f \W1>  =  0  <  (4.56) 

ii)  (tflUrp-O,  if  LH\'IH\%  =  0.  (4.57) 


Proof.  Since  the  hereditary  operator  <P,2  is  a  strong  symmetry  for  the  starting 
symmetry  f°,2H,2  that  satisfies  (4.4c),  then  l&TiH\'z,  ViL  =  0  if 

[H\l2,  H\22],  =  0.  Then  (4.56)  follows  from  Proposition  4.1a2).  Equation  (4.57) 
follows  from  (4.56)  choosing  W/i  =  1  and  H\22  =  S*2: 

(7 m'. Ku )  =  <yn. <5 , 2K u>  =  <fu'  I.  Z  =0. 

«  =  0 


Theorem  4.4.  Let  6>V li,  ©Vi*  ©Vi  +  ©Vi  be  Hamiltonian  operators  and  assume  that 
©Vi  ,s  invertible.  Then 

j)  4>,  j  =  ©Vi(©Vi)" '  15  a  hereditary  operator. 
ii)  4>"  2 ©Vi.  are  Hamiltonian  operators. 

in)  If  y?2H.2^(©Vi)_1  *?2Hi2  is  an  extended  gradient  function  and  if  Eqs. 
(4.44)  hold,  then  Eq.  (4.4)„  is  a  bi-Hamiltonian  system  having  0\l2, 0(,2i  as  Noether 
operators. 

Furthermore,  all  functions  y\m2 

ri-1.  yVi%<0Vir 'Ar  £^  =  ^2^2  (4.58) 


are  extended  gradients  of  conserved  quantities  in  involution  under  the  two  Poisson 
brackets  defined  by 


{P”\f"}=<5,2yn,0,2f?'2>,  0,2  =  ©Vi  or  ©Vi- 


Proof.  The  derivation  of  the  above  results  is  analogous  to  similar  results  for 
equations  in  1  +  I  (see  for  example  [7]).  With  respect  to  iii)  above  we  note  that 
^i"2Wi2=s^2©Viy?2ffi2.  hence  ^2 ©Vi  is  a  Noether  operator  for  <P]2fc°,2H ,2; 
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the  arbitrariness  of  Hi2  and  (4.46)  imply  that  4*" , ©Vi  >s  a  Noether  operator  for 
(4.4)„;  hence  (4.4),  is  a  Hamiltonian  system  with  <P"20' \'2  as  a  Noether  operator. 
However,  4>,2  is  a  strong  symmetry  for  Kal2H  ]2,  hence  0"l2  is  a  strong  symmetry 
for  K“2Hl2.  Since  <t>"20\‘]  is  Noether  and  <P"2  is  a  strong  symmetry  0('2  is  also 
Noether.  Thus  0'\2  =  </>,  29\'2  is  also  a  Noether  operator.  Furthermore, 
K'"2  =  <P"l2m&( iVy'i™'.  an(«  the  operator  <t>"  2  m0\'l  is  both  Noether  and  Hamiltonian, 
thus  '/"jH,;  are  extended  gradient  functions  (using  Proposition  4.1). 

It  now  trivially  follows  [since  Theorem  4.3  implies  that  K1,"1  are  extended 
symmetries  of  (4.4)J  that  are  conserved  covariants  of  (4.4)„.  Moreover, 
Proposition  4.2  implies: 


/«•% = <?rm 

=  0\2ly\"f '  'H\22)  =  0 ,  if  [H\'i,  H\2n,  =  o , 

and  the  choice  H\l2=6l2>2,  H\2}  =  1  yields 

H  =  <<5,2-/n.  ©u'/Ti)  =  0 .  0,2  =  &\'l  or  0\2l .  (4.60a) 


Namely  */"],  are  extended  gradients  of  conserved  quantities  in  involution.  If 
[<9,2,(5l2]  =  0,  then 

(vV"i,>  0 1 1  ■/"! )  =  0 .  (4.60b) 


Combining  Theorems  4. 1-4.4,  we  obtain  the  following  important  theorem. 

Theorem  4.5.  Let  0\l2  +  v0\2J  be  a  Hamiltonian  operator  for  all  constant  values  of  v. 
Assume  that  0\‘J  is  invertible.  Define 


0,2  =  0^(63  V2' 


_L_  rf>"  jf  0 
\2  —  12 


-.0 

(  12  —'U12> 


1  r0 
^  1  ? 


(4.61) 


Assume  that  the  operator  <PI2  and  its  associated  starting  symmetry  R°2H l2  satisfy 
(4.44).  Further  assume  that  y\°2  is  an  extended  gradient  function.  Then 

i)  Equations  (4.4),  are  bi- Hamiltonian  systems. 

ii)  K{”2=<P"2K°l2-  1,  'i\m2  =  {$* 2)my°i  2  are  extended  symmetries  and  extended 
gradients  of  conserved  quantities,  respectively,  for  Eq.  (4.4)„. 

iii)  K1"1  and  y*,'",’  are  symmetries  and  gradients  of  conserved  quantities  in 
involution  for  qlt  =  K{"{. 

iv)  K\m2  =  0  are  auto-Backlund  Transformations  for  Eq.  (4.4)„. 

v)  [K(r,U',U  =  0,  (4.62a) 

1  /‘"\  /,n>}  =  <<5, 2 0 , 2-/u>  =  0 .  0,2  =  0Vi  or  0\2} ,  (4.62b) 

where 

[a,b]/  =  af[b]-b/[a].  (4.62c) 


E.  Isospectral  Problems  Yield  Hereditary  Operators 

Section  4.C  illustrates  the  importance  of  hereditary  operators.  For  equations  in 
1  +  1,  isospectral  problems  yield  hereditary  operators.  A  similar  construction  is 
possible  for  equations  in  2+1.  Furthermore,  this  construction  also  provides  us 
with  a  simple  commutation  relation  of  the  type  (4.24a)  between  <Z>12  and  hl2. 
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Proposition  4.3.  Let 

dV 

(4.63) 

ax 

be  an  isospectral  two-dimensional  problem ;  cj  is  an  operator  depending  on  q(x,  y)  and 
d/Sy ;  X  is  an  eigenvalue.  Assume  that  (OJ,  2,  the  extended  gradient  of  X  satisfies 

^12(^4)12  =Ma)(G/1)|2  .  (4.64) 

Then  if  vl  =  has  a  complete  set  of  eigenfunctions,  it  is  hereditary  operator. 

Instead  of  deriving  this  result  we  illustrate  it  by  two  examples.  The  interested 
reader  is  referred  to  [5],  A  proof  of  completeness  should  follow  a  two-dimensional 
version  of  the  method  developed  by  [10], 

The  derivation  of  Eq.  (4.24a)  from  Eqs.  (4.63)  and  (4.64)  is  also  illustrated  in  an 
example. 

Example  i.  Consider  the  isospectral  problem 

Vixx  +  (qt+ciDyi)v,=Xvi.  (4.65) 

Let  4,  =  <j,  -t -xDyi  and  consider  the  directional  derivative  of  (4.65): 

]  +  4,„[  >1  +4iPi„[  ]  =  l  +  *dl  lvt  ■ 

Multiplying  the  above  by  uj\  where  v ,+  satisfies  the  adjoint  of  (4.65),  with  respect  to 
the  bilinear  form  (4.9),  integrating  with  respect  to  dytdx,  and  assuming 
j  dxdy ,v,vf  =  1  it  follows  that 

R2 

=  J  dxdy,v^td[fI2]t'l .  (4.66) 

R2 

Using  (4.1b)  to  evaluate  4id[/i2]l’i  it  follows  that 

Ai/C/i:]—  j  dxdytdy2v2t)i  fl2 . 

R3 

Hence,  using  Ad[/uJ=  J  dxdyldy2igrad/.)2lfl2,  it  follows  that 

R3 

(gradX)n  =  viv2  •  (4.67) 

Since  <f>12  defined  by  (1.2a)  satisfies  [29] 

<p;2v,v2  =4Xv,v2  ,  *4.68) 

it  follows  that  <P{2  is  hereditary. 

Example  2.  Consider  the  isospectral  problem 

Vx.-JVi,-QtVi=*JVlt  (4.69) 

where  J,Q  are  defined  in  (1.8).  In  analogy  with  (4.66)  and  assuming 
tr  f  dxdyt  V,*JV,  =1,  we  find 

R2 

^[F,2]  =  tr  !  dxdytVt*QlJ,F,^Vl. 

R2 
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Hence,  using  (5ld[F12]G12  =  Jd>'3F13G 32,  it  follows  that 

R 

^j[^t2]  =  *r  f  dxtly{dy2l  { 

R< 


Thus 


(grad  A),  2  =  F,  V* . 

Since  F12  =  D-(512  satisfies  * 

RX2V,V2*  =XJV,V2\  JFi2=JFt2-Fl2J,  (4.70) 

it  follows  that  ( R  [2  J)*  =  J*(R  [2  )*  =JR  j"2  is  hereditary  (see  [39]  for  the  analogous 
result  in  1  + 1  dimensions). 

Now  we  show  that  Eqs.  (4.65)  and  (4.68)  imply 


4*^12  >  ^12  —  M.V’i  —  y2)-  (4.71) 

First,  we  recall  that  Eq.  (4.68)  follows  from  Eq.  (4.65):  Eq.  (4.68)  and  its  adjoint 


=  aV2*  imply 

^„^++(‘7.  +  ^1)F,F2t=AK1F2+, 

(4.72a) 

W2„  +  (<h-*D2)V{v:  =a\\V2\ 

(4.72b) 

‘/.„^;+(4.+aD,)F,F2:  =  iF,F2:, 

(4.73a) 

y, , K, +  (<h  -«D2)V1x f2+ = a  fu V2  . 

(4.73b) 

Adding  Eqs.  (4.72a)  and  (4.72b),  Eqs.  (4,73a)  and  (4.73b),  and  subtracting 
Eq.  (4.72b)  from  Eq.  (4.72a)  we  obtain,  respectively, 

{D*+q{2)V ,V2+=2V1x  V2\  +  2A V,  V*  ,  (4.74a) 

VM  =  -  °2\t1ovi  f2+  -  ~q;2(v{  f2;  -  fuf2+)+af,  f2+  ,  (4.74b) 

VlV2:-Vt,VS=D-'q;lVlV2+.  (4.74c) 

Using  Eqs.  (4.74b-c)  into  Eq.  (4.74a)  we  finally  obtain  the  eigenvalue  equation 
(4.68). 

Now,  by  virtue  of  the  commutation  relations  [<j,  +«£),,  hl2] 
=  [<j2  —  a£>2-  r  2] =  2»  Eqs.  (4.72)  and  (4.73)  are  still  valid  replacing 
F'i  — ►  F'i 2  =^=  *  1 2 •  F2  -»F12  =  /i,jK2+  and  A-*/t12=M  +  2a/i'12//i12;  then  <P*2Vl2Vl\ 
=  4A ,  2  F",  2  F12,  namely 

=(4A/»f 2  +  8a(.j2/'/i12)Fl  V2+  . 

Using  Eq.  (4.68)  and  the  completeness  of  the  eigenfunctions  of  <P*2,  Eq.  (4.71) 
follows. 
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5.  Applications 

In  this  section  we  apply  the  theory  developed  in  the  previous  sections  to  the  classes 
of  evolutions  associated  with  the  Schrodinger  eigenvalue  problem  (1.1)  and  with 
the  2x2  AKNS  problem  (1.8). 

Some  interesting  details  of  the  explicit  calculations  concerning  these  two 
examples  are  separately  presented  in  Appendix  C. 

An  isospectral  problem  [e.g.  (1.1)]  yields  a  recursion  operator  <Pl2  [e.g.  (1.2a)]. 
This  operator  must  be  hereditary  (see  Sect.  4.E).  The  isospectral  problem  also 
yields  a  basic  operator  ijl2-  the  integral  representation  of  this  operator  implies  a 
directional  derivative  4i„-  Using  the  bilinear  form  (4.7),  4T-  4T*  are  also  obtained. 

i)  In  investigating  the  time-independent  symmetries  of  the  hierarchies 
associated  with  <P12  one  then  needs  to:  a)  Find  the  starting  symmetries  R°2Hl2 
associated  with  <Pl2  (see  Sect.  4. B).  b)  Calculate  the  commutator  relations  of 
<Pt2,  R°2  with  hl2.  c)  Compute  the  Lie  algebra  of  the  starting  symmetries.  Then 
Theorems  4.1,  4.3  yield  hierarchies  of  infinitely  many  commuting  symmetries. 

ii)  In  investigating  the  Hamiltonian  nature  of  the  hierarchies  associated  with 
$12  one,  in  addition  to  the  above,  also  needs  to:  a)  Prove  that  0\%  &{?2,  where 

=  &\22{&\l2)~  \  are  compatible  Hamiltonian  operators,  b)  Verify  that  the 
starting  covariants  are  extended  gradients.  Then  Theorem  4.4  yields  hierarchies  of 
infinitely  many  involutionary  conserved  quantities. 


A.  The  Schrodinger  Eigenvalue  Problem 

The  spectral  problem  (1.1)  yields  the  hereditary  operator 

*i2  =  I>2  +  qn+Dqt2D-'+q;2D-'q;2D-\  (5.1a) 

where 

qw^iiqj  +  slOi+Dj).  (5.1b) 

The  integral  representation  of  the  basic  operator  4i  implies  an  appropriate 
directional  derivative: 

4i/i2^(4i  +<xDl)fl2—  J<fv3<7i3/32  ,  4idLaii]fi2  ~  •  (5.2) 

The  adjoint  of  Eq.  (5.2)  implies 

4*/i 2  =(<7i  — aD2)fl2  =  J[  dy3fi3q32  ,  4*JC°'i2]/i2=  ^<(>'j/i3<732  •  (5.3) 


Combining  the  above  we  obtain  the  following  derivative: 


fluWU;,:]-  +  8/12)  • 

VE  1  =  0 

/|2?!2=  j  3g32  +  g  I  3/32), 

R 


(5.4) 


which  satisfies  the  projective  property  (4.6). 

i)  Let  us  first  investigate  the  time-independent  symmetries  of  the  equations 
generated  by  <Pt2. 
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a)  Equation  (4.33)  yields 

§i2  — D,  Hl  2  =  2(yn  ^2 ) »  (5.5a) 

and  starting  operators  £°2  given  by 

Mi2=Dq?2+qhD-'qi2-  (5.5b) 

b)  The  commutators  of  <Pl2  with  /t12  imply  the  following  operator  equations: 

=4a/t12 ,  2. (t|  j]  =  0,  [Wl2, ft, 2]  =  2aDhi2  ■  (5.6) 

Hence,  if 

(VTi=^t2'l,  M'"]  =  ^2M,,'  1,  (5.7) 

then  Eq.  (4.46)  yields 

-5 l2Nft  =  lt  ( - 4aY <P1 2 (N , 2<5t 2 ,  (5.8a) 

E  I  2~i(n~J)  (5.8b) 

r=t  J=o  V  —]/ 

(see  Appendix  B). 

c)  The  Lie  algebra  of  the  starting  symmetries  is  given  by 

[^I2^<w»(^12ff<|22,]a=  —  .  [A?  1  2  H\l2,  Ad  !  2  ff  =  — A?ijH(|32', 

[a*  1 2WV .'£  A?l2Wi2L  =-^i  A  2  W(t3i  ,  «'t32'  =  m,  H\% .  (5.9) 

where  [ ,  ],,,  [ ,  ],  are  defined  by  (4.3). 

ii)  We  now  investigate  the  Hamiltonian  structure  of  the  equations  generated 
by  <f>i2'- 

a)  <P ,  2d?V2 =  ^*2-  where 

=  <P:2  =  Di  +  qt2  +  D-lq;2D  +  D-'q;1D-iq;2  =  D-l<P]2D='Fl2. 

We  first  note  that  both  0\'2  =  D  and  0\2}  =  <Pl2D  are  skew  symmetric: 

0\l2*  =-/?=-  0\'l ,  0\T  =(<PX  2  D)*  =  -  D<P*2  -  -  <*>,  20  =  -  0?1  ■ 

Furthermore,  the  bracket 

{at2>(,12>cI2}=:<(a12i  <9'.22’I0^.2]C,2> 

=  <a,  2, (0^1 2)' +  D  +  W'&b, 2)+  +  (0\2lb,  2) -  D  - 'q f2  +  q ;2D  - Wi*.  2)- )C,  2> 

satisfies  the  Jacobi  identity.  Also  0\lj,  0{2}  are  compatible. 

b)  y°\2Hi2  =  D~lq^2Hl2  and  y°2  =  D "'MI2HI2  are  extended  gradient  func¬ 
tions.  Thus  the  Theorems  4.1  4.4  imply: 


Proposition  5.1.  Consider  the  two  compatible  Hamiltonian  operators  0\'2~D  and 

0?2  =  D3  +q  t2D  +  Dq{2  +  q^V  '  'd\i  . 
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and  define 

*  1 2  *  &\2j{0\f)  -  '  =  D 2  +  q ;2  +  Dq ;2D  -  1  +  q , \D  'q f2D "  ' , 

i"«</or  (©vjj  'w'ri. 

where  the  starting  operator  /\’)2  and  M, 2  or?  defined  by  $  1 2  =  </ 1"2  and 
M,  j  =  ^u  +f/f20  '  '<f  iY  Then  _ 

i)  M\mJ  =  '  1  and  iV',"'  =  /V',7  •  1  are  extended  symmetries  for  both  classes  of 

evolution  equations 

d\,  —  f  ^2^1 2^12  ~  N\"i  i  (5.10a) 

R 

(5.10b) 

R 

namely 

IMT1, 6 , jKft]  <  =  TO*.  <5  V  2*(iU  =  0 ,  <5.1 1 ) 

where  K\"2  =  /V("2  and/or  M\"2  . 

ii)  yW  =?  y(tm2  ‘  1  are  extended  gradients  of  conserved  quantities  of  both  classes  of 
evolution  equations  (5.10),  namely 

yTIL3 . 2  K7J]  +  (5 , 2  KSJf  [yft’3  =  0 ,  (5. 1 2a) 

if8Hn)<~iMHl2)},  H,  2,=0,  (5.12b) 

a/iere  *  indicates  the  adjoint  operation  with  respect  to  the  bilinear  form 

</. 2. 1? 1 2>  =M  dxdy tdy2f2lg22.  (5.13) 


iii)  The  two  classes  of  evolution  equations  (5. 1 0)  are  bi-Hamiltonian ,  namely  they 
can  be  written  in  the  form 


<?i,  ~  I dy2Sl20(l,2y,l'2  —  { dy2dl20\2jy>l 


-  1 ) 
2 


(5-14) 


iv)  Af‘,7  and  /V\7  are  infinitely  many  commuting  symmetries  of  the  classes  of 
evolution  equations  (5.10),  namely 


[M<7,  Mrib  =  [Mm'.  KVf  =  [iVfJ’.  N\Vf  =  0 . 


(5.15) 


v)  Yu1  tire  infinitely  many  gradients  of  conserved  quantities  of  the  equations 
(5.10),  namely 

7  m’,[K  i"!J  +  Ku,  Cy'uJ  =  0 .  (5.16a) 

y'nW'u/.  (516b) 

where  *  indicates  the  operation  of  adjoint  with  respect  to  the  bilinear  form 

(/.  g)=  J  dxdyfg.  (5.17) 

R* 


The  corresponding  conserved  quantities  are  in  involution  with  respect  to  the  Poisson 
brackets 


{/("’, /'"’’J =<<5,^,7, 0I2  yTC).  e,a«ew  w  ©ft; 


(5.18a) 
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if 


0.2  = 


/  z  v(B)  —  ("(n) 

\°1  2>  1  2»  ut  1  2  /  “W  J  li 


DyW). 


(5.18b) 


vi)  The  equations  M1"1  =  0  and  Nf2  =  0  are  Bdcklund  Transformations  for  both 
classes  of  evolution  equations  (5.10). 


B.  The  2x2  AKNS  Problem 

The  spectral  problem  (1.8)  yields  the  hereditary  operator 

<p11=c(p11-q;1p;1q;2)  <5.19) 

acting  on  ofT-diagonal  matrices,  where 

Qi2^i2  =  Qi  ft  2  i  ^1  2Q1 2  >  (5.20a) 

^12^  12  =  ^1  2,  —  ^^1  2Vl  ~  ■  (5.20b) 

The  integral  representation  of  the  basic  operator  (5,  =(),  +  JD,,  implies  an 
appropriate  directional  derivative: 

Ql  Fl  2  “(Ql  +JD  ,)F,  2  =  ^  dy^Ql  »  Qljt^uJ^  12=  W)'3al3^  32’ 

(5.21) 

and  the  adjoint  of  Eqs.  (5.21)  imply 

$*fr|2  =  Jri2@2~^12vy=  13032  •  12  =  I  ‘(>'3 ^ l  3ff3 2  • 

(5.22) 

Then  the  reduction  to  the  space  of  off-diagonal  matrices  performed  in  Sect.  3 
induces  the  following  derivative  of  the  operator  <Pl2: 

*.2,[G.2  ]=  -«(GiVtt(?iV0.VW,^),  (5.23a) 

G.±2f,2^>’3(G.3G32±'713C32).  (5.23b) 

Again  the  Leibnitz  rule  and  property  (4.6)  are  satisfied. 

i)  The  investigation  of  the  time-independent  symmetries  of  the  evolution 
equations  generated  by  <Pl2  gives  the  following  results. 

a)  Equations  (4.38)  yield  §i2  =  (Q*i)  1  P\i>  the  starting  operators  are 
given  by 

^12  ^  Ql  2  *  (^12^Ql2CT>  (5.24) 

and  W12  is  diagonal  and  such  that  P l2Hl2  =0. 

b)  The  commutators  of  <Pl2  with  hl2  imply  the  following  operator  equations: 

[<P,2.*.2]=-2a/iw,  [i912,/i,2]  =  [M12,/i12]=0,  (5.25) 

valid  on  arbitrary  off-diagonal  matrices.  Hence,  if 

M7i  =  #i2A i,2  /,  (5.26) 
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then  I£q.  (4.4(>)  yields 

<>,2*7i  =  ,2*2  •  (5.27a) 

<j,2A/V'!=  v  (2aj'(")^i'A?«2^2.  (5.27b) 

/  -  i  V/  / 

c)  The  Lie  algebra  of  the  starting  symmetries  is  given  by 

[7? ,  ,H\'l  SI ,  jirA’L  =  -  .  C# ,  2«Vi.  M .  2H',:2’L  =-M.  iHV’i , 

[AJiaHW,A>12l#«12J»L=  (5.28) 

ii)  We  now  investigate  the  Hamiltonian  structure  of  the  equations  generated 

by  <f>12: 

a)  <Pi2  0\'j  =  0\f  <Pf2 ,  where 

0\'i=o,  <p:l=*(Pl2-Q;1Pn'Q;l)=cr'<Pll<,='rl2-,  (5.29) 

notice  that  on  the  space  of  off-diagonal  matrices  oFl2  =  \[<j,F12],  0\'2  =  o  and 
0{22  =  <P,20['2  are  skew-symmetric  in  the  space  of  off-diagonal  matrices: 

(F i2,oGi2)  —  —  (<tF  12,  G12)  , 

and 

Q\2}*  =  <* ,  2^)#  =  -  -  # ,  2*  =  -  0‘l22  • 

Furthermore,  the  bracket  {/412,i312tC,2}  =  <>4,2. @<2i,,[0l22Bi2]Ci2>  satisfies 
the  Jacobi  identity  and  0\'2.  0\22  are  compatible. 

b)  y°f2H i2  =  (0\l2)~ 1  K°i2H  (^?2  =  ^i2  or  ^12)  are  extended  gradients,  thus 
Theorems  4. 1-4.4  imply: 

Proposition  5.2.  Consider  the  two  compatible  Hamiltonian  operators  0\'2=<r  and 
0\2l  =  Pl2-Qi2Pi2Qi2  acting  on  off-diagonal  matrices,  and  define 

*12^  &'u K  0\'l)  -  1  =  <*  P ,  2  -  Q  tlPll  Q  tl) ,  =  2^12, 

=  <t>"2til2 ,  •/,,"2=(0V2)"1A?,ri  and/or  (0\f) ' ' S)\n,2 , 

where  the  starting  operators  .V12  and  Vf ,  2  are  defined  by  $12^612  and 
,i)i,  =  2,'j(j,  Then  the  results  i)-vi)  of  Proposition  5.1  are  all  valid  for  the  two 
classes  of  evolution  equations 

Qi,  =  )  dy2tf2\\"2  —  N^l ,  (5.30a) 

R 

c>, .  -  i  Jv ,€< ,  a  A/'ri  -  A#Vi .  (5.30b) 

fe 

introducing  trace  m  the  right-hand  side  Eqs.  (5.1 3)  and  (5.1 7)  and  replacing (5. 18b) 
by 

0,i -tfv;-".  5,,/r;.ff>r2i>=(>'iri^>',n)- 
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Appendix  A 

Now  we  show  that  the  assumptions  (4.30a),  (4.30b)  follow  from  (4.28a),  without 
using  the  explicit  form  of  the  operator.  We  show  this  for  the  recursion  operator 
associated  with  the  Schrodinger  eigenvalue  problem. 

Admissibility  requires  <f>,  2  to  depend  on  qf2,  moreover,  (4.28a)  and  (3.13)  imply 
that  4>,  2  depends  linearly  on  q *2.  Then,  without  loss  of  generality  we  have 

0uX/u]gi2=  IpfahVCirtiiiteu,  (A-la> 

j  * 

0.2/[/]St2=  Ic//ll+/22W>8l2+IP^r2)(/l|-/22h(<fr2)8l2.  (Alb) 

1 

where  ct,  d(  are  arbitrary  functions  of  D,  D  ~ ' ;  ps,  rs  are  arbitrary  functions  of  q^2 
and  /,2  are  defined  in  (5.4b). 

Then  the  commutation  property  [<?  * 1 =  0  implies 

12/1  2]^  128 12  =  (*l2^12,,[/l2]^l28l2  >  (A. 2a) 

*.2/[/]fc.2*«2-*.2^l2/[/]*.2-  (A-2b) 


Appendix  B 

In  this  appendix  we  show  that  equations 

[012.^123=  -Ph‘t2<  hl2  =  h<y,-y2),  (B.la) 

[^2^l2]=-^l2h'l2,  (Bib) 

and  some  additional  notions  concerning  the  associated  spectral  problem,  imply 

<5.2*',"]=  X  2^2  (B.2) 

/  =  n 


for  suitable  constants  b„  c. 

We  first  observe  that  the  case  /?  =  0  is  particularly  simple;  indeed,  in  this  case 

a12K?i-*ia*i2*i2-l-(*l2  +  03y,tf?2*.2=  X  ^.^I^?2^2.(B.3a) 


6n.,  =  r(”).  IB. 3b) 

This  is  the  case  for  the  two  classes  of  evolution  equations  associated  with  the  two- 
dimensional  AK.NS  problem  and  for  Eqs.  (3.20).  For  the  KP  class  (3.19), 
R°l2  =  l2=Dqt2  +  qi2D~  lq; 2,  /?=/J/2  =  -2 a,§]2  =  D  and  the  result  (B.2)  is  less 
straightforward. 

In  order  to  obtain  it,  we  first  show  that 

<^2^2  1=0,  VngO;  ri2  =  <Pl2D-ttl2.  (B.4) 

This  result  could  be  easily  derived  using  the  explicit  form  of  <J>12  and  iQ  ,2.  Here  we 
give  a  different  derivation  using  the  underlying  spectral  problem  (and  the 
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consequent  eigenvalue  equation  satisfied  by  <PT2)-  This  derivation  is  similar  in 
spirit  to  the  one  of  (B.l  a)  presented  in  Sect.  4.E. 

From  Eq.  (4.38),  it  follows  that  /j2  can  be  written  as 

rl2=d,2£»,  4t2H,2*  0.  (B.5) 

The  operator  A ,  2,  which  is  part  of  <P,  2,  is  admissible  depending  on  D,  D  ~  ',  q?2.  If 
for  any  admissible  operator  L12,  we  define  L‘,°j  as  =  L,21,  =  0>  then 

<f^2rl2  •  1  =  ^2d12Z)  •  1  =  <P"l2A\°lD '  1  =Z)^2d<°2’  •  1 ,  (B.6) 

since  D~'qD- 1  =0  and  [L,,°2,D]  =  0.  On  the  other  hand,  if  <7  =  0,  w=l  solves 
Eq.  (1.1)  and  its  adjoint,  then  Eq.  (1.7)  implies  that 

1=0  (and  A\°l  1=0).  (B.7) 

Equations  (B.7)  imply  Df/11A< 1  =0  which  is  equivalent  to  (B.4). 

Equation  (B.4)  and  Eqs.  (B.  1 )  imply  (B.2).  In  fact,  multiplying  Eq.  (B.4)  by  h, 2 
and  using  Eqs.  (B.l)  we  obtain 

(<Pll+p^r'Dht2=(<t>l2  +  pmiHll  +  ^D)-hil.  (B.8) 

The  above  can  be  written  in  the  following  recursive  way: 

An.l(hl2)=B„(hl2)  +  An0h\2),  (B.9) 

where 

An(hl2)=  io  *?;'/>•*?].  Ao(hl2)=0,  (B.lOa) 

B0(hl2)  =  tii2hl2,  (B.lOb) 

(B.l  0c) 

The  solution  A„Jry(hX2)=  £  B„  .^h^)  of  Eqs.  (B.9)  and  (B.10)  implies  Eq.(B.2). 

s*  0 

Indeed, 

<5.2K,,"j  =  ^I2^2M,2-  1  =  <5 1  2 1 D  1  =  An+  {(dl2) 

=  i  B„-s(/?’<5;2)=  I  b'.Ml'titiS'u,  (B.l  1) 

s  =  o  «r  =  o 

where  c 

(":*)•  ,B'2’ 

For  example,  for  the  KP  equation  (ifi  =  Dqf2  +  ^12^  l<?i2): 

<5i 2 =  5 1 2^  12^  12  ‘  1  =  ^  1 2 ^  1 2^  12  6a  A7 j 2^1 2  ♦  (B.l 3a) 
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and  for  the  DS  equation  (Ml2  =  Q i2<r): 

<5|  21  —  2^1 2 '  ^  =  2^1 2^1 2  +  4ot<P  t  2A? ,  2<^|  2  +  4a2  A?  12<$fj  . 

(B.l  3b) 

Finally,  we  use  again  Eq.  (B.4)  to  derive  the  following  interesting  equation: 

ViVD-ht 2=  X  (jt-pYQVi'tiuW-  (B.14) 

s  =  0 

Multiplying  Eq.  (B.4)  by  ht2  and  using  (B.la),  we  obtain 

=  ;g«.  (B.l  5) 


Equation  (B.l 5)  for  j  =  n  and  Eqs.  (B.l)  imply 

^VDhll  =  <P-\2lCillhu+(p-li)^1Dh\'l  (B.16) 

and  hence  Eq.  (B.14). 

Remark  B.l.  i)  Equation  (B.14)  contains  (B.4)  if  ft2  =  l. 

ii)  Equation  (B.14)  can  be  used  to  obtain  (B. 2),  (B.12)  in  an  alternative  way.  In 
fact, 

<5.2^  -  <5, 2*^2  XD  ■  1  =  to  Pr  + 1  W 1  ~'D  ■  h'?2 

r=0(_j  =  0  \(—s/  j  <-=o 


since  the  identity 


implies  that 


sS/^n, 


Appendix  C 

In  this  appendix  we  define  explicitly  the  directional  derivative  introduced  in  Sect.  4 
for  the  KP  and  DS  classes.  Then  we  use  it  to  verify  some  of  the  results  contained  in 
this  paper. 

Ct.  Evolution  Equations  Associated  with  the  KP  Equation 

The  directional  derivative  of  the  basic  operators  q?2  ±<72  +  a(D,  +  D2)  as¬ 

sociated  with  the  non-stationary  Schrodinger  problem  (1.1)  is  the  usual  Frechet 
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derivative  with  respect  to  the  kernel  ql2  of  their  integral  representation: 


4?2gt2=  J  ^3(<fl3gj2±«13</32).  <?1  2  =  (  2</l  +  2  .  (C.la) 

R 

i?it2ll[/l2]?l2=/l28l2  >  (C.lb) 

/l2gl2  =  1  ^y'iUl  ig32  ±813/32)-  (C.lC) 

R 

In  order  to  make  explicit  calculations,  it  is  convenient  to  use  the  following  basic 
identities  of  this  algebra  of  integral  operators 

a*2^i2=  i^iiai2 »  (C.2a)± 

*2^*2  —  ^1  2al±2)Cl  2  =(al  2^12)  C1  2  =  —  Cl2fl12^1  2  >  (C.2b)± 

(at2b;2  +  bt2at2)c,2  =  (at2  +  bl2)±cl2=  tcfoubu;  (C.2c)± 


where  a12,  6 ,  2,  c ,  2  are  arbitrary  functions  of  x,  y,,y2  decaying  at  oo  and 
ai2<  bf2,  c*2  are  the  corresponding  integral  operators  defined  in  (C.lc). 

The  integral  representations  (C.la)  imply  that  the  basic  operators  q*2  can 
replace  a*2  (and/or  hj^,  c?2)  in  Eqs.  (C.2).  For  instance,  if  af2  =  f\2,  b*2=qf2,  and 
ci±2=^i±2>  identity  (C.2c)_  becomes 

./ 1 2<?  1 2  ^  1 2  +  <j  1 2/t  2/i ,  2  +  H ,  2<j  [2/]  2  =  0 ,  (C.3) 

where  we  have  also  used  Eq.  (C.2a)+  to  replace  /12<jI2  by  the  expression  qf2fl2  in 
which  the  kernel  ql2  does  not  appear  explicitly. 

It  is  worthwhile  to  remark  that  formulas  (C.2)  can  also  be  interpreted  as  matrix 
identities  in  which  a,  b ,  c  are  matrices  and  the  +  operations  denote  anti¬ 
commutator  and  commutator: 

a±b=ab±ba.  (C.4) 

Interpreting  the  operation  a?2bt2  as  in  (C.4),  the  recursion  operator  (1.2)  of  the  KP 
class  becomes  the  recursion  operator 

<P  =  D2+q*  +Dq  +  D~'+q-D~lq-D~l  (C.5) 

associated  with  the  N  xN  matrix  Schrodinger  problem  in  1  dimension  and 
introduced  by  Calogero  and  Degasperis  [38].  Then  important  properties  of  the 
recursion  operator  of  the  KP,  like  its  hereditariness  (4.21),  are  equivalent  to  the 
corresponding  properties  of  the  matrix  operator  (C.5) !  This  important  connection 
is  explained  from  the  fact  that  thtf  2  + 1  dimensional  systems  considered  here  can  be 
viewed  as  reductions  of  certain  evolution  equations  nonlocal  in  y.  These  equations 
are  directly  connected  to  matrix  evolution  equations  (see  Sect.  5  of  [35]). 

Now  we  use  Eqs.  (C.2)  to  verify  some  results  concerning  the  symmetries  and  the 
bi-Hamiltonian  structure  of  Eqs.  (3.19)  and  (3.20). 

a)  <P  12  is  a  strong  symmetry  of  2tf12,  where  /9 , 2  =  g ,_2  and  H l2x  =  0  (this 
result  is  a  consequence  of  Lemma  4.2;  but  here  it  is  verified  directly). 
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QuXQiiH (<112^12)^  12/12]  +  <Pt2(t7l2Wt2)ii[/l2] 

=  (‘?12W,2)+/l2  +  0((712Hl2)+ D  ‘/12 

~(D2fl2+qtifiz  +  DQ12D  1/i2  +  <?  12^  '^12 &  */i2)  W12 
+  (D1  +  q;2  +  Dq:2D-'+q;2D-lq;2D-t)fl-2Hl2  =  0,  since: 
the  terms  without  qfj  give 

— /l  2„^1  2  +  ®2/l  2^  I  2  ; 

the  terms  linear  in  q*,  give 


(<?.'2«. 2)  V. 2  +  D(<?r2«. 2) +  0 - 2  - (<? .V, 2) '  W .  2  -  0(fl,+2D -  2)- H, 2 

+  4l+2/l2^12  +  ^4l2^  l/l2Wi2=/|2<?12Wi2  +  <Jl+2/l2W|2  +  W12tJ^2/,2 

D{(D-lfl2yq;2Hl2  +  qUD-lfi2)~Hll  +  H;2q:iD-'fx2)=0, 
using  Eq.  (C.3); 

the  terms  quadratic  in  qj^  give 

(<?  1 2^  1 2)  D  l<?12^  */l2  +  H\2<1\2D  '<1\zD  [/l2 

+  ^12®  '(—  (0  /|2 )  ^12^12+^12^  'f\2^\z) 

=  (~<?t2Wi2  +  H l2ql2  +  {ql2H l2)  )D  'q 12 &  '/t2  =  0- 

b)  The  Lie  algebra  of  the  starting  symmetries  is  given  by  the  following 
equations: 

[^.2H,1,2,.^,2H<122>L=  -^t2H\32»,  [tfwHVr’i  A?,2H(,22,L=  -A?,2H«J2*, 

[M ,  2«Vi,  A* .  2«,,22l]t  =  -  ,  W(,32’  =  C«Vi,  =  (H\")-H\21 , 

where  (C6> 

^t2^=<?t2>  A?  12  =  Dqf2  +  ql2D  lql2,  Hllx  =  0. 

Equation  (C.6a)  holds,  since, 

[<?  >2  ww,  <?  r2  hwl = (q  u  nfl)  ■  -  <<?  r2  HVi) - 

=  - (HWr^tf'2]  +  (H\»)~q;2H\"  =  -q;2(H\")-H\2l , 
using  (C.2b)_.  Equation  (C.6b)  holds  since. 

[q  1 2H\l2>  (Dq  1 2 + q  1 2^  1  q  1  2)h\22]j 
= ((Oq,+2  +  '<f  w)**  W) '  WV21  -  Df? ,-2 WVi) +  H*.2i 

- (q r2 f/Vi) ~ D ~  ‘ ,2 Wu’ -q^2D  l(q ,2 W'.'i) - 
=  -D((HV2Vqr2H?2'+(H?2V4r2HV2,)-(HV2Vqr20-,^r2H\22' 

+  tf>"  ‘fl.Vtfr  *.V*W  +  «.V>‘ '(^'J-qrjHW 

=  - DqUH\'l)  H\2i  +  ql2D "  q;2H\2i  +  (H\2±y  q;2H\'±) 

=  -rHl2{H\"yH\2l 

The  verification  of  Eq.  (C.6c)  is  left  to  the  reader. 
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The  notion  of  an  extended  symmetry  <r12  of  the  evolution  equation 
qu  =  £dy2S, 2A. ("2  =  K(r{  plays  an  important  role  in  2+1  dimensions.  <r12  is  a 
solution  of  the  equation 

(C.7a) 

where 

(<512 V  bnJ<P]-2^°2SUh-  (C.7b) 

e  =  o 

Again  the  use  of  Eqs.  (C.2)  and  the  property 

(‘>i2)±/I2  =  (OU(-ir01)/,2  (C.8) 

simplify  the  calculations  of  the  operator  (C.7b). 
c)  cr12  is  an  extended  symmetry  of 

i)  the  wave  equation  qlt  =  M{^  =  2qlx  iff 

<ti2/[2?j]  =  2£>ct12  ;  (C.9a) 

ii)  the  KP  equation  qt,  =  M\'!  =  2(q{xxx  +  6qlqlx  +  3a.2D~lqiyr)  iff 
*t2,[2(<?j,„  +  699*  +  3a2D~  '(/„.)]  =  2[D3+6D(qx  +  q2)-3a(D-,(qly-q2yJ) 

+  6 a(ql-q2)D~  \DX  +D2)  +  6aD'  '(D,  +D2)2](r12  .  (C.9b) 

(<3i2/v'i02)d[/12]  =  (M, 2<3, 2h[Jl2]=DJ,+2dl2+/t2D  ‘q  12^12 

+  9|  2&  '/|2^I2  =2A/i2  ■ 

(^12^-(l'2)d[/l  2]  =(‘^12^1  2*3 1  2  6txA^  j  2P,|  2)d[/l2] 

—  2„[/i2J^  12^12  +  ^12(^1 2^t2)at/i  2]  —  6a(A?12<5I2)rf[/,  2] 

=  (/,2  +  D/,j0‘  '  +f:2D-'q;2D~'+quD~'fi~2D-')(Dqt2  +  q;2D-'qu)Sn 
+  D2  +  9w  +Dqf2D  J+(j12Z?  ,£7i2^  ')(£*/, 2  +/i 2^  l<7i 2  +“ *7i 2 (7  if{2)Sl2 
-  6a(0/,  2  +  /,  2D  -'^-2+9,20- ‘/,  20i  2 

=  2[D3  +  6D(ql+<h)-3o!(D-,<<?lv|-<?2vi>) 

+  6a(<7,  -</2)D  ‘  '(£>,  +  D2)  +  6<x2D~  '(D,  +  D2)2]  , 
since,  for  instance: 

f i*2^Q  1 2^  1 2  2)  Ji  2<5|2 —  ^uJi  29i  2  =  2(9 1  +92W12  > 

DJ{ 29 1*29(2  =  2(9/i  29i2  =  27^9 1 2/12  > 

D/,2^1 2  =  0(<5’, 2)  7. 2  =  ^(0,  -  02)/,  2 , 

7l  2  O  "  1  9  ,“2^1  2  =  —  ( O  1  c/ ,  2*5  t  2)  y.2=(0  '((3, 2)  9l2)  /12 

=  (£>  '(£>,  +  D2)9i  2)  ./i 2  =  (0  ! (9 1  v,  9 2yj ))/i 2  ' 

9i2(3  l/,2<5t2  =  — 9i20  '(<3, 2)  y,2=~9.2»  '(D, +02)/i2  > 
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if 

f 


► 


C 


and  we  have  used,  for  the  first  and  only  time  in  this  appendix,  the  explicit 
representation  (C.  1  a)  of  i/,2. 


<f>,2.  in  addition  to  Eqs.  |C.2|  we  use  the  following  properties: 

<J| t*=±«u.  <1i*  =  ±</u  ■  (CIO) 

These  properties  follow'  from  the  definitions  t(Mc).  (C.la),  and  (4.8): 

<  / 1 « t:;g  t :  >  =  )  d.vtf  y ,  </y  jt/y  j  ( n ,  jg  j ,  ±  g ,  jo  j  2 ) 

F  4 

=  j  <f vdy ,</v'i(/V|(  i/jiU2j)gi2 

it4 

=  ±''d|t2/12,igl2>. 

d)  y“,H, ,  -D  1  K',1,// , ,  ( K',1 ,  =  ,V , ,  and  \f , ,)  are  extended  gradients,  namely 
i)  If  K'l,)2  =  ,V12,  then  (yf://l2)j[g12]  =  f)  ‘g,-,//,,  and 

<./ 1 2’ I? 1 2^1  ;(j [g t  ’])  =  (J i  ^  ' g t  ’ f f  i ; /  =  0  1  / 1 2,  // 1 2g 1 2) 

=  -<H;2D\t\  2.gl:)  =  <D-,/r2W12.g,2> 

^<fy?2W,2U/.2].s,2>4 

ul  If  £°2  =  ATi2,  then 

c;?2 W ,  zUg t :]  =  lg r2  +  D  -  1  g f,D -  ' g f,  +  /r  ■<, f,D '  ' g f2 )H ,  2 

and 

<./.2.IV?2H,2Ug,2]>  =  <./,2.g1*2//.2  +  D-,g,-2/)-'I/,2//,2  +  D-,l/J2/)-|g,-2//12> 
=  </t 2. {h;2-d-'hi)  'ci ,‘2//t:r  +</i:d-  7/,2 iig,2 > 

=  <ih;2-[id- vjh,2)-  +  //1-2d-'</,,jd-  -i/, 2, g,2> 

=  «w;2-z)-1((D-|l/|-2//l2)  +</12//,,/r  'i it;:.g,2  4 

=  gl /W^t  2  )jC/t  2]'  g|  2  2  • 

e)  In  [35]  we  show  that 

m!  =  grad ,  ,  , 

2(2n  +  3)  ldxdv'llv>d'^i' 


iC.llal 


/  ^  _ /  +  1 1  \  — 

K  ■  2(2n  +  3)('12  '  ,2>_ 


=  2(2n  +  3j  Jj^-^’t'/tV  .C.«1h) 

where  y'"2  =  D  '  X'1"]  and  2  =  Af  l2.  Here  we  directly  verify  this  result  for  n  =0, 

i.J/,2]  =  i<^2.yVa/,2l> 

=  6  Cm  2 * [r5 1 2 J» y  1 2)  =  i C/VijC^t  2  ]  >/i  2  ) 

=  a<*?2,[«*.  2]-/vv + azv't'a^zj  ■  1 ./,  2> 

=  6 <4V  1 2  +  2*#>T2  I ,  /,  2 >  =  (y1,"’.  /,  2> ,  (C.  1 2) 
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which  implies  that  y1,"^ grad (In  this  derivation  we  have  used  the  property 

V(D*  _.,(!)  1 

/  I  2d  —II  2d) 

f)  The  bracket  {a12,612.r12}  =  <a,  2,  0\22d[G\22bt  2]c,  2>,  €)\2}  =  <P l2D  satisfies 
the  Jacobi  identity  for  every  a]2,  bI2,  c12.  Here  we  only  display  some  of  the 
calculations  for  the  linear  terms  in  qf2. 

(a\2<  [(<Zi  2^1 2  +  Dq  12^12)  D  +  D(q  1 2Dbx  2  +  Dqx2bx  2)  * 

+  (D3b,2)-D-'q;2+qilD-'(D}b,2)-]c{2 
+  cyclic  permutations  of  al2,bl2,ci2 
—  {a  1 2>  ^1 2> c  1 2}  T  <\ [F^(q  1 2^Cj  2  +  Dql  2t'!  2)  +  {qx  2Dc,  2  +  Dqx  2c( 2)  D 

—  ‘In D  ( T) 3<r , 2 )  — (D3c,2)  D  'q x 2]h, 2, a, 2) 

+  <cl2.(Dbl2)*iqx2DaX2  +  DqX2al2)  +  Dbx2(qx2Dal2  +  DqX2ai2) 

—  (D  <?  1 2^1 2)  D3at2-ql2D  1 6, 2D3a{  2)  =  {a,  2,  L,  2(bt  2,  c12)) , 

where 

Ln(b  1 2’ci  2)^(4i2^^i  2  3"  F)qx  2^1 2)^12  T  D(q  j  2Dbl2  +  Dqi2bl2)  cx  2 
+  (D3ht2)  D  1  q i2ci2  +  <7  1  iD  *( D3bl2)  c12 
T  0(4  1 2^ci  2  T  DQi  2ci  2)  ^1 2  +  1  2^ci  2  +  Dq  12c,  2)  Dbi2 

—  <iiiD  1  (03c j 2)  b\2  (03Cj 2)  D  ' qnby2  —  Dql2(Dbl2)  c12 

—  q, 2D(Dbl2 )  c, 2  +  Dql2bX2Dcl2  +  ql2Dbl2Dcl2 

—  D3[D  lqx2bx2)  cl2  —  D3bl2D  1  2^1 2  • 

Using  Eqs.  (C.2),  it  is  possible  to  show  that  F12(frl2,c12)  =  0,  Vh12,  c12. 


C2.  Evolution  Equations  Associated  with  the  DS  Equation 
As  in  the  previous  case,  it  is  easy  to  check  from  their  definitions 


Ct±2G12^ClG12±C1202=  J  1  3C3  2  X  G ,  3Q32)  , 

K 

012  —  <5,201  ' 

(C.13a) 

(ttJ/wJG.j-FfcG.j. 

(C.13b) 

F  \iG  i2^=  ijG32  +  G,  3F32) , 

(C.l  3c) 

that  the  operators  and  Ff2  satisfy  Eqs.  (C.2)  and  (C.  10).  Moreover,  it  is  possible 

to  show  that  the  operator  P12,  defined  by 

F 1 2F 1 2  —  F \2x  JF 12  F x2  J , 

yt  yi 

(.C.l  4) 

satisfies  the  following  equations 

F  !2ff2G|2  =  (F,2F,2)±G,2  +  F*2F12G,2. 

(C.l  5a) 

F \ i  F *2 ^  1 2  —  (0  12'^ i2)t^,i2  —  P iiiP  12  Fii)* P\iG\i 

=  Fi2p;2'Gl2-p;2'(Pl2Fl2)±p;2'Gl2.  (C.i5b) 
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Now  we  use  Eqs.  (C.13),  (C.2),  and  (C.15)  to  verify  some  result  concerning 
symmetries  and  bi-Hamiltonian  structure  of  Eqs.  (3.35)  and  (3.38). 

a)  <f>12  is  a  strong  symmetry  for  £?2//12,  where  fc°2  =  l2  =  Qi2  and 
Pl2Hi2  =  0,  H i2  diagonal. 

^t  2„[(?12^l2]f  1  2  —  (2l2^l2)a[<^I  2^12]  +  ^I2<(?  I  ’"l  2 )d C ^  1  2] 

=  -<rUQ;2Hl2r  p;2'Q;2  +  Q;2p;2'(Q;2H{2r]Fi2 

-MPi2-Qt2P;i'Qu)Fl2)-Hl2  +  cj(Pu-Q:2P;2lQ;2)F;2Hl2=0,  since: 


the  terms  without  Qf2  give 

—  o(Pl2Pi2)  "t 2  FaPl2F l2H l2  =  0 ; 
the  terms  with  Qf 2  give 

-om^Hl2r  +  Hl2Qt2)P;2lQ;2F{2  +  Q:2P;^F;2Q;2Hi2-Qt2F:2Hl2)] 

=  -  °Q  tVfVf".^  ,V.  2  +  ^Qu",  2  +  6  ,^.*2".  2)  =  0 

(in  order  to  show  that  <Pl2  is  a  strong  symmetry  for  £°2H 12,  where 
^?2  =  W12  =  Q1'2<t,  it  is  enough  to  replace  H[2  by  <rH12  in  the  previous 
calculation). 

b)  The  Lie  algebra  of  the  starting  operators  (on  H ,  2)  is  given  by  the  following 
equations: 

[^"Vi-  ^,2H(.22)L=  [^12//,,,2,.M.2«<.22'L=  -^.2^'. 

[Ml2H\'lMl2 "ViL  =  - /? , 2 "Vi ,  "Vi  =  ["Vi.  H{*2]i  =  ("Vi)~  "Vi ,  (C.16) 

where 

tf,2^er2,  ^I2^Q|V»  P tzWi2=0,  Hf2  diagonal,  (=1,2,3, 

[Q  i*2  "Vi.  <2  f2  "ViL = (Q  ,'2  "Vi)  •  "Vi  -(6,-2 "Vi)  -  "Vi 
=  -  "vrer2"Vi + "Vi'Q,2"Vi 
=  -er2("Vi)'"Vi- 


Equations  (C.  1 6b)  and  (C.16c)  are  obtained  replacing  f/Vi  by  rr//(,2i  and  H'i’j  by 
oHl{2,  i=l,2,  respectively,  in  the  derivation  of  (C.16a). 

c)  The  operator 

(c.i7) 

defined  on  off-diagonal  matrices,  is  hereditary,  namely 


^i2<[^i27ri2]G12-^12^t2ifi2]G,2  is  symmetric  in  F12,  C12. 
In  order  to  show  it,  we  make  use  of  Eqs.  (C.2),  (C.15)  and  of 

(oF^G^,  Cl2  diagonal, 
l<?F*2Gl2,  G12  ofT-diagonal . 


(<^F,  2)*G|  2  = 


(C.18) 

(C.19) 
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Here  we  display  the  calculations  for  the  terms  linear  in  Q  . 

+  aPxl(F;zP  r:‘  Ql.G^  +  Q  ^  P F  ,*2  G ,  2 ) 

=  m^PxhPMF{1)-C,X2+Ft1Q;iGil  +  PxlQ;iP^F:iGl2). 
which  is  symmetric  in  Fit'  ^12,  since 

FtiG^GUFxz, 

Q\lP \2(P \lF  12)  &  t  2+ F  {2Q{2Gi2 

=  Ql2^12G[2  +  ^l2f*l2I(^>  12^12)  f|2  +  f|2Q?2^l2 

=  ^1  lQllF\ 2  +  Q\ 2P\  l{P  l  2&1  2)  F 12  • 

d)  <t,2  is  an  extended  symmetry  of 
0  e = m4,0,' = -  iff 

<?,  2,[  =  —  2cr<512 ,  (C.20a) 

ii)  Qlt  =  M\li  =  —  2Q,x,  iff 

<Tn,L~2Qx]=~2Dcl2.  (C.20b) 

(<5t  2  1 2  '  1  )at^i  2]  =IQi  2ff^i  2)a[f  1 2]  =  ^1 2°^i 2 

—  ~°F i2<^i2~  —2oFl 2  . 

(^ijM^JjCF  1 2]  =(^i  261 2ff^  +  2a2i2ff<^j2)a[^  12] 

=  ^1  2j[^12]Ql2a^l  2  +  *^l  2Ql2^[f  12]ff^12  +2ctC|2j[Fl2]<T^12 
—  ~  °'[(^ri  2^1  2'Ql  2  +  612^12  ^1*2)61  2ff^l  2 
(P l  2  Q\  2P l  2  Q  1*2^1  2ff^12  +  ^12^12^] 

=  ( —  2P !  2  ~ 2 2<t(D  1  — -  D2))F  1 2 =  ~  2 DF 1 2 , 

since,  for  instance, 

°P  1 2^1 2°^  1 2  =  ~  P 1 2  F  ,  2dt  2I  =  —  2Pt  2F  I, . 

—  aQ  1  2^*1  2*  Q\ zF  l  2°^l  2  =  01  2^1  2*Q  1  lF  I  2l^l  2^  •  2  Qt2P  li'QuF  i2> 

F;2<ri2/  =  (Dt-D2)F,2, 

~  °Ql  lF  \  2  ^1  2^1  2<T,')1  2  =  Q  1  2^1  2  F  i  lQ  I  2l\  2^  =  2Q I  :P  {  2  F  t  ,Q  ^  2 
=  -2Q12PJQ12Fi2. 

having  used  the  properties 

Gf2o  =  -ud|‘2 ,  O’, i  off-diagonal. 

Q iV=  -"Qli  • 
(/<j,”2)fF,2=(DU<-1>"^,: 
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e)  (^?2  =  ^i2  and/or  Af12)  are  extended  gradients,  namely 

i)  If??2  =  ff^i2  =  aQ 1 2*  then  (y^H, 2)j[G12]  =  oGt 2W12  =  —  oH 1 2G,  2,  and 
(F  t2>(f?2W  1 2),[CI2]>  =  —  <F|  2,  <rH,  2G,  2>  =  <  —  ff//12FI2,  C12) 

=  ^(y?2  W|  2)j[F(  2],  G,  2)  ; 

ii)  If  f?2  =  trA?i2=(T0r2<5=  -Cu.  then  J 

(y?2W12UG12]=  — G12H12=  F/  [  2  G  j  2 , 

and 

^F12,(y?2//12)j[G12])  =  <F  12,  ~  2G[ 2)  =  <  —  W/jFu, G12> 

=  <('/?  2  F/ 1 2  )j[F  1 2],  G,  2) . 
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Bi-Hamiltonian  formulation  of  the  Kadomtsev-Petviashvili  and  Benjamin- 
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It  was  shown  recently  that  the  Kadomtsev-Petviashvili  (KP)  equation  (an  integrable  equation 
in  2  +  l,  i.e.,  in  two-spatial  and  one-temporal  dimensions)  admits  a  bi-Hamiltonian 
formulation.  This  was  achieved  by  considering  KP  as  a  reduction  of  a  (3  -t-  1 ) -dimensional 
system  (in  the  variables  x,y„  y2.t).  It  is  shown  here,  using  the  KP  as  a  concrete  example,  that 
equations  in  2  +  1  possess  two  bi-Hamiltonian  formulations  and  two  recursion  operators.  Both 
Hamiltonian  operators  associated  with  the  x  direction  are  local;  in  contrast  only  one  of  the 
Hamiltonian  operators  associated  with  they  direction  is  local.  Furthermore,  using  the 
Benjamin-Ono  equation  as  a  concrete  example,  it  is  shown  that  intergrodifferential  equations 
in  1  4-  1  admit  an  algebraic  formulation  analogous  to  that  of  equations  in  2  4-  1 . 


I.  INTRODUCTION 

This  paper  investigates  symmetries,  conserved  quanti¬ 
ties,  recursion  operators,  mastersymmetries,  and  the  bi- 
Hamiltonian  formulation  of  two  physically  important  exact¬ 
ly  solvable  evolution  equations:  the  Kadomtsev- 
Petviashvili1  (KP)  and  Benjamin-Ono23  (BO)  equations. 
The  KP  equation  is  a  prototype  integrable  equation  in  2  +  1 
(i.e.,  in  two-spatial  and  in  one-temporal  dimensions),  while 
the  BO  equation  is  a  prototype  singular  integrodifferential 
equation  in  1  +  1.  The  results  presented  here  fit  in  the  gen¬ 
eral  theory  developed  in  Refs.  4  and  5;  however,  the  follow¬ 
ing  conceptual  aspects  are  novel. 

(i)  Equations  in  ruio  spatial  dimensions  (x  and  y )  pos¬ 
sess  two  recursion  operators  and  two  sets  of  compatible 
Hamiltonian  operators.  The  set  associated  with  they  direc¬ 
tion  was  considered  in  Refs.  4-6.  Here  we  investigate  the 
recursion  operator  and  the  pair  of  local  Hamiltonian  opera¬ 
tors  associated  with  the  x  direction. 

(ii)  Integrodifferential  equations  in  1  +  1  share  many 
common  features  with  equations  in  2  +  l.7  This  is  because 
integrodifferential  equations  are  also  formulated  in  terms  of 
two  space  operators,  for  example  dx  and  H  (the  Hilbert 
transform)  in  the  case  of  the  BO  equation.  It  is  shown  here 
that  the  algebraic  formulation  of  integrodifferential  equa¬ 
tions  is  analogous  to  that  of  equations  in  2  4-  1 . 

The  existence  of  a  double  representation,  corresponding 
to  two  recursion  operators  and  two  sets  of  bi-Hamiltonian 
operators,  is  also  a  property  of  integrodifferential  equations 
in  1  +  1;  this  will  be  shown  in  a  separate  paper"  for  two 
explicit  examples:  the  intermediate  long  wave9  10  and  the  BO 
equations. 

Hierarchies  of  infinitely  many  time-independent  and 
time-dependent  symmetries  and  conserved  quantities  of  the 
KP  equation  have  been  obtained  in  Refs.  11  and  12.  A  recur¬ 
sion  operator  and  a  bi-Hamiltonian  formulation  of  the  KP 
were  found  in  Refs.  4-6.  This  was  achieved  by  introducing 
the  following  extended  representation  of  the  KP  equation: 


"'Permanent  Address:  Universila  Degli  Studi-Roma.  Isiiiuto  di  f-isica 
"Guglielmo  Marconi,"  Piazzale  delle  Scienze.  5,  I-OOI85  Roma,  Italy 


<?i,  =  dy2S(y, -y2)Kl2,  q ,  =  q(x,yt,t)  ,  (1.1) 

Jn 

where  R  denotes  integration  along  the  real  axis,  8  is  the 
Dirac  distribution,  and  KX1  is  some  function  of  qx  and 
q2  =  q(x.y2,t).  The  introduction  of  the  above  form  is  natu¬ 
rally  motivated  considering  KP  as  a  reduction  of  a  nonlocal 
(3+1  )-dimensional  system  (in  the  variables  x,  y„  y2<  and 
t ) . 5,13  The  above  extension  is  necessary  in  order  to  bypass  the 
Zakharov-Konopelchenko  result  on  the  nonexistence  of  re¬ 
cursion  and  bi-Hamiltonian  operators  in  the  usual  ( 1  +  1  )- 
dimensional  formalism.14 

Hierarchies  of  infinitely  many  time-independent  and 
time-dependent  symmetries  and  conserved  quantities  of  the 
BO  equation  have  been  obtained  in  Refs.  12  and  15,  via  the 
mastersymmetry  approach  introduced  by  Fuchssteiner  and 
one  of  the  authors  (A.S.F.).  This  approach  was  subsequent¬ 
ly  applied  to  the  KP  equation.  It  was  shown  in  Ref.  5  that  the 
mastersymmetry  approach  is  contained  in  the  general  theory 
developed  in  Refs.  4  and  5. 


A.  Basic  notions 


We  consider  an  evolution  equation  in  its  abstract  form, 
q,=K(q ),  (1.2) 

on  a  normed  space  M  of  functions  of  R;  K  is  a  suitable  C  * 
vector  field  on  M.  We  assume  that  the  space  of  smooth  vec¬ 
tor  fields  on  M  is  some  space  5  of  C  "  functions  on  the  real 
line  or  on  the  plane  vanishing  rapidly  at  infinity.  By  Kf[v\ 
we  denote  the  Frechet  derivative  of  K  in  the  direction  v,  i.e.. 


*/[</]  =  —KKq  +  ev) 

o€ 


(13) 


Let  5  *  be  the  dual  ofS  with  respect  to  the  following  bilinear 
form: 


(y.<x)=  dxyaor  (y,o)==  dx  dy  ya ,  (14) 

J  R  Jr 

yeS  *,  o^S.  Let  /:  S—  R  be  a  functional,  then  its  gradient  is 
defined  by 

frlwl  =  Cgrad  /,i»)  .  (1.5) 

It  is  well  known  that  the  function  y  is  a  gradient  of  a  func- 
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tional  /  iff  Yf  =  }'/'  •  where  the  adjoint  of  an  operator  L  is 
defined  by  (L  *y,a)  =  (y,Lo). 

Definition  1.1:  ( i)  A  function  cnsS  is  a  symmetry  of  (1.2) 
iff  the  flow  q,  =  o  commutes  with  the  flow  (1.2).  This  im¬ 
plies 

i^-  +  af{K)-KAa\=Q.  (1.6) 

dt 

(ii)  A  functional  /  is  conserved  by  the  flow  (1.2)  iff dl  / 
dt  =  0.  Hence 

~+(y,K)=0,  ^=grad/, 
dt 

and  y&S  *  \scMtd  a.  conserved  gradient  of  ( 1.2).  Differentiat¬ 
ing  the  above  equation  in  the  arbitrary  direction  v  it  follows 
that  y  satisfies 

?L  +  Yf[K\  +  K/[y]  =  0,  yf  =  yfi  .  (1.7) 

(iii)  Equation  (1.2)  is  a  Hamiltonian  system  iff  it  can  be 
written  in  the  form 

?,=©/.  (18) 

where /is  a  gradient  function,  i.e.,/,  =  // ,  and  0  is  a  Ham¬ 
iltonian  operator  where 

( 1 )  0  is  skew  symmetric,  0  *  =  —  0  , 

(2)  0  satisfies  a  Jacobi  identity  ,  (1.9a) 

(o,0'[06  ]c)  +  cyclic  permutation  =  0  .  ( 1.9b) 

A  Hamiltonian  operator  0  is  associated  with  the  Pois¬ 
son  bracket 

{I,H}  =  (grad/,  0  grad//)  .  (1.9c) 

(iv)  An  operator  <J>  is  called  a  recursion  operator  or  a 
strong  symmetry  of  (1.2)  iff  it  maps  symmetries  of  (1.2)  to 
symmetries  of  ( 1.2).  Requiring  that  a  and  <t><7  are  symme¬ 
tries  of  (1.2),  it  follows  that  an  operator  <I>  satisfying  the 
operator  equation 

—  +  <t>AK]  +  [  <t>,ATr  1  =0  (1.10) 

dt  4 

is  a  recursion  operator  of  (1.2). 

( v )  An  operator  is  called  hereditary  or  Nt jenhuis  iff  it 
generates  an  Abelian  algebra.  Assume  that  the  flow  q,  =  a 
commutes  with  the  flows  q,  =  r.  q,  =  and  that  the  flow 
q,  =  v  commutes  with  the  flow  q,  —  d>er,  where  o,  v  are  arbi¬ 
trary  functions.  Requiring  that  the  flows  q,  =  <Po,  q,  = 
also  commute  it  follows  that 

<t>jr [ <J>er ]  tr  —  is  symmetric  w.r.t.  a.v  (111) 

(we  have  assumed  for  simplicity  that  d<P/dt  =  0). 

Exactly  solvable  evolution  equations  in  1  +  1  admit  infi¬ 
nitely  many  symmetries.  These  symmetries  are  usually  gen¬ 
erated  by  a  hereditary  recursion  operator  <l>.  An  alternative 
approach  is  to  use  the  notion  of  a  mastersymmetry.  A  func¬ 
tion  r  is  a  master  symmetry  of  Eq.  (1.2)  iff  the  map 

(r,  •  Jt,  where  \t,o)l-±ti\o\  —  of\T\  , 

maps  symmetries  of  (1.2).  Here  r  is  called  a  gradient  master- 
symmetry  ( with  respect  to  the  invertible  Hamiltonian  opera¬ 
tor  0)  iff0~  lr  is  a  gradient  function. 


Integiable  Hamiltonian  systems  in  1  +  I  have  an  excep¬ 
tionally  rich  algebraic  structure:  They  are  bi-Hamiltonian 
systems.  The  existence  of  two  Hamiltonian  operator^  0  ", 
I  =  1,2.  implies  the  existence  of  a  recursion  operator 
'l>  =  ©'’’( 0"')  ',  which  generates  infinitely  many  symme¬ 
tries,  while  <l>  *  generates  infinitely  many  gradients  of  con¬ 
served  quantities.  For  example,  the  two  Hamiltonian  opera¬ 
tors  associated  with  the  Korteweg-de  Vries  (KdV) 
equation  are  given  by 

0"’  =  D,  0‘2’  =  D  ’  +  2Dq  +  IqD.  D=dx  . 

The  KdV  can  be  written  as 

q,  =  qxxx  +  bqq ,  =  0My  "  =  0,2y2’  . 

where 

y' 2 '  —  q  =  grad  f  dx%-, 

Jr  2 

/"*  2 

f  "  =  q  „  +  V  =  grad  dx  —  ~  . 

2  +  / 

Furthermore,  <t>==0<J,(0"’)  1  is  a  recursion  operator  for 

the  KdV,  i.e.,  [1>  generates  symmetries  and  <t>  +  generates 
gradients  of  conserved  quantities.  The  KdV  is  the  second 
member,  n  =  1,  of  the  following  Lax  hierarchies: 

ql=<p"qx.  n  =  non-negative  integer  (1.12) 

(throughout  this  paper  n.m.r denote  non-negative  integers), 
w  here  q ,  is  a  starting  symmetry. 

Exactly  solvable  equations  in  2  +  1,  written  in  the  form 
( 1.1 ).  also  admit  a  bi-Hamiltonian  formulation.  4~*  For  the 
KP,  the  two  Hamiltonian  operators  are  given  by 

<>1!’  =  l>.  <>\V  =  D'  +  Dqn  +q;2D  +  quD  , 

(1.13a) 

where 

Dydx.  q,\  4q,  ±q:  +  a{D,  +  D-,), 

,  =  1.1.  ' 
and  q,  —  qix,y,,t ),  i  —  1.2.  Indeed 
7i,  =  +  67 ,qK  +  3 a'D  'q 

--  A',,  -=  I  dy2Sl20\'2'y\\' =  f  dy2  6tl6 \\'y\\' , 

Ji<  Jk 

(114) 

w-here  <5,.  —  >'. )  and  )/’,  1  =  1,2,  are  suitable  ex¬ 

tended  gradients,  i.e., 

ffU',:]  =  (rii'.cy . 

In  the  above  the  subscript  d  denotes  a  suitable  directional 
derivative  and  (  ,  )  denotes  a  suitable  bilinear  form.4  Fur¬ 
thermore.  the  recursion  operator  d>^2  =  0\\'(6  jj1)  ~  '  gener¬ 
ates  extended  symmetries  crl2,  while  the  adjoint  d>*2  of  <j>n 
with  respect  to  (  ,  )  generates  extended  conserved  gradients 
yl2.  I  hen  i/{{.  j-,,  are  symmetries  and  conserved  gradients  of 
the  KP,  i.e..  they  satisfy  Eqs.  ( 1.6)  and  (1.7),  respectively, 
where  a.  y,  K  are  replaced  by  o, ,,  y, ,,  AT, , .  and  AfM  is  defined 
in  (1.14). 
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In  analogy  with  Eq.  (1.12).  KP  is  the  second  member, 
n  =  1  —  ().  of  the  following  hierarchy: 

9i,  -  f  dy2  <50-,  -  y2)<i>12Xfi2  •  1  ,  (1.15) 

Jr  ' , 

where  A/,,  ■  1  =  ( Dq +  ql2  D  ~  'qx\  )  •  1  is  a  starting  ex¬ 
tended  symmetry.  Actually  the  operator  <fii:  admits  two 
starting  symmetry  operators  A/,,  and  (V,,  -yqu  .  Miey  give 
rise  to  the  following  two  hierarchies  of  time-independent 
symmetries: 

Wii'D.i,  (<^#.2  ■  ■  (116) 

Time-dependent  symmetries  of  order  r  of  the  KP  are  pro¬ 
duced  by  linear  combinations  of 

(<t>"2Mn  •  (_v |  +  y2)  )i |,  O’ i  +  d,2),)i i  -  (1-0) 

and  are  closely  related  to  gradient  mastersymmetries.  The 
above  hierarchies  of  time-independent  and  time-dependent 
symmetries  give  rise  to  time-independent  and  time-depen¬ 
dent  conserved  quantities.4'*  Finally,  there  exists  a  simple 
relationship  between  <j>{2  and  a  nongradient  mastersymmetry 

rn: 

rl2  =  tf2  -<50, -y2)<  c<t>,2  =  rUd  +  dt*2d~\ 

(1.18) 

where  C  is  a  constant.  The  above  equations  are  the  two- 
dimensional  analogs  of  the  following  formulas,  valid  for  the 
KdV: 

T=<fi  •  1,  C<t>=Tf  + DT*D~' .  (1.19) 

It  is  well  known  that  the  KP  equation  is  associated  with 
the  linear  problem 

w"  +  {q(x,y,t)  +  a  dy)u>  =  0  .  (1.20) 

The  recursion  operator  d>l2  is  algorithmically  derived  from 
Eq.  (1.20). 4 6 

B.  New  results 

(i)  The  KP  equation:  In  Refs.  4—6  the  algebraic  proper¬ 
ties  of  KP  were  investigated  by  expanding  in  terms  of 
<50’i  —  yi)-  Now  we  expand  in  terms  of  <5(.x,  —  -v.)  (Ref. 
16)  and  write  KP  in  the  form 

0i,  =  J  dx2  6(x,  -  x2)K,:,  q,  =  q(x,.y,t )  ,  (121) 

where  Kl2  is  some  function  of  q,,  q2  =  q(x:,y,r )  Let  sub¬ 
scripts  12  denote  dependence  on  x:,y;  then  for  arbitrary 
functions /|2,gl2  we  define  the  following  bilinear  form: 


dx\(crt  ,/,j  +  o, ,/,,).  (124b) 

Jit 

The  two  Hamiltonian  operators  associated  with  the  KP 
equation  ( 1.21 )  are  given  by 

©<]>  =  />,  4-  Z>2,  0!i’  =adr+qi2,  (1.25) 

where0,|  are  defined  in  ( 1.23).  The  operators  GJj’,  i  =  1,2, 
are  skew  symmetric,  and  satisfy  the  Jacobi  identity 

<<1,2.312^  [ Ai2  Jc,2>  +  cyclic  permutation  =  0  ,  ( 1.26) 

where  0,2d  and  (  ,  )  are  defined  by  ( 1.22 )-( 1.24). 

It  should  be  stressed  that,  in  contrast  to  the  Hamiltonian 
pair  (1.13),  both  of  the  above  Hamiltonian  operators  are 
local.  The  KP  is  a  bi-Hamiltonian  system, 

9.,  =  +  69i9i,.  +  f  '0i„ 

=  Ku=(dx26,2e  (=1,2,  (1.27) 

Jr 

where  y\2  are  appropriate  extended  gradients. 

KP  is  the  fourth  member,  n  =  3,  of  the  following  Lax 

hierarchy: 

9i,  =0„f  dx2S(Xt  -  x2)<P12K°i2  ■  1  ,  (1.28) 

Jr 

where 


<!>,:  =01^(0;!')  ',  K°n=ady+qn-  d.29) 

The  recursion  operation  <J>|2  admits  only  one  starting  sym¬ 
metry  operator  K"u ,  which  generates  the  time-independent 
symmetries  ('P^Af  ”2  •  1 ) Values  of  m  zero  or  even  corre¬ 
spond  to  ( 1. 16a),  while  m  odd  corresponds  to  ( 1. 16b).  Thus 
in  the  new  formulation  the  two  different  hierarchies  ob¬ 
tained  in  Ref.  4  are  unified.  Similarly  4>f;  generates  extended 
conserved  gradients  y\2\  which  give  rise  to  conserved  gradi¬ 
ents  rn”. 

A  nongradient  mastersymmetry  is  given  by 

~  x'-> 

<>xt 

The  recursion  operator  <t>l2  can  also  be  algorithmically 
obtained  from  the  linear  equation  ( 1 .20) 

ht)  The  DO  equation:  The  BO  equation 


</i2^i2)=  J  dx2  dyf:igt2  (1.22) 

Let  the  arbitrary  operator  Kt2  depend  on  the  operators  qt‘: , 
q |j,  where 

0i2  =0i  ±  9:  +  D  {  ±  D\,  D,=d ,  ,  (123) 

0.  =  0U,,J\/),  i=1.2; 

then  the  directional  derivative  of  K, ,  in  the  direction  al2  is 
denoted  by  A", [ cr, ,  I  and  is  defined  by 


0,  =  2  99,  +//0„,  q  =  q(x,t),  (1.30a) 

where  H  denotes  the  Hilbert  transform  ( throughout  this  pa¬ 
per  principal  value  integrals  are  assumed  if  needed) 

{Hf)(x)=n'  f  d$(£-x)  '/(!•),  (1.30b) 

J  H 

can  be  written  in  the  form 
f  . 

9,,  =  tsx2  ou,  -  x2)Kt2 ,  0,  =  q(xt,t)  ,  (1.31) 

-'11 

where  Kl:  is  some  function  of  qt,  q2  =  q(x2,t).  Let  subscript 


606 


J  Math  Phys  ,  Vol  29.  No  3.  March  1988 


A  S  Fokas  and  P.  M,  Santini 


606 


12  denote  dependence  on  jc,.  ,t:;  then  for  arbitrary  functions 
g ,2  we  define  the  following  bilinear  form: 


</t2-Sl2>  *  f  dx,  dx,  f2lg,2 . 
JR* 


( 1  32) 


Let  the  arbitrary  operator  K[2  depend  on  the  operators  ql2 , 
q{  j ,  where 

<h\^qi±q2  +  i(Dil^D1),  D,  =dx  , 

,  ,  .  (1.33) 

q,=q(x,,t),  /  =  1,2 ; 

A 

then  the  directional  derivative  of  AT,,  in  the  arbitrary  direc¬ 
tion  <ti2  is  denoted  by  Kl2Ja)2]  and  is  defined  by  ( 1.24), 
Two  compatible  Hamiltonian  operators  associated  with 
the  BO  equation  are  given  by 

^12*  =  (^12  —  (9l2^l2)^!2  •  (1.34a) 

where  the  operator  Hn  is  an  extended  H  operator, 

(Hnf)(xy,x2)  =  v-'  J  d£[£-  (cc,  +  JC2 )  ]  - 1 

XF($,x  t-x,),  (1.34b) 

andf(x]rx2)  =  F(x ,  +x2^x,  —  x2).  The  BO  equation  is  a  bi- 
Hamiltonian  system  with  respect  to  the  above  Hamiltonian 
operators. 

The  BO  equation  is  a  member  of  the  following  Lax  hier¬ 
archy: 

4i,=/?„  dx2S(xt  -x2)<P12q,-2  ■  1, 

(1.35) 

<^>I2=??I2  —  “i  12  ^12  ■ 

Indeed,  (1.35)  with  n  =  1  and  n  =  2  yields 

<h,=2i0o qK>,  ?i,  =4i0,(2q,q] ^  +  //,?„,,,)  .  (1.36) 

The  operator  <h,2  =  ©51* ( ©12* ) - 1  generates  the  time-inde¬ 
pendent  symmetries  of  the  BO  equation  (^>^9,2  •  1),,. 
Similarly,  <t>f2  generates  extended  conserved  gradients  y\2\ 
The  above  recursion  operator  <P,2  can  be  derived  algo¬ 
rithmically  from  the  associated  linear  problem  of  the  BO 
equation. 

This  paper  is  organized  as  follows.  In  Sec.  II  we  derive 
the  second  representation  of  the  KP  class  and  we  investigate 
the  algebraic  properties  of  the  associated  recursion  operator 
and  bi-Hamiltonian  operators.  In  Sec.  Ill  we  derive  the  ex¬ 
tended  representation  of  the  BO  class  and  we  investigate  the 
algebraic  properties  of  the  associated  recursion  and  bi-Ham¬ 
iltonian  operators.  In  addition  we  discuss  the  connection 
with  the  mastersymmetries  theory  of  the  BO  equation  and 
with  the  complex  Burgers  hierarchy. 

II.  THE  KP  EQUATION 

A.  Derivation  of  the  second  representation 

Proposition  2. 1:  The  linear  equation 

—  awy  =  qw,  q  =  q(xy,t)  +  d\  ,  (2.1) 

i$  associated  with  ihe  Lax  liieiaiciiy 


9i,  =/J„  I  dx,Six,  -  -r-l'Pi.A" ,,  ■  1 

Jit 

-/l,  |  dx2  2>(.t,  —  x2)(Uy  4-  D,)  <P",'  '  •  1  ,  (2.2) 

Jit 

where/?,,  are  constants,  £>,=<?,  ,  i  =  1,2,  and  the  opera¬ 
tors  T,  ,t  K'l 2  are  defined  by 


1 2  —  ( rr  <?,.  4-  q  1 2  )  ( 0 ,  4-  Z>2 )  1  , 
(Dy+  D^y.^Qy^Dy  +  D,)  , 

Q\i  —  i  ?2>  K  12  =  a  dy  4-  9,2  . 


(2.3a) 

(2.3b) 


Remark  2.1:  (i)  q2  =  qf,  where  *  denotes  the  adjoint 
with  respect  to  the  bilinear  form  (1.22). 

(ii)  ^,2=  <J>*2. 

(iii)  Equation  (2.2)  with  n=0,l,2,3  and  /?,  =  -j, 
02=  i =  7  implies 

q  1,  =°.  <?i,  =  <7i,  .  <7i,  =  aqy  , 

(24) 

<?i,  =  +  69i9i,,  +  3a2#  'qyn  ■ 

Thus  both  thex-translation  and  they-translation  hierarchies 
of  the  K  P  are  generated  by  the  same  extended  starting  sym¬ 
metry  K'\ j  ■  l  =  q,  -  q2. 

To  derive  the  above  Lax  hierarchy  we  look  for  compati¬ 
ble  flows 

w,  =  Fit’,  V  polynomial  in  Sx.  (2.5) 

Compatibility  of  (2.1),  (2.5)  implies  the  operator  equation 
q,  =  -  {aVv  4-  [q  +  d\,V])  .  (2.6) 

Assuming  the  integral  representation 

(Vf)(xx.y)=  dx,v(x„x2,y)f(x2,y),  ul2  =v(xt,x2,y) 

JR 

(2.7) 

and  noting  that 

(q  1  +  D]  )Vyfy  =  f  dx2{(qy  4-  D  \ )  v ,  2  }f2  , 

Jh 

Vyiqy  4-  D\ )fy  =  f  dx2{(q2  4-  D\ )Vy2}f2  , 

Jr 

Kf=  f  dx2Vy2J2, 

J\K 


we  obtain  the  distribution  equation 

<7,  <5, 2  -  -  (otbj,  +  q lit', 2)  • 

(2,8) 

Thus 

q\,d\2  =  —  (Dy  4-  D2)'Vy2V,2  , 

(D,  4-  D2)  '(a  dv  4-  q,2  )  ■ 

(2.9) 

The  operator  (D,  4-  satisfies  the  following  commu¬ 

tator  operator  equation: 

|(Z7,  4  D2)*,2,hy2  J  =  2/t  ;  2(D,  +  D2)  , 


,  ,  d  ,  (2.10) 

hy2=h(Xy-X2),  h\2=  —hy2. 

dXy 

Using  tlie  above  equation  and  assuming  the  expansion 
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yl2  —  ^  ^  12  —  ~~  <5.2  ' 

,To  ax' 

Eq.  (2.9)  yields 

9., <5, 2=  j  <5/2  (£>','+ 

y  =  o 

+  2  2'<5M0i  +/>2>^-" 

2=  1 


(  A  +  A)  —  O'  9.,<5|2  —  <5.2  (A  +  A)^12  ^'i®1  > 

-  i  v12bw*  =  «»ir,>- 

Therefore  yj®’  =  (  —  j)"1/ui'!2>  ■  Hence  assuming 
u‘,21  =  1,  the  above  equations  imply 

<7, ,<5.2  =  <5.2(A  +  A)^2+'  ■  1 
=  ^12^>?2  ^12(^1  +  A)  ' 

where 

(A+A>Y.j-«i>l2(A+A)- 

B.  Isospectrality  yields  a  hereditary  operator 

To  make  this  paper  self-contained  we  first  introduce  an 
appropriate  directional  derivative.  Recall  the  integral  repre¬ 
sentation  [Eq.  (2.7) ], 

(Yf)(x,j)  =  dx2  v(x„xi,y)J\x3,y)  . 

Jr 

Also,  allowing  /  to  depend  on  x2  we  obtain  Vfu 
=  J„djCj  u,/n.  In  particular, 

$1/12=  (9.  +  A)/.2  =  f  9.3/32-  (2.12) 

Jr 

Equation  (2.12)  is  a  map  between  an  operator  and  its  ker¬ 
nel  and  induces  the  following  directional  derivative: 

9i, l*7. 2 )  /12  =  f  dxi  a,  i/32 .  (2.13) 

Jr 

Equation  (2.12)  and  the  bilinear  form  ( 1.22)  imply  that 
the  adjoint  of  q„  q,  =  q2  +  D]  has  the  representation 

9T/.2  =  (92  +  2?  2  )/.2  =  j  dxs  932/13  ■  (2.14) 

Hence 

9*  =  ajj/,,.  (2.15) 


(2.15) 


Equations  (2. 12)— (2.15)  and?,^  =  £,  ±  imply  ( 1.24). 
Proposition  2.2:  (i)  Consider  the  isospectral  equation 

qv  +  avr=Av,  (2.16a) 

and  its  adjoint,  with  respect  to  the  bilinear  form  (1.4), 
qv*  —av*  =  Av+ .  (2.16b) 

Then 

(grad/t)l2  =  UiUj*  ,  (2.17) 

where  (grad/f),2  denotes  the  gradient  of  A  with  respect  to 
the  bilinear  form  ( 1.22). 

(ii)  Equations  (2.16)  imply 


(«  </  +  9.2  H’.iV  =0-  (2.18) 

To  derive  the  above  results,  take  the  directional  deriv¬ 
ative  of  (2. 16a)  in  the  arbitrary  direction /,,,  multiply  this 
equation  by  u,1  and  integrate  over  dx  dy  to  obtain 

*Afn\=\  dx,  dyv,'  ?fj/,2]i’i  . 

Using  (2.13)  the  above  becomes 

Ad[f,2]  =  dx,  dx2  dy  v,¥  v2f,2  ■ 

Jr' 

But 

\  dx,dx2dy{gTadA)2,fn, 

JR' 

hence  (2.17)  follows.  Equation  (2.18)  is  a  trivial  conse¬ 
quence  of  (2.16). 

Equation  (2.18)  suggests  that  <t>12  is  a  hereditary  (Ni- 
jenhuis)  operator  (see  Proposition  4.3  of  Ref.  4).  Actual¬ 
ly  it  can  be  easily  verified  that 

^*12rf  [^*.2  /|2  iif  12  —  <J>I2<^>I2W[/|21^I2 

is  symmetric  w.r.t.  /12,g12,  (2.19) 

i.e.,  0 , 2  is  indeed  hereditary  (see  Appendix  A). 

C.  Symmetries  and  conserved  gradients 
1.  Starting  symmetries 

We  recall  that  the  starting  symmetry  operators  play 
an  important  role  in  the  theory  developed  in  Refs.  4  and  5. 
An  operator  d>i2  algorithmically  implies  starting  symme¬ 
try  operators:  Look  for  operators  Sl2  such  that 

S , 2 A. 2  =  0,  but  <Pi2S,2NI2^0.  Then  a  starting  symmetry 

^ 

operator  K  u  is  given  by  Ka,2Hn  =  <P,2S,2H,2. 

Proposition  2. 3:  Let 

k°,2  =cr  dy  -t-  ql2 ,  H,2=H{x,  -  x2,y)  ,  (2.20) 

where  H  is  an  arbitrary  function  of  the  arguments  indicat¬ 
ed.  Then  the  following  statements  obtain. 

(i)  K°,2  li,2  is  a  starting  symmetry  associated  with 
the  operator  <J>,2  [defined  in  ( 2.3 )  ] . 

(ii)  K°u  satisfies  a  simple  commutator  operator  equa¬ 
tion  with  h |2  —  h(x |  —  x2), 

[K0n,h,2]=2^(D,+D2)  .  (2.21) 

A, 

(iii)  4>l2  is  a  strong  symmetry  for  K°2  ■  H,2,  i.e., 
S(<X>,2,k",2H,2) 

±*,7d[k°2H,2)  +  [4>12t(£°2ff,2>*]  =0.  (2.22) 

(iv)  The  Lie  algebra  of  the  starting  symmetry  operator 
satisfies 

[k'l2H\'2\k0,2H\l']d=k°2  [H\'2\H\V],  ,  (2.23) 

where 


(2.23) 

SIIIa:.*]  . 

(2.24a) 

(2.24b) 
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To  derive  (i)  let  J;> , ^  ,  -+-  D2;  then  //,,  is defined  by 

(D,  +  D2  )H,2  —  0,  thus  f{,2  =  H(x,  —  x:,y).  Also 
A ' ‘t\  //, ,  =  (ad,.  f  qx2  )//,-.  Part  (ii)  isastraighlforward 
calculation  and  part  (iii)  follows  from  the  definition  of  a 
starting  symmetry  andtthe  fact  that  <t>,;  is  hereditary  (see 
Lemma  4.2  of  Ref.  4).  Part  (iv)  is  a  tedious  calculation 
[see  Appendix  A  for  a  direct  verification  of  Eq.  ( 2.22 )  and 
(2.23)). 


2.  Symmetries 

We  recall  that  ol2  is  a  time-independent  extended 
symmetry  of  Eq.  (2.2)  iff" 

"  1.^12  ]«*  =0.  (2.25) 

Proposition  2. 4: 


(i)  6l2^nk°l2  •  1=  X  KMi'KnK 


b„i  constants.  (2.26) 

(ii)  [<5,2  "  1.  •//„], 

=  i  [<5^,  //„],  . 

I  =  0 

(2.27) 

(iii)  cr1,™’  ==  7i AT ”2  •  1  are  time-independent  ex¬ 
tended  symmetries  of  (2.2)  . 


(iv)  cr|7' are  symmetries  of  (2.2)  . 

(v)  <j\ —  0  are  auto-Biicklund  transformations  of 
( 2.2 ) ,  where  q  „  q2  are  interpreted  to  be  two  different  solu¬ 
tions  of  (2.2). 

Part  ( i )  of  the  above  follows  from 

[4>1Z,A|:]  =2A;lf  [k°n,hl2]=2h'l2(Dl+D2) 

(2.28) 


To  derive  (ii)  note  that 

•  1,  <t>;"2*?2  ■  Hl2]d 

=  x  b„,[<t>;2-'k°n6ll2,<P72k°nHt2]d 

l  -  0 

=  X  bn. 1^12  *  [  '\ib[2,K°2Hl2  Jd 

/  =  0 


I  =  o 

where  we  have  used  ( for  the  third  equality )  the  fact  that  <t> 
is  hereditary  and  a  strong  symmetry  for  K°2  ■  Ht2,  and 
the  fourth  equality  follows  from  Eq.  (2.23).  Part  ( iii )  fol¬ 
lows  from  (ii)  by  taking  //, 2  =  1.  Part  (iv)  follows  from 
(iii)  and  (2.8)  (see  Theorem  4. 1  of  Ref.  4).  For  part  ( v) 
see  Theorem  4.2  of  Ref.  4. 

Remark  2. 1:  ( i )  Using  Eq.  (2.21)  with  suitable  func¬ 
tions  //l2,  it  should  be  possible  to  show  that  time-depen¬ 
dent  symmetries  of  (2.2)  are  generated  by  linear  combina¬ 
tions  of  <P”2K°2HI2.  See  Ref.  5  for  the  corresponding 
results  associated  with  the  first  representation. 

( ii )  An  analysis  about  conserved  gradients  should  fol¬ 
low  closely  the  methods  developed  in  Refs.  4  and  5.  For 
example,  it  can  be  shown  that  'P'j  Hu  are  extended  gra¬ 
dients  for  all  Ht2  =  H(x,  —  x2,y). 


3.  A  nongradient  mastersymmetry 

Proposition  2.5:  (i)  /', ,  -  <!>;,  ,S[, ,  ,5|,  -,?,5(x, 

x2)/<Vx,  is  a  nongradient  mastersymmetry  of  the  KP 
class,  since 

[<!>;,  K'} ].,  =  (n  +  l)-l>;v  (2.29) 

(ii)  7j,  generates  the  recursion  operator  <t>l2  via 

2-l\_,  i  (O,  |  O,)  /  *  ((/9,  +  D2)  '.  (2.30) 

(iii)  Let 

Pi?' =  (<h;\  ) " r?, ,  )>,=(£>,  +D2)  'k°n  .  (2.31) 

Then 

t!J’wi2  =  grad,,  /„  ,  (2.32a) 

I  =  l/(/i  +  2)(  f[2  *  n//l2,<5j2 )  .  (2.32b) 

The  proof  of  (i)-(iii)  is  a  consequence  of  equations 
<5|2j  =  0,  d>)2j  [i5|2  ]  =  1  and  of  Eq.  (4.9),  (4.6),  and 
(4.7)  of  Ref.  5,  respectively. 

111.  THE  BO  EQUATION 

The  linear  problem  associated  with  the  BO  equation 
(1.30)  is  the  following  differential  Riemann-Hilbert 
(RH)  boundary  value  problem: 

!//  ’(.x)  =  (q(x)  +  /<?.);'■'  +  ’,  (3.1) 

where  i P  ‘  ’  and  (A1  "  ’  are  the  boundary  values  on  the  line 
Im  x  =  0  of  functions  holomorphic  in  the  upper  and  lower 
half-plane,  respectively,17  and  the  spectral  parameter  has 
been  rescaled  away. 

Equation  (3.1)  plays  a  crucial  role  in  the  derivation  of 
the  recursion  and  bi-Hamiltonian  operators  of  the  BO 
class. 


A.  Derivation  of  the  recursion  and  bi-Hamiltonian 
operators 

Proposition  3. 1:  The  linear  problem  (3.1 )  is  associated 
with  the  hierarchy 

<?,.  =/i„  I  (y.t,(5(.xl  -x2)  •  1 

-!3„  (  dx2  <5(x,  —  x2)  qn  'l»"2  -1,  (3.2) 

Jh 

where  [3 „  are  constants  and  the  operators  ‘P,-,  'P,2,  and 
K'\2  are  defined  by 

^12  4=9,5  -  '<7,2^12-  ?u'l'l2  =4‘l2«7l2.  K°ll*<h~2  • 

(3.3a) 

//, 2 f  (*,  +  x2)  r'F(g,x,  -x:)  , 

JR 

ft:  =/(x,,x,)  =  F(  x ,  -t-x:,x,  -x,)  ,  (3.3b) 


q,i  ±<12  +  t(Dt  +  D:),  <?,  =<7(x,.r)  , 

(3.3c) 

£>,=<?,.  (=1,2. 

Remark  3.  i:  ( i )  'P,  ,  =  <t>f2 ,  where  *  denotes  the  ad¬ 

joint  with  respect  to  the  bilinear  form  ( 1.32). 

(ii)  The  first  few  equations  of  the  BO  hierarchy  are 

then 
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q,  =  0,  n  =  0  , 

q,=qx,  n  =  1,  /?,  =  (2 /)“'  (wave  equation) 


(3.4a) 


(3.4b) 


Remark  3.2:  The  following  operator  commutator  equa¬ 
tions  hold: 


=  2^,  +  «  =  2,  =  (4/)  1  (BO  equation)  , 

(3.4c) 

<7,  =(-<?«<  +«'+  {(?//?,+%,)),. 
n  =  3,  (3}  —  ( 8/ )  ~ 1  (higher -order  BO  equation)  , 

(3.4d) 

and  are  obtained  from  (3.2)  using  Eqs.  (3. 1 6b )— { 3. 16f). 

To  derive  the  representation  (3.2)  we  first  seek 
compatibility  between  the  differential  RH  problem  (3.1) 
and  the  evolution  equations 

$±'=  K<±V<±>.  (3.5)  t 

where  V{  ±  1  are  differential  operators  of  the  form 

y<±>=  £  y)±)(x)d{  (3.6) 

1-0 

and  the  coefficients  Vj  +  ’(x)  and  Vj  ~  ’(x)  are  holomor- 
phic  in  the  upper  and  lower  half  x  plane,  respectively. 

The  compatibility  condition  between  (3.1)  and  ( 3.5 ) 
yields  the  operator  equation 

9,  =  Vl-'(q  +  id,)  -  (q  +  idx)V{  (3.7) 

which  can  be  converted  into  a  scalar  distribution  equation 
by  formally  introducing  the  integral  representation 


[</,,  j  -  |  //,;./l|:  )=0, 


[</u -fill  ]  •=  l^i^i;  1  =  2/A  j,,  A  I  =  ^22,  . 

fix, 

and  hereafter  A,,  indicates  an  arbitrary  function  of 
x,  —  x2.  Substituting  the  expansion  012  =  5 CV2'  into 

Eq.  (3.13)  and  using  Eqs.  (3.14)  one  obtains 

v\V  =  0:  v\{  "  =  (i/2)<t>l2u\'\  1  <  j<.n  —  1  , 

<5,29i,  =  (r/2)5l,<t»l,  ui?’  .  (3.15) 

The  iteration  (3.15)  implies  that  fij”’  =  (// 2)"  1 
X4>",  'D',"  n;  to  determine  yj2"n  we  notice  that  CiJ’ 
=  t/,24  -  t>ij  =  0  implies  u1^1  =  ujj*  =  c„  =  const, 


(3.14) 


(3.15) 


>"  -  v\2  >"  =  0  implies  u‘;>  =  v',?  =  c„  = 


(E<± ’/)(*,)=  f  dx2v\f'f(x2),  v\?'=v'*  'U 

Jr 


For  instance,  the  operator  V\  ’(<? ,  +  /  J,  )  gives  rise  to 
the  scalar  kernel  ( q2  -  i  dXt  )i/',2~  since 

V\ "’(?,+  i  <?,,  )/(x,)  =  f  dx2  v\2~  '(q2  +  /  <?,. )/(x:) 

Jr 

=  f  <7x2((92  -  »  d.,)v\{  ’)/U2)  • 

Jr 

(3.9) 

Equation  (3.7)  then  corresponds  io  the  following  distri¬ 
bution  scalar  equation: 

<5(x,  -  x2)  qK  =  -  (9,  4-  i  (?,,  )v[2 4  1  +  (<?2  -  /  <?„,  )n|f  1 

=  -  ’> 

+  9,2  (u,2  +  u‘,2  ’))  ■  (3.10) 

Equations  (3.6),  (3.8),  and  (3.10)  imply  forulj*  1  the 
following  expansions  in  derivatives  of  5U: 


and  then 

v\r"  =  vn)[q:2{o\s  )n-v\2 >-) 

+  9,2  (f!l‘  +  fu  ’")  !<\  =  'Cn9,2  •  l  - 

Equation  (3.2)  is  then  obtained  defining 
P „  +/(// 2)  ”c„. 

B.  Properties  of  the  extended  Hilbert  transform 

In  thissubsection  we  list  several  interesting  and  useful 
properties  of  the  extended  Hilbert  transform. 

Proposition  3.2:  The  extended  Hilbert  transform  Hn 
enjoys  the  following  properties. 

(1)  [ M , >,A , 2  ]=0,  (3.16a) 

(2)  Hra(x,)  =  Hla{xi),  y  =  1,2  ,  (3.16b) 

HJ\x,,x/  )  =  tr~'  f  dy(y  —  xJ)~  ’/( x,,y),  i^j  . 
Jh 

(3.16c) 

(3)  f  dx25rHl2fl2=HJu,  (3.1 6d ) 

Jh 


(4)  dx  //,,/«  =  //u  J  =  1.2 

(5)  // =  -  I  . 


(3.1 6d ) 

(3.1 6e ) 
( 3. 16f) 


Moreover, 


(6)  , 2 y , 2 A , 2  (27,2/12)  ±a,2. 

(?)  7/,;(  g|,  //,,/,>  +  (//,  jg,  2)  V,  2 


(3.17a) 


1-0 


(3.11) 


Combining  (3.11),  ( 3.8 ),  and  theanalyticity  properties  of 
V) t  ’(x),  we  obtain  that  ni2+  '  and  uj2-  *  are  holomorphic 
in  the  upper  and  lower  x,  +  x2  plane,  respectively.  Then, 
in  particular, 

”1/  '  -  «!f  ’  =  -<Hi2{  v\2"-v\2~')  (3.12) 

[see  Eq.  (3.19) },  and  Eq.  (3.10)  becomes 

^u9,,  =  —  -J-  1 2*7,2»  u,2=uj2  ’  —  u(,2  (  3 .  i  3 ) 


—  £>2/ 12+  IT/jjg,;)  Hl2fl2,  (3.17b) 

(8)  //  *2  =  (3.17c) 

Here  H ,,  induces  the  following  analytic  properties: 

(9)  if 

f\i  '  4=  ±  [  (l  T  <//,:)/, 2 

=  (2m)~'  f  dy[  y  -  (x,  +  .x,  +  tO)  )“  1 

Jr 


:  /'(y.x,  -  x2)  , 


(3.18) 


(i)/V  ’and/',,  ’  areho!omorphicforlm(x,  +x2)>0 
and  Im(x,  +x;)  <0,  respectively. 

(")  fW  ’  T/I2  ’=  -‘Huif'n  ’ (3.19) 
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Proof:  Equations  (3.16f)  and  (3.17b)  are  interesting 
generalizations  of  well-known  identities  // 2  =  —l, 
H(gHf  4-  fHg)  =  -.?/+(  Hg ){Hf),  and  can  be  proven 
using  Fourier  space.  Equations  (  3. 1 6a )  —  (  3. 16e),  (3.17a), 
(3. 17c), and  (3.18),  (3.19)  are  direct  consequences  of  the 
definition  of  Hn  (see  Appendix  B  for  details). 


C.  Algebraic  properties  of  the  BO  class 

In  this  section  we  show  that  the  main  algebraic  proper¬ 
ties  of  the  BO  class  can  be  entirely  described  using  the  theory 
developed  in  Ref.  4;  we  refer  to  that  paper  for  details  and 
proofs. 


1.  Representation  of  the  class 

It  was  shown  in  Sec.  Ill  A  that  the  BO  class  admits  the 
following  representation: 

q,  =  0m  f  dx26n<P"l2k°2  ■  \=P A  dx28l2K\V=K\V  , 
Jr  Jr 

(3.20) 

A 

where  K°n  =  q,2  and  <t>,2  is  defined  in  (3.3a). 

The  recursion  operator  <t>l2  and  the  “starting"  opera¬ 
tor  K' j’j  enjoy  simple  commutator  relations  with  hl2 
=  /i(x,  -  x2) , 

l*.**,*]  (32l) 

c\, 

which  imply  that  <5I2A"  j2'  can  be  written  in  the  following 
alternative  form: 


<5I2*‘;>=  i  ( -2/)'(")<D;r'^?2 


d  '<S(X|  -  x,) 

(3.22) 


2.  The  d  derivative 

As  in  2  4-  1  dimensions,  the  derivation  of  the  extended 
algebraic  structures  of  the  BO  class  is  based  on  integral  rep¬ 
resentations  of  operators  depending  on  q,  dK,  and  H.  This 
mapping  between  operators  and  their  corresponding  kernels 
induces  a  mapping  between  derivatives  and  leads  to  the  in¬ 
troduction  of  a  new  directional  derivative,  the  so-called  d 
derivative.4  Here  we  briefly  remark  that  the  basic  operators 
qx\  appearing  in  the  BO  formalism  are  the  same  as  for  the 
KPcase,  replacing  Jr,  byy2  and  /by  the  parameter  a  [see  Eqs. 

( 1 . 1 3b )  and  (1.33)].  Then  their  d  derivative  is  simply  given 

by 

9ii  t#i2 1  f\i  >  (3.23) 

£12/12^=  f  dxi(glif,2±fi,g,2).  (3.24) 

Jr 

Since  <J>,2  and  K°u  are  expressed  in  terms  of  qf2,  their  d 
derivatives  are  well  defined, 

^12^1^12]  =  &12  —,&I2^I2>  =£|2  •  (3.25) 

As  for  the  (2  -I-  1 ) -dimensional  case,  the  connection  be¬ 
tween  the  d  derivative  and  the  usual  Frechet  derivative  is 
given  by  the  following  projective  formula: 


=  K, 2.1*1  7-  K<:  U,,]  +■  K,;Jg::\  . 

(  3  26) 

where  K{:  denotes  the  Frechet  derivative  of  AT,  ,  with  re¬ 
spect  to  q, .  i.e., 

^i2,  [£„  I  ^d,Ki2(q,  +•  f<i„-q,  >1,  ...  i.j=  1.2.  i¥=j. 

(3.27) 

3.  The  starting  symmetry  A",  h,1%  its  Lie  algebra,  and 
its  characterization  through  the  recursion  operator 

The  starting  symmetry  K\°f  =  q,  —  q2  of  the  BO  class 
is  written  as  q]2  •  1.  As  in  2  +  1  dimensions  a  crucial  as¬ 
pect  of  this  theory  is  that  the  operator  k  ,,  =  qt2 ,  acting 
on  suitable  functions  h{2  =  h(x{  —  x2),  solutions  of  the 
RH  problem  h  ]2‘  1  —  h  l,2  ’  =  0  [  (  4-  )  and  (  —  )  here  in¬ 
dicate  analyticity  in  the  upper  and  lower  x,  4- x,  half¬ 
planes,  then  hl2  =  h  \f  '  =  h  (12~  1  ],  form  a  Lie  algebra, 
given  by 

[<?t2^i2>(?t2^i2]a=  <?i2  [Ai2,A,2],  ,  (3  28) 

where  the  Lie  brackets  [  ,  ]d,  [  ,  ],  are  defined  by 

[/):•£ 1 2  la  ^f\2d  [^12 )  —  8n6i /12 1  >  (3.29a) 

[A i2, Ai2  ] z  ==  dxi(hiih-i2  —  ^ ■  3^32 >  •  (3.29b) 

As  in  2  4-  1  dimensions,  the  starting  symmetry  K  ,2  •  A,2can 
be  characterized  through  the  recursion  operator  <J>I2  via  the 
equations 

!24  ’  —  ^  >2  —  Q \2  \f  '  —  ^12  ')  +  ?I2  (^  >2 

4-  h  j2"  ’)  =  2K°2hl2 ,  (3.30a) 

h  \f'=h  \{'  =  hx2,  (3.30b) 

obtained  using  Eqs.  (3.3a)  and  (3.19). 

4.  Symmetries,  strong  and  hereditary  symmetries 

The  recursion  operator  <I>I2  and  the  starting  operator 
k']2  =  qf2  are  the  ingredients  of  the  evolution  equations 

<?,  =  f  S,2K\nf  .  (3.31) 

Jr 

They  enjoy  the  following  properties. 

Proposition  3.3:  (i)  The  recursion  operator  <J>,2  is 
hereditary,  namely, 

^12^1 '^12/1 2  1^12  —  ^12  ^12,,  l/i  2 1#  1 2 

is  symmetric  w.r.t.  /,,  and  g,2  ;  (3.32) 

(ii)  <t>l2  is  a  strong  symmetry  for  K°2hl2,  namely, 

-3  (<t)i2<^  ?2  ^12 1 

=^,2,  [*"2*12]  +  [^nfk°nhl2)d]  =0-  (3  33) 

Proof:  Equations  (3.32)  and  (3.33)  are  verified  in 
Appendix  A,  although  this  check  is  not  strictly  necessary, 
for  two  reasons. 

(1)  <t>,2  comes  from  the  isospectral  problem  (3.1), 
and  an  extension  of  the  theorem  presented  in  Ref.  18 
should  guarantee  its  hereditariness  ( see  also  Ref.  4,  §4. E ) . 
It  is  also  interesting  to  remark  that  a  direct  proof  of  the 
hereditariness  of  4>)2  makes  use  of  Eq.  (3.17b). 
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(2)  The  hereditariness  of  lt>,,  and  the  characteriza¬ 
tion  (3.30)  implies  that  Proposition  3.3  (ii)  holds  (see 
Lemma  4.2  of  Ref.  4  and  Appendix  A  for  a  direct  check  ). 

The  operator  <t>,,  generates  infinitely  many  commut¬ 
ing  symmetries  of  the 'BO  class;  precisely,  since  <t> , ,  is  a 
hereditary  operator  and  strong  symmetry  for  the  starting 
symmetry  K °n h  ,2  that  satisfies  Eq.  (3.28),  then  Theorem 
4.3  of  Ref.  4  implies  that  crj”’  ==<J>5"2  <?i2  '•  are  extended 
symmetries  of  every  evolution  equation  of  the  BO  class, 
namely, 


*s?;i*“"]  =  (s,2*tru<r(,r] 

(3.34) 

for  every  non-negative  integer  n  and  m, 
(3.22), 

where,  using 

(<5,2*12"’)-*  I  (  -2»)'(”)(<l>72-'*?2<5l2 

)d  ■  (3.35) 

The  first  three  operators  {Sl2K\2')d  of  the  BO  class  are 
explicitly  reported  below; 

(<5,2*1?’)-  =0, 

(3.36a) 

(*l2*ii’>-=2  «(<?„  +<?,,). 

(<5|2*  5?’  )- 

(3.36b) 

=  4/(//,2(  dX[  +  dXi ) 2  4-  ( d x  +  <?ti )  (<7, 

i  +  <h) 

+  «( (# i?,)*,  -  (H2q2)x1  ) 

—  i(<l\  ~  q2)Hl2(  d,+ dXt))  (3.36c) 

(see  Appendix  A). 

The  usefulness  of  the  extended  symmetries  o\2'  fol¬ 
lows  from  the  fact  that  they  give  rise  to  symmetries  and 
Backlund  transformations;  precisely  according  to 
Theorem  4.2  of  Ref.  4: 

If  is  an  extended  symmetry  of  Eq.  (3.31 ),  then 

(i)  ajT"  =  trir’l,  _ ,  is  a  symmetry  of  Eq.  (3.3 1 ),  name¬ 
ly. 

o\:;[k\v]  =K\rf[a\r] ;  0.37) 

and  (ii)  the  equation 

a\?  =  cr‘m>  (?„<?,)  =0  (3.38) 

is  a  Backlund  transformation  for  (3.31)  where,  of  course, 
<7,  and  q2  are  now  viewed  as  two  different  solutions  of 
(3.31). 

5.  (BI-)  Hamiltonian  formalism  and  constants  of 
motion  in  involution 

Proposition  3.4:  (i)  If  we  define 

e\l'  =  <P,20\'2\  (3.39) 

then  012  4=052*  +  *©5!*  is  a  Hamiltonian  operator  for  all 
constants  x,  namely, 

(a)  0f2  =  —  0I2 ,  (3.40a) 

(b)  0,2  satisfy  the  Jacobi  identity  w.r.t.  the  bracket 

{fl|2>^l2>Cn}  4=  (<J|2>0t2,(l0|2^l2  ] ci 2 )  ■  (3.40b) 

(ii)  The  adjoint  <t>f2  of  the  recursion  operator,  given 

by 

♦?i  =  ~  iHnqn  .  (3.41) 


satisfies  the  following  "well-coupling''  condition: 

.  (3  42) 

(iii)  y\\'  lii:  =  'Ef,  hi2  is  an  extended  gradient, 
namely, 

(fu'/’n).,  =  (?V,]’A,:)J  •  (3  43) 

Proof:  Equations  (  3.40 )-(  3.42 )  are  a  direct  conse¬ 
quence  of  the  definitions  (3  36),  of  Eqs.  (3.17b)  and 
(3. 17c),  and  of  the  property  9,5  ’  =  ±<712. 

Remark  3.3:  Using  Eq.  (3.42)  the  BO  class  can  be 
written  in  the  following  form: 

<?,,  =P„  J  dx28nqn  (<J>f2)"  •  1 
—  Pn  j  dx ,  q]2  <5,2(  d>*2 )"  •  1 
=  '  <?,,  f  dx2  6,^*1  )m  ■  1  =  ‘Pn  dx,  r\v  ■ 

(3.44) 

The  first  Hamiltonian  operator  0}J’  =  qf2  commutes 
with  <5,2  and  reduces  to  i  dx  .  Then  Sx  is  the  (projected 
version  of  the)  first  Hamiltonian  operator  of  the  BO  class; 
this  result  was  already  known.15 

The  existence  of  a  compatible  pair  of  Hamiltonian  op¬ 
erators  is  connected  to  the  existence  of  infinitely  many 
constants  of  motion  in  involution.  Theorems  4. 1-4.5  of 
Ref.  4  can  finally  be  summarized  in  the  following  proposi¬ 
tion. 

Proposition  3. 5:  Consider  the  compatible  pair  of  Ham¬ 
iltonian  operators  0!5*==<7ij,  ©5 2 *  ==  ( ^,2  —  "hi  #,:)<7,2 
and  define  <J>,2  ==©5|>(0<i21 )  — <hen  the  following  is  true. 

(i)  <J>,;  is  a  hereditary  operator. 

(ii)  o\2' 4=(t>i"l9i2  •  1  and  y\2'  =  (d>f2  )m  •  1  are  ex¬ 
tended  symmetries  and  extended  gradients  of  conserved 
quantities,  respectively,  for  Eqs.  (3.2),  namely, 

Cl*'"’]  =  .  (3.45a) 

r  5  2) ’ t  ^ 1  +  (<5,2* !?’)?[  rtf’]  =o,  (3.45b) 

>*”*,2)-  =  ((4>ra  ht2=h{Xt-x2) . 

(3.45c) 

(iii)  Equations  (3.2)  are  bi-Hamiltonian  systems, 
since  they  can  be  written  in  the  following  two  “extended” 
Hamiltonian  forms 

9i,  —  Pn  f  dx2  <5|20|2  V12’  =  Pn  f  dx26l2Q\\'y\r  "  . 

J  u  Jr 

(3.46) 

(iv)  trS5"*  and  y\"'  are  symmetries  and  gradients  of 
conserved  quantities  for  Eq.  (3.2),  namely, 

<*?,'  [*  W]  =*'i?;  [o\r\  ,  (3.47a) 

rir/[*ir]  +  *i;,’Mr]  =o,  (3.47b) 

r\:;  =  r\r; ' .  (3.47c) 

where  +  denotes  the  operation  of  adjoint  w.r.t.  the  bilin¬ 
ear  form  ( fg )  =SKdxfg. 

(v)  The  corresponding  conserved  quantities/,,,  relat¬ 
ed  to  y\2'  and  y\\"'  via  equations 
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Kir*  =  grad12  /„.  Imd  [/,,  |  =Mgradl2  (3.48a) 

yir’  =grad /m,  /.,(/]  =  (grad  /„,,/).  (  3.48b) 

are  constants  of  motion  of  Eqs.  (3.2). 

( vi )  These  constahts  of  motion  are  in  involution  with 
respect  to  the  Poisson  brackets 

{/„,/„}  4=  0,,=  ©;;*  and/or  O',;*  , 

(3.49) 

namely, 

{/„,/m}  =  0.  (3.50) 

(vii)  The  equations  K  !"’  =  K  lm,(ql}q2)  =  0  are 
Backlund  transformations  (BT)  for  the  BO  class  (3.2), 
interpreting  q,  and  q2  as  to  different  solutions  of  (3.2). 

Remark  3.4:  (i)  The  first  extended  symmetries  of  the 
BO  class  are  given  by 

a*”’  =  qt j  •  1  =<?,  -<?2 ,  (3.51a) 

<'=^<1,-2  ■  1 

=  '(?!,,  +  9:.,)  +  -  Hzql  t 

+  (9,  +  92)(9,  -g2) 

-Hq,~q2)(Hlq>-H2q2)  ,  (3.51b) 


(  1  )  19,:  <  +  •*:>  ]  +  [**>, :•(<?,:  (x,  +  x.)  I,  | 

=  iql2  [//,,. (*,  +  *,)  1,  (  3‘  57a ) 

(2)  [//,,.(*,  +  x2)  ]/u  =  —  I  ifjlfljl^-JT,), 

TT  J  R 

(3.57b) 

fti  /<*,.*.)  ■  /(*,  I  *.,x,  c , )  ,  (3.57c) 

(3)  1  //,,.(^r,  -  x2)  J((5;2 /f  )  =  0  ,  Vj./.-O 

(3.57d) 

These  follow  from  the  definitions  (3.3)  and  from  equation 

lim  fx  (  -  D’  1  '  1  =o 

(3.57e) 

(see  Appendix  C).  Equation  (3.56)  follows  from  (3.55) 
using  Theorem  4. 1  of  Ref.  4. 

Remark  3.4:  As  for  the  KP  case,5  time-dependent 
symmetries  of  the  BO  hierarchy  should  be  generated  via 
mastersymmetries  r\2-r'  of  degree  r>  1.  In  this  case,  an 
equation  analogous  to  (3.55)  should  follow  from  a  suit¬ 
able  generalization  of  Eq.  (3.57a)  obtained  replacing 
(x,  +  x2)  by  (x,  +  x2) r,  r>  1. 


then  their  projections  are  the  first  symmetries  of  the  BO 


class 

o\°]  =  0 , 

=2/9 

and  equations 

^  0 

II 

p 

o-Si’  =  0 . 

are  the  first  two  BT’s  of  the  class.  We  remark  that  the  BT’s 
generated  by  <t>,2  are  polynomial  in  q„  q2,  unlike  the  pre¬ 
viously  known  examples.17 

D.  Connection  with  the  mastersymmetries  theory 

The  mastersymmetry  approach  was  introduced  by 
Fuchssteiner  and  one  of  the  authors  ( A.S.F. ) 15  as  an  alter¬ 
native  way  of  generating  symmetries  of  the  BO  equation. 
This  approach  was  subsequently  applied  to  (2  4-  D-di¬ 
mensional  systems  like  KP,"  1  +  1  systems  like  KdV, 1218 
and  finite-dimensional  systems  like  the  Calogero-Moser 
problem.” 

In  this  section  we  briefly  show  that  the  existence  of  a 
hereditary  operator  4>,2  allows  a  simple  and  elegant  char¬ 
acterization  of  the  BO  mastersymmetries  (analogous  and 
more  detailed  results  for  KP  were  reported  in  Ref.  5). 

Proposition  3.6:  (i)  If 

K\i**hqti  -l,  ( 3.54a) 

•  (x,+x2)r,  (3.54b) 

then 

[StlK\V'r\?"h=4inK\rm-"  ■  -  (3.55) 

(ii)  rj7'u  „  Ti  are  mastersymmetries  of  de¬ 

gree  1  of  the  BO  class,  since 

[ AT  ]r  =  4/ziAT  .  (3. 56) 

Proof:  The  derivation  of  Eq.  (3.55),  presented  in  Ap¬ 
pendix  C,  is  based  on  the  following  important  properties: 


E.  Connection  with  the  complex  Burgers  hierarchy 

It  is  well  known  that  if  q(x,t)  is  analytic  in  the  upper* 
plane,  then  the  BO  equation  ( 1.30)  reduces  to  the  (cotn- 


plex)  Burgers  equation 

9,  =  2 99 ,  +  W xx  . 

(3.58) 

since 

Hf'  4  ’  =  ±  if'  *  >  , 

(3.59) 

where /’  +  ’(x)  and /'  ~  ’(x)  are  holomorphic  in  the  up¬ 
per  and  lower  half  x  plane,  respectively.  The  same  result 
obviously  holds  for  the  whole  hierarchy. 

Proposition  3.  7:  I f  q(x,t)  is  holomorphic  in  the  upper 
x  plane,  then  the  BO  hierarchy  (3.2)  reduces  to  the  fol¬ 
lowing  complex  Burgers  hierarchy  (investigated  in  Ref. 
20): 

q,  =b„  (/<?„  +  dxqd  ,~')"~'qx,  n>  1,  (3.60a) 

ba=2"ifJn,  0,  '=f  dx .  (3.60b) 

J  —  00 

Proof:  The  proof  is  straightforward  and  relies  on  the 
fact  that  each  gradient  y\2'  is  a  holomorphic  function  in 
the  upper  x,  and  x2  planes;  hence  Eq.  (3.59)  implies  that 

WiYW  =  (?i2  -  i Hnq)2  )y\V 

=  (9,2  +  9 12  )r\V  =  2(9,  +  i  d,t  )y\V  ■ 

Then 

9i,  =/?„  J  dx2  (5i29,2  (<J>*2 )"  ■  I 
=  2 ip„  d.,  f  dx2Sl2(<t>t2 )"  ■  1 

J It 

=  2"  *  '/?„  dx  (9,  +  i  dx  )"  ■  1 
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=  b„  <3,,  (<7,  +  I  <?,  )"  1  , 

=  b„  dK  ( q ,  +  i  dx  )’  '  3  ,,  V,M 

=  +  <?«,9i  <?«.  1  > "  Vi.,  • 
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<2  ,  .  ,  ,  t  h 

(  A  3  a ) 

Id,)  />  ,2  -  />  1 

;<2,*2  )<•,,  =  (  <2,,/2|.)  <-,_, 

=  ~  C|,<2,,6,,  . 

( A3b) 

(<2,‘  6,2  +  6, 

2  a,2)c,2  =  (<J,2  6,;)  ‘  C,2 

.  4  ±  C  ,2  <2,;  6,_,  . 

( A3c) 

=  ±  0\2 

(A  3d) 

Moreover  the 

integral  representation 

912/12  = 

J 

d*\(q\  1  /,;  ±/ ,9,2) 

'It 

(  A4) 

implies  that  q,\  satisfy  Eqs.  ( A3 )  as  well.  Equations  (  A3  ) 
are  conveniently  used  to  prove  the  following  properties  of 
the  recursion  and  Hamiltonian  operators  of  the  KP  and 
BO  equations. 

For  the  KP  class,  the  following  is  true. 

( 1 )  <b,2  =  (a  <?„  +  <?|2  )  (D,  +  D2)  ~ 1  is  a  strong  sym¬ 
metry  of  K°t2H{2  =  (a  d  v  4-  <7,2  )//,,.  Indeed 


APPENDIX  A 


In  this  appendix  we  use  the  notion  of  directional  de¬ 
rivative  and  extended  bilinear  form  introduced  in  ( 1.24) 
and  ( 1.22),  ( 1.32),  respectively,  to  prove  some  of  the  re¬ 
sults  presented  in  this  paper.  In  order  to  give  a  self-con¬ 
tained  presentation,  we  first  present  some  results  con¬ 
tained  in  Appendix  C  of  Ref.  4. 

The  directional  derivative  of  the  basic  operators  qt\ 
(1.13b),  (  1.23),  (  1.33),  is 


9 12,,  [  /l2  1*12  —  /|2  *12  ' 
where  the  integral  operators  f  ,  defined  by 

/  12S12  -  f\i  Sn  ± *1.1  /'2>  . 

enjoy  the  following  algebraic  properties: 


(Ai) 

( A2 ) 


*1*  12,,  ( <7 ,  ? )  —  rr,2  ( Ot  4-  D2 )  , 

(A  12  H  \y  )  rf  [<7,2  1  ~  <T,  2  //,  2  . 

and 

-/' (4>i;. K'lt  //,,)/, j 
=  (A ';.//,,) 

~  (^12/12)  ^l2  +  <t>,,/|2//|2 
=  ((a  3V  4  <7,2  )H\{\  *12 

-  ((a  dy  +  ql2  )gl2)  Hl2  +  (a  dy  +  ql2  )gnHl2, 

having  introduced  gl2  ==  (D,  4  D2)  ~ and  used 
//,;(£, +  Z>2)  '  =  (/?,  4  D:)  ~  '//,,.  Using  ( A3a)  we 
obtain  gl:  q,2  //,,  -  //  ,2  9,2*12  ~  9,2*12  77,2-  which  is 
zero,  for  (A3b)  . 

(2)  <J>,,  is  a  hereditary  operator.  Indeed 


♦llJOlj/lj]*!:  -  ^12^.2.  [/|2)*!2  ~  (  SytH.  W.r.t.  fl2~gx2) 


—  ((a  dy  4  <712  )(D,  4  D2)  '/|2 )  (Dx+D2)  'g,2  —  (a 
=  ((D,  4-  D2)  'gl2 )  (a  dy  4-  <7,2  ) (7/  +  D2)  '/i 2  - 
—  (a  dy  4-  <7,2  )  (7?,  4  D2)  '  {f  \i  (Dt  4-  Dt )  1 gl2 

using  integration  by  parts, 

(Dx  4-  D2 )~  *  f  {2  (7),  4*  D2 )  ~  *  *12 

=  [(D,  +  D2)-'fl2)~  {D,  +  D2)-'gx2  -(D,  +  D2) 
X(((D|4-Z)j)  '/|2  )  *12  ~  *12  (77|  +  ^2)  'fu) 

and  Eq.  (A3b). 

(3) 

=  (^?2//;i,)-//<,i>  -  {k°,2h\'2')-h\v 

=  -7/jJ’  (a^,  +9,2) 

-t-Z/lj’  (a  <?y  4  912  )7/ 12’ 

=  -k°l2HW'  H\\', 
for  (A3a)“  and  (A3b)~. 


dy  4-  9,2  )(/>,  4 -  D2)~'fc2  (/>,  4/>;)  'g,2  -  (  sym.  •) 
((Z7|4-Z?;)  !/i 2 )  (a  <?v  4-  9,2  )  (7?,  4-  7/>)  'g,2 
g,l(D,  +D:)-%)=0, 

I 

For  the  BO  class  the  following  is  true. 

(4)  «!>,,  is  a  strong  symmetry  of  q[2hl2, 

h , 2  =  /i(-x,  —  -t,).  Indeed,  using  (3.43a),  we  have 

(  xt* ,  2,  g \2  b  x2)  ~  (q  [2  h  x2)  /l  2  —  1  (  9 1 2  7*  1 2  )  T/jj/l  2 

■+-  ( 9 1 2  —  (9i2  7/i:)/i2  7*  1 2 

(912/1 2  ~  '9 1 2  77,2  /1 2)  b  1 2  ■ 

Using  Eqs.  (A3a)  and  property  (3. 17a)  [see  Appen¬ 
dix  B  ( 5 )  ]  we  obtain 

( / 12  9u  7ii:  +  912/12  b  1 2  4-  h  ,2  912/12) 

4-  <((//, 2 /1 2 )  g  12  b \2  9 1 2  (77,2/12)  7i,2 

—  b  1 2  9 1 2  77 1 2  /1 2 )  • 
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:nul  (I.JU.  I  heir  immediate  implications  are  Eqs. 
(3.17c),  (  3.40a),  and  (3.41). 

(7)  0',!'  =  9,,  and  ’  are  Hamiltonian  operators. 
They  are  skew  symmetric,  since 

®'|2  =  ((9|2  —  *9  I  2  )  9l 2  )*  =  9l2  (9|2  ) 

=  -  <?i ;  (<?I2  -  iHnqn  ) 

--  O',)1  (being  9,$9,2  =  <? , 2  <? , j  )  • 

They  satisfy  the  Jacobi  identity  ( 3.40b),  for  instance 
(27,2,0,2’ [0j2 '6,2  ]e,2) 

=  <ai2.<7i2,[<?u  *12  ]^,2>  +  cycl.  perm,  r 
=  <£?,,,(  q,2  t>l2)~cl2)  +  cycl.  perm,  s  . 

Using  (A3a)  and  (A3d)  we  obtain 

(at2>  ~  c  12  9 12  ^1 2  +  b  ,2  9 12  02  _  9l2*>  12  02)  > 
which  is  zero  for  any  al2,  bl2,  cl2,  for  Eq.  ( A3b). 

(8)  The  derivation  of  Eqs.  (3.36)  is  the  same  as  for 
the  corresponding  ones  of  the  KP  hierarchy  (see  Appen¬ 
dix  C  of  Ref.  4)  and  makes  extensive  use  of  the  equations 

(^2)±/l2  =  (s:,  ±(-iro/12,  (as) 

(<5,2A^jj,)rf(/'|2]  =  ( <5,29,2  ■  1  )<r  ( F\2  )  =  (9l2<5|2)a[/l2l  =  f  12^12  =  —  <5|2/|2  =  0  , 

(8i2K  ij1  )d  [  /,2  1  =  (*1*12912  <5n)  d  I  /l  2  1  ~  2i(  9i2  ^12  )</  l  /l2  1 

=  *f*  1 2rf  [  f \  2  1 9|  2  ^  1 2  +  *^*  1 2  9  1 2rf  [  /l  2  1  <5 , 2  —  2<9,2<  [  f\  2  )  <5  |  2 
=  (  /l2  —  if  12  ^I2)9l2^i2  +  ^12/12  <5|2~  2</  1 2  ^  !  2 

—fn  9 1 2  ^12  —  '/ 12  Hl2ql2  ^12  —  ^12^12/12  +  2i(  Sl2 )  fl2  =  2 /( dXx  +  dXx  )fl2 , 

since 

/12 9i2 ^12  =  912/12 ^12  ~~  b  912/12  =  2(9,2  —  9 1 2  )y~i 2  —  0  » 
y"i2^i29i2<5i2  =  /i2  b,2Hi2(q,  —  q2)  —  f  ,2  8 ,2(H,q,  —  H2q2)  =  0  , 

)  f\i  —  Ox,  +  )/u  ’ 

f  2  9 1 2  *5 , 2  )  d  (  /l  2  ]  —  ^12  912  ^12  ),<  [  /|2  J  ~  4(  9 12  ^12  )  d  (  /|2  1 

=  <^>I2<1/|2]^>I29|2,5i2  +  <^>I2<^>I2<[/|219|2<5|2+  ^12  9l2,,  I  /|2  ]<^,2 
—  4/<I>  ,2rf  [  y"| 2  ]9,2  <5 12  —  4(<J>i29|2j  I /l2  ]^I2  —  ^9l2rf  [ /|2  1^12 

=  (  /  12  —  \f  I2^l2)<^>l29l2^l2'i"<^>l2(/l2  —  */  \2  H  \2)  Q  l2  8 12  +  O'  nf  i2  8 12 

~  4/(  /  |2  —if  I2^l2)9l2^l2  ~  ^l^\2  f  \2&\1  ~  4/"  12  <5,2 
=  4i(tf,2(<?„  +  <?,,  )2  +  ( dXi  +  dXt )  (9,  +92)  +  i(ff,  9 1 ,,  —  ^292,j  )  1  ( 9 1  9z ) -^i 2 (  ) )  * 

since,  for  instance, 

/,2«i>,29i2<5i2=/.2(<5.2^!J)  +  2i5j2A:',r)  =/.2( * +  * S !’>- 2' K<M * SS’/l 3) ),,  =  „  ] 

=/i2(2f(9l„  +  92,,)  -  21(91,,  +  92<;))  =  0, 

/i!tfia<«.2*Si'  +  !,*{?>  =  /,l  (<5,2^2^ li’  +  2i8\2HuK\V) 

=fn{HiK%  -HXK">) -2i[[dXx  (/„//„  K  £’))„  =  *,  +  (<?„(  f»HnK\V  ] 

=  2 H(H,q,A  --  H2q2J  -  (//,9i.,  -  ^92,,  ))/i2  =  0  ; 

/u9i2<5!2  =912/12 <5!2  -<5'  +  9i!/i2  =  (9t2  (^,  -<?*,)-  (<?„  -  <?.,  )9i2)/i2=  —  (  9i.,  +  92,,  )/i2 ; 

/12  ^i29i7  ^'2  =/i2  ^12  (^i9i  —  ^292)  =  —  (dx,[fi}(H}q2  —  H2q2)  )) x,  ^  Xl  —  (dx  f22(H[q,  —  H2q2)  )Xx  X,  x> 

—  —  ^292,,  +  H i9i,,  • 


and  the  two  expressions  in  parentheses  are  zero  using 
(A3c)  and  (A3b)  respectively. 

(5)  <t>,2  is  a  hereditary  operator.  Using  (3.24a)  we 

have  that 

^12^1*^12/12  1#I2  —  *^12^12^1  /|2  1^12 
-  (sym.  w.r.t.  /,2--gi2) 

=  (912/12  —  *9  1 2  2/|2  /12  )^I2 

—  ((912/12  —  J9l2  ^12 /12  )  ^12^12 

—  9i2  (  /it^>2  —  If  12^12^12) 

+  /9l2/f|2(/l2^l2—  / 12^12^12) 

—  (sym.  w.r.t.  fl2<-+g,2)  ■ 

Using  (A3c)  and  (A3b)  we  obtain 
9 1 2  (^12(^12^12/12  +  (^12  ^12)  /12) 

+  &12/12  —  (^12  812)  ^12/12)* 
which  is  zero  for  Eq.  (3.17b). 

(6)  9,^  *  =  ±  9 12  • 

These  are  direct  consequences  of  the  definitions  (1.32) 
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APPENDIX  B 

In  this  appendix  we  prove  some  of  the  properties  of 
the  extended  Hilbert  transform  presented  in  Proposition 
3.2. 


(1)  f  Sn  —  ^l£l|  » 

Jh 

since 

dx2  Snrr~ 

1  f  dy[y- (x,  +  x2)  1  lG(y,xx-x2) 

JH 

Jr 

-'“J 

f  dy(y  -v  2x, ) _  'G(y.O) 

R 

-’"J 

f  dy{y  -  xx)~'G(2y,0)  =  Hxgu  , 

R 

g(x,,x2)  =G(x,  +x2,x,  x2 )  . 

(2)  Hna(Xj)  =  //,a(xy),  y  =  1,2  , 


since 
Hx2a(x ,) 

=  if-*  J  dy[y-  (.x,  +  x2) 

=  rr_l  J  ar>’0'-x,)-,a(.y)  =  //,a(x,)  . 

APPENDIX  C 

In  order  to  prove  that  Eq.  (3.55)  holds,  we  must  first 
derive  Eqs.  (3.57). 

(a)  Derivation  of  Eqs.  (3.57): 

I2'^I2  (-*1  +  -*2)  )/l2 

=  (?12  (-*1  +  Xz)  I  /12  —  HQu  (•*!  +  *2)  )  ^12/12 
+  (<?tS  -  i<lnHn)fn  (xt  +x2) 

~  (?I2  /|2  —  "7l2  ^12/12)  (Jt|+Jt2). 

Then,  using  Eqs.  ( A3a),  ( A3c),  and  ( A3b),  we  obtain 
J  (<^>l2>9l2  (-*i  +  -*2)  )/l2 

=  '<7<U(ft>2fi2>'(x,  +  x2)  -Hx j  /,2  (x,  +  *2)> 

=  (//|2(-«l  +  *2>~  ~  (*■  +*2)  ~tf.2  )/l2  • 

which  is  Eq.  (3.57a) 

Equation  (3.57b)  is  a  straightforward  generalization 
of  equation 

[//,*]/=  —  f  dx‘  f(x')  . 

TT  J  R 

In  order  to  prove  Eq.  (3.57d),  we  first  prove  that 
(//,j(x,  +  x2)~  -  (x,  +x2)~H[2  )(<5;2/l2)  =  c ,  ,  (Cla) 

c,  =  —  f  dx,  dx2  <5I2(  <?  +  d  ) 
j r  Jr' 

d',Jl2 

0 

=  -  f 

ir  Jr  V/, 0  /,, , ,. 

(Clb) 


(//l2(.x,  4-  x,)  "  -  f.r,  4  .t,)  //,,)<$] j/,, 

=  //,,  rfx,[  (.x,  4  -t,)<5,12/,2  -  <5;,/tlUj  4  x,)  ] 

Jh 

-  |  t/.x,[  (.x,  4  x,)//,2S'32y\2 

J  H 

-■  ( 77 1  ,<5'i ,/,  ,)(.x,  |  -x,)  J 
=  //,;((  -  I)  (v(£? '/,,).. 

+  (*t  +.t,)(<?  j 

-  $(<?'..  -  (x,  +x2)(d\Jx ) 

-  ( - 1  )■(*(//, 

4-  (X,  +. t, )  (//,2  <9  ‘/,  2  )«,„,.)  +i(//„^;,_ 

4  (x,  4  x, )(//,  ,  d[/l3)Xt  „  Xt  , 

where  we  have  used  Eq.  (3. 16e);  using  now  (3.1 6d )  we  ob¬ 
tain 

[H,2Ax,  +x2)J«  -  I) Vi/,*),..,,  - 

and  Eq.  (3.57b)  finally  leads  to  Eq.  (Cl ). 

Equation  (3.57d)  directly  follows  from  Eq.  (Cl)  when 
/12  =  AT  |2 .  since  Eq.  (3.57e)  holds. 

(b)  Derivation  ofEq.  (3.55): 

[«5l2/:!r,r;r"]rf 

=  X  (  ~  ^,),(/)[^>"2  +  x ^ \d 

—  X(  ~  2/),(/)(<1>72"  ^  1  ^l2  (Xl  +  *2)  ]d 

+  '^12  X  '^l2  ?I2  [J/|2,(X,  +X2)  ] 

r  =  I 

having  used  the  fact  that  rJ>,2  is  a  strong  symmetry  of^,2  7tl2, 
Eq.  (3.57a)  and  Eq.  (2.8)  of  Ref.  5.  Equation  (3.28)  and 
equation  [<5j2,(x,  +  x2)  ] ,  =  2 <5, ,,  Su  =  1  if  /  =  1  and  0  if 
/  /  1,  then  yield 

4inK \n2  *  m  "  " 


X[//I2,(x,  +  x2r](<5'2*'tf‘r  1  "’)  m  ”, 

for  Eq.  ( 3.57d)  . 
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A.  Recursion  Operator  for  the  Toda  Lattice 


The  equations  of  motion  for  the  Hamiltonian  System  of  the  Toda  lattice  with  Hamiltonian 


H 


+  e 


(1) 


are: 

— -  T-j  ■»-.  —  n +  i  _  rn**rn»i 

n,t  —  rn  i  Pn,t  —  e  c 

and  the  shift  operator  of  the  Lax  pair  acting  on  the  vector 


is  given  by  (Takhtadzhan  and  Fadeev  (1979)) 

=  V'n+1 


where 


In(A) 


Pn  +  A 
g-r„ 


After  introducing 


—  ^n+1 

(4)  yields  the  folbwing  second  order  difference  equation  for  vn: 

A  V„  =  e^+'-^Vn+i  +  (~Pn)Vn  +  t'n-1 


(•3.1 

(4) 

(5) 

(6) 

(7) 


Define  now 


an  =  ern+1"r” 


—  Pn 


then  (7)  is  written  as: 


1  "V  u— 1 


(S) 

(9) 


The  time  evolution  of  the  auxiliary  vector  0n  is  expressed  in  terms  ol  r„’s  as 

t^n,(  =  (  Ant’n  +  l  u e n ) f'/ n  (19) 

and  tlic  compatibility  of  (9),  (10)  gives: 

f^n.t  4"  A  U  rl  (  /l  T]  [  /In)  3>a/4n)  ■  UTl(un^]  13ji+  1  ~~  U  n  _  j  /A,  —  1  )  J  t  rt  +■  1 


•> 


+  [bn,t  +  A  (anBn  —  an_i  i?n-i )  +  bn(an- 1  Bn~\  —  o.nBn  )  A  an~  \  An~i  an.4n+i]t'n  0  (11) 


lienee  both  coefficients  of  vn  and  u„+i  should  vanish  i.e. 

a„,(  +  Aa„(  An+i  —  .4n)  —  an(bn+\  An+\  —  bnAn )  —  an(an+i  Bn+ 1  —  an-i  Bn_\ )  —  0  (Id) 


and 


bn,t  d~  \(anBn 


an.ifln.,)  4-  6n(an_|/?n_j  —  anBn )  +  an_i/4n_i  a„.4n+i  —  0 


(13) 


One  may  postulate 


•dn  =  £  A^X1  ,Bn  =  'tDlj)  AJ 

J  =  0  3=0 


(11) 


So  after  substitution  of  (15)  into  (12),  (13)  and  equating  coefficients  of  A-\  one  obtains  the  following 
equations: 

an(A\*\  -  V>)  =  0  ,anZ?l'V)  -  }  =  0  (15) 


an ,(  =  fln(ftn+l  ''ln+l  ~  ^nA^)  +  an(^n+\  ~  «n-l  Bnl 


j<0) 


(Hi) 


bn.t  =  bn(aJ3{no)  -  a„_i  B{;\)  +  anAln°U  ~  a»-i-4« 


i(°> 


(11 


«n(-4(n;+.1')  -  /l<n;“1))  =  «n(/'n+l-4(n+l  ~  ^n-^)  +  “4fln+l  &n+l  ~  0-n-\B,‘ 


|(J) 


(IS) 


anB(n]  n  -  =  bn(anB{nj]  -  a„_iZ?iJJ,)  +  ctn-dn+i  -  an-iA[^i 


ltd 


(19) 


for  j  =  1 , .  . .  ,  n. 

l.’pon  introducing  the  operators  A,  AT  (cf.  Soliam  et  a).,  (]f)tV3)) 


A»n  =  "r.+  l  _  Hn 


A  +  Un  =  Un- 1  -  un 


(20) 


one  may  write  (IT),  (IS)  in  matrix  form 


a„,t 

an(A  -  A+)a„ 
— />nA+a„ 


anAbn 
a„A  -  A+a 


3 


n  (*£ 


and  (IS),  (19)  expressed  as: 


where 


0  an  A 
-i\+an  0 


Note  that  this  operator  was  present  hv  Soliani  et  ah,  (19S3).  The  recursion  relation  takes  the  form 


<0-0 

-In 


From  (25)  one  obtains  recursively: 


_  \t/N  \BlN) 

.  (n\  —  Hr  (  \r\ 


and  since  a  solution  of  ( 15)  is 


,*(">  =  c  ,  nr  =  o 


/here  c  is  an  arbitrary  constant,  the  hierarchy  of  the  Toda  lattice  is  given  by: 


r(H  =  qW°' 

L  ^n,f  ,  *  ^  ■ 


The  fust  system  of  equation?  (Ar  =  0  ,  c  =  —  1) 

(Lri't 

hn,t  n 


&  n  (  ^n  ^n  +  1  ) 

«n_i  —  an 


is  equivalent,  to  (2),  using  (S).  The  second  system  (N  =  1)  is: 

®"-‘  =nQ-'nf0 

_  "n,t  m  •  ^  * 


•1 


and,  after  noting  that 


where 


0  an-'(A  +  )-‘ 

0 


+  0© 

(A_1u)n  =  -  £  Uj 
}-n 


(29)  becomes: 


r  1 

Un,t 

£u(^u+t  l)  ^n(^n+ 1  ^n) 

.  Vt  J 

1  d  n)  *^n(^n  + 1  ^n)  1  ^n^nm 

(3U) 


(31) 


(32) 


B.  Landau-Lifshitz  Equation 

The  Landau-Lifshitz  equation  (LL)  is  given  by 


S,  =  S  x  Srr  +  S  x  JS 

where  J  is  the  diagonal  matrix 

J  =  diag 

and  S  is  the  classical  unit  spin  S  =  (51,52,5a),  i.e., 

S  •  S  =  1. 


(1) 


(2) 


(3) 


It  is  well  known  that  ( 1 )  is  completely  integrable  and  Sklyanin  (1979)  and  others  presented  its 
Lax-pair.  Since  the  LL  equation  is  the  continuum  limit  of  the  equation  of  motion  of  the  quantum 
non-isotropic  Heisenberg  Hamiltonian  (the  so-called  XYZ),  it  is  not  surprising  that  the  Lax  pair 
is  expressed  in  terms  of  Jacobi  elliptic  functions.  The  algebraic  structure  of  ( 1 )  was  studied  in 
detail  by  Date,  Jiinbo,  Kashiwara  and  Miwa  (19S3)  who  derived  its  quasi-periodic  solutions  as  well. 
Furthermore,  Fuchssteiner  ( 1 9S4 )  studied  its  master-symmetries. 

Consider  the  equation  for  the  auxilliary  vector  D  given  by 


t’r  = 


t/>  =  —  i  A  v 


(•)) 


while  L  may  be  viewed  as  the  shift  operator  associated  with  the  Lax  pair.  1  he  operators  a }  are  the 
Pauli  spin  operators  given  by 


(5) 


o 


and  the  Jacobi  elliptic  functions  IV}  are  given  by  Sklyanin  as: 


Wl  =p 


W2  =  p 


sn(u,  k) 

dn(u, k) 
sn(u,  k) 


W*  = 


3  —  P 


cn(u,  k) 
sn(u,  k) 


with  the  modulus  k  given  by 


Ji-Jx)  1/2 


k  _  f± mb. 

\Jz-Jx 


0  <  k  <  1 


and  the  arbitrary  normalization  parameter  p  as  well  as  the  parameters  a,/3  are  defined  by 

W?-\V2  =  \(J3-Ji)  =  C' 

4 


Wl  -  ii732  =  -Ah  -  h)  =  A 

4 

Formally,  one  may  express  the  time  evolution  of  the  auxiliary  vector  0  as 

=  -iV\i> 


and  the  structure  of  the  operator  L  suggests  that  V  has  similar  form,  i.e.  one  may  postulate 


with  th'e  compatibility  condition 


Lt  -  v;  -  i[L,  V]  =  (J 


t  hat  takes  the  fon 


E  SJ.t 1  vi<*i  ~  E  vi.* 1 "  1  E  si  1 1  ■  E  '  j 1  =  0 


Equating  coefficients  of  a }  for  j  =  1,2,3,  one  obtains 

„  W2W*tr.„ 


Sl,=  --^(S,V2-S2V3)  +  Vi, 


6 


as  well  as  other  cyclic  permutations. 

It  is  convenient  to  introduce  the  parametrization 


with  the  immediate  identity 


As-IWj,  pisw* 


+  <*)(/<  +  0) 


where  a,  0  have  been  defined  by  (Sa),  (Sb).  Thus,  (13)  and  its  cyclic  permutations  take  the  form 


Su  =  ^-^\s3V2  -  S2V3)  +  Vi'X 


(10a) 


S2.t  =  3  -  S3  Vi)  +  v2iJ 

A 


S3,«  =  — -(^V,  -  SM)  +  vXx 

A 


One  may  formally  represent  the  operators  14  by  the  finite  expansions 

A  7=0  J=0 


T,  (M  +  a)f‘  n-jjj )  ,  V'  ..n-ji.U) 

V2  =  - - - ]a2  +2-/‘  b2 


(h  +  0)(n  +  a) 


7=0  J=0 


In  other  words,  determination  of  the  operators  a[]\  />{m)  is  equivalent  to  a  determination  of  V. 
Upon  substitution  of  ( 17)  in  ( 16a)  one  obtains 

A  7=0  7=0 


/i(/<  +  /?)  ^  /(/<  +  a)(ft  +  0) 

- —  5l  - A 


s,  f  —  +  Q ,  ■ — E  Jq13j»  +  E*"-^” 


-s3( 


A  7=0  7=0 


(IS) 


namely 


5,,  =  2^  X>~V,2  -  5,4'’  +  534'’)  + 1  r’W 


j= o 


j  =  0 


-4(/i  4-  0)S2  £  /<n-J4J)  +  4/i53  £  /in- 


(1!)) 


7=0 


7  =  0 


or 


5,.,  =  +  53^>)  +  £ -  4^' 


0)i 


7  =  0 


7  =  0 


-4  E  (‘’•’[5,2“3>+" 

J=-l 


(20) 


Similarly,  the  other  two  equations  are  given  by 


$2.t  ~ 


(/<  4-  ^)/< 
A 


E;*n"'(4';--?3tiJ,  +  5i‘“)  +  E 


n-j 


(^2,1  +  4o'53uj';)) 


7  =  0 


7  =  0 


n  —  1 


-4  E  ^n'}(S3a[J+i)  -  5,4j+1)) 


(206) 


j=-i 


Ss,  =  +  _  5,(,w  +  s, (,</>) 

A  7=0 


n—  1 


+  £/<n‘J(^i  -  4a5,a‘»  +  4/?52«(Ii))  -  4  E  ~  ^VE”) 


(20c) 


7=0 


;=-i 


Equating  coefficients  of  fi}  and  A_1/iJ  independently  one  obtains 

S  x  a(0)  =  0 


Sxbw  =  a^  ;  J  =  0,1,..., 


n 


(21) 


S  x  a<'+1>  =  -  MS)  x  a<»  ;  j  =  0,  1 . n  - 

4 


(23) 


S,  =  b^n)  -  4(v4S )  x  a(n) 


where  A  is  diagonal  matrix  given  by 


( 


First,  one  solves  (22)  for 


A  =  diag  (a,  0,  0) 
b(j*  =  — S  x  ax;)  +  g3 S 


(24) 


(25) 


(20) 


where  (j3  is  a  scalar  function  of  x  to  be  determined  by  requiring  the  solvability  condition  for  (23): 


{b^  -  (44S)  x  a(;)}  •  S  =  0 

(27) 

This  condition  gives: 

</>.*  =  {Sr  x  a  O'1  +  (4dS)  x  a(j) }  •  S 

(2S) 

i.c. 

9]  =  d~l  ({sx  x  aW  +  (4AS)  x  a('>}  ■  s) 

(29) 

where  <9-1  indicates  antiderivative  with  respect  to  x. 

Then 

b^>  =  -S  x  a^j  +  [(4.dS)  x  a(;)  •  s]  S 

+  [d~l  ({Sr  x  a'/  +  (4.4S)  x  a(j)}  •  s)]  Sx 

(30) 

Now  (23)  yields: 

a(;+1)  =  -\s  x  {b<-»  -  (MS)  x  a(j)}  +  fJ+l  S 

(31) 

where  the  scalar  /J+1 

is  to  be  determined  by  the  requirement 

a^+1)  •  S  =  0  , 

(32) 

for  (22)  to  be  solvable  for  b*-d.  Using  (31),  (32)  yields 

/j+i,r  =  l-Sx  x  {b^  -  (  MS)  x  a(j)}  •  S  (33) 


9 


i.e. 


/,+ .  =  \d~l  (Sx  x  {bW  -  (4,4S)  x  a'"}  •  S) 

(34) 

so, 

aO-H)  _  _Is  X  {b^  -  (4.4S)  x  a(;)} 

+  j  [<9_1  (Sx  x  {b<2>  -  (4/1S)  x  a«}  •  s)J  S 

(35) 

Finally,  introducing  the  operators:  . 

Q_1a  =  S  x  a  +  [<9'‘(SX  x  a  •  S)]  S 

(36) 

and 

Qa  =  -  {  — S  x  arr  —  (4/4S)  x  a  4-  ((4/4S)  x  a  •  S]  S 

4 

+  [<9_1  ({Sr  x  ax  +  (4/1S)  x  a}  •  S)]  Sx| 

(37) 

we  can  write  (35)  and  (24)  as: 

a(;+1)  =  0-’na(j)  =  tfa0* 

(3S) 

and 

Se  =  4na{n) 

(39) 

Next,  one  has  to  deal  with  the  “starting  points’’  of  the  recursion,  a(0),  b10b  It  i: 
by  an  explicit  derivation  of  the  hierarchy  (39)  for  n  =  1: 

From  (21),  solving  for  a*0),  one  obtains: 

s  best  illustrated 

a(0)  =  F0  S 

(40) 

It  turns  out  that  Fc  is  a  constant  in  order  to  be  able  to  solve  (22)  for  b(ub 

b(0)  =  ~F0 S  x  Sx  +  G0S 

(41) 

where  Ga  is  a  new  constant  in  order  that  (23)  be  solvable  for  a^b 

a(1)  =  /»S  +  l-  {<?o(S  x  Sx)  +  Fa  [Sxx  -  (S  •  SXX)S]} 


10 


+Fa{{ S  •  ,4S)S  -  AS) 

Since  a^.1’  has  to  be  normal  to  S, 

(42) 

/1.r-F0|i(SI-Srr)-Sr-.4S)}  =0 

(43) 

Since  S  is  a  unit  vector,  i.e.  S  •  S  =  1,  one  has: 

S-S„  =  -Sr-Sr 

(44) 

and 

S  ■  Srrr  =  |(S  •  S„)x 

(45) 

so  (43)  yields: 

/.  =F,  +  \f0[(S„-4AS)-S] 

(4G) 

where  F\  is  a  constant.  Hence 

a<l)  =  {Fi  +  l$F°  Ks«  -  :MS)  ■  si} s  +  ^0s  x  s* 

+  \fo(Siz  -  (S  •  S„)S)  +  F0  [(S  •  ,4S)S  -  AS]  (47) 

4 

and 

a<1>  =  {F1  +  iF0[(SXI-4/lS)-S]}sr 

+  Y  {(S„  -  4AS)  •  Sr  +  (Srrx  -  4ASZ)  ■  S }  S 

+  |c;oS  X  S„  +  \F0  (S„r  -  (Sr  ■  Srr)S  -  (S  •  Srrr)S  -  (S  ■  SXr)Sr} 

4  4 

+  F0  { 2 ( S r  ■  ,1S)S  +  (S  •  .4 S ) S r  -  ASri  (4S) 

b(I)  =  viS  -  S  x  a*.1’  (4'J) 

1  I 


Then,  solving  (22)  for  b*1*,  one  gets 


where  cj\  has  to  satisfy  the  equation  (cf.  (2S)) 


V 


0\ ,r  =  -G0  [Sr  •  S, 


+  4/4S  •  Sr]  —  -F0  [Sr  x  (4/lSr)  •  S 


+Srx  x  (4/tS)  •  S  -  Sr  x  Srrr-  S] 


(50) 


i 


9i,z  ~  [Sx  •  s,  +  4/1S  •  S]r 

+  7/ro[S,  x  (S«  -  4/lS)  ■  S]x  (51) 

and  because  of  (45): 

0 .=<?,-  \go  [(S„  -  4 /IS)  •  S]  +  -Fa  [Sr  x  (S„  -  4 /IS)  ■  S]  (52) 

u  4 

One  may  set  n  —  1  in  equation  (24).  The  resulting  evolution  equation  contains  the  arbitrary 
constants  G t,  Fi,  Got  F0.  13  y  letting  all  but  one  vanish,  one  obtains  the  hierarchy  of  evolution 
equations  as: 

(i)  S,  =  Sr  (53) 


which  is  ti.e  same  as 


because  of  (Sa,b)  and  (25). 


(ii)  S,  =  S  x  Sri  +  (4.4S)  x  S 


S|  =  S  x  Srr  +  S  x  JS 


(iii)  S,  =  Sx„  +  -  [(S,  •  Sx)  -  JS  •  S  +  J3]  Sx  +  3(S,  •  Sxr)S 


This  equation  was  obtained  by  Date,  Jimbo,  Kashiwara  and  Miwa  (1!JS3) 

(iv)  S,  =  S  x  Srrxx  +  Sr  x  Sxxx  -  7  [3S  ■  S„  +  S  •  JS]  S  x  S 


+  [3(SX  •  S„)  -  Sx  •  JS]  S  x  Sr  -  [Sf  x  (Sxx  +  JS)  •  S]  Sx 


(54) 


(55) 
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1  Introduction 

Tho  LL  equation  describes  nonlinear  spin  waves  in  an  anisotropic  ferroniagnet.  It  is  given  bv 


S(  =  S  A  Srr  +  S  A  J S 


(1.1a) 


where 


J  =  diag(JuJi,Jz),  S  =  (Si,  S2,  S3),  |S|2  =  S  •  S  =  1.  (1.16) 


In  the  above  the  diagonal  matrix  J  is  a  measure  of  the  anisotropy,  Jx  <  J2  <  J3,  S  is  an 
x-  and  t-dependent  vector  of  unit  norm  in  R3,  and  •,  A  denote  the  usual  scalar  and  vector 
products. 

The  partially  anisotropic  1IM  and  the  I1M  equations  correspond  to  Jx  =  J2  <  J3,  and 
J\  =  J2  =  respectively.  It  was  pointed  out  in  [1]  that  the  LL  is  the  most  general  magnet 
model  admitting  an  r-inatrix  formulation.  Furthermore,  both  the  SG  and  NLS  equations  are 
limiting  cases  of  the  LL  equation.  The  analysis  of  the  LL  is  technically  more  complicated  than 
that  of  IIM,  SG  and  NLS.  This  is  because  the  isospectral  linear  eigenvalue  problem  associated 
with  LL  involves  elliptic  functions  [2]: 


Ux(x,t,  A)  =  -i  (s3_t5j(i.  t)U/j(A)<7j)  U[x,  t,  A)  =  -iLU, 


where  t lie  Pauli  spin  matrices  are  given  by 


and 


f  0 

•) 

(  0  -i\ 

( 

0\  #= 

(. 

«) 

,  0-2  = 

V  *'  0/ 

.  aj,  = 

V 

H'i(A)* 


1 

Psn(\,k)' 


IF2(A)  =  p 


cln(X,k) 
sn(  A, k)' 


W) 


cn( A,  k) 
P  sn(X,k)' 


with 


k 


J?  -  J 1  A 
d3  ~  J\  ) 


1/2 


0  <  k  <  1,  p 


vJ$  —  j\- 


(1.2a) 


(1.26) 


(1.3«) 


(1.36) 


In  the  isospectral  problems  associated  with  the  IIM,  SG  and  NLS  equations  the  spectral 
parameter  A  ranges  over  the  complex  plane  C,  however  the  natural  range  of  A  in  ( 1.3)  is  an 
elliptic  curve:  The  torus  E  =  C/P  where  T  is  the  lattice  generated  by  4/\'  and  Ail\'.  where  1\ 
and  A"'  are  the  complete  elliptic  integrals  of  moduli  k  and  k'  =  v 1  -  k2. 

The  Lax  pair  of  the  LL  was  found  by  Sktyanin  [2]  (see  also  [3]),  who  also  obtained  the 
action-angles  variables  (for  rapidly  approaching  a  fixed  unit  vector  boundary  conditions)  by- 
introducing  the  notion  of  the  classical  r-matrix.  The  initial  value  problem  for  similar  data  was 
studied  by  Mikhailov  [4]  (see  also  [5])  using  a  Riomann-Hilbert  problem  on  an  elliptic  curve.  A 
general  description  of  finite-gap  solutions  was  given  in  [(j)  and  explicit  formulae  were  obtained 
in  [7]  and  [8]  in  terms  of  Prym  theta  functions. 


Algebraic  properties  of  the  LL  were  studied  in  [7]  where  also  the  next  member  of  its  hi¬ 
erarchy  was  explicitly  given.  Fuchssteiner  [9]  presented  hierarchies  of  time-independent  sym¬ 
metries,  time-dependent  symmetries  and  conserved  quantities  using  the  notion  of  a  master- 
symmetry  introduced  in  [10].  However,  the  recursion  operator  could  not  be  found  and  hence 
its  bi-llamiltonian  formulation  could  not  be  established.  This  is  a  serious  disadvantage  since 
the  bi-Hamiltonian  property  appears  to  bo  a  fundamental  property  underlying  iutegralulity 
[11-1.3],  Indeed,  the  bi-llamiltonian  formulation  of  NLS  and  SG  are  well  established.  Also  the 
recursion  operator  and  the  hierarchy  of  Hamiltonian  operators  associated  with  the  KM  have 
been  found  in  [Hi]  using  the  gauge  equivalence  of  the  II M  to  the  NLS  ([17],  [IS]). 

There  exist  various  approaches  in  the  literature  for  constructing  recursion  oeprators  [19]. 
We  favor  the  one  which  uses  the  associated  isospectral  problem.  Indeed,  this  approach  has  also 
been  successful  for  obtaining  recursion  operators  in  lattices  [20]  and  in  multidimensions  [21]. 
Also,  it  has  the  advantage  to  yield  hereditary  recursion  operators  [22].  In  §2  we  illustrate  our 
method  bv  deriving  the  recursion  operator  of  the  HM  equation;  this  operator  coincides  with 
the  one  given  in  [1G].  In  §3  we  derive  the  recursion  operator  of  the  LL  equation  and  establish 
its  bi-llamiltonian  factorization  [23]. 

The  method  of  deriving  the  recursion  operator  from  an  isospectral  problem  makes  crucial 
use  of  a  certain  expansion  in  powers  of  the  spectral  parameter  A.  The  main  difficulty  we 
encountered  in  applying  this  method  to  LL  stemmed  from  the  fact  that  A  moves  on  an  elliptic 
curve.  This  problem  was  bypassed  by  using  the  parametrization 

„  =  ilt'ilK2!K3,  p  =  IL3,  (1-1) 

i/2  =  +  «)(,*  +  /?);  a=-i(y,-73),  ,i  ==  -i(./2  -  ,/3).  t  1-5) 

-1  4  4 

This  paper  is  organized  as  follows.  In  §1.1  we  review  the  basic  notions  of  symmetries, 
gradients  of  conserved  quantities,  recursion  operators  and  Hamiltonian  operators.  In  §1.2  we 
establish  the  connection  between  these  results  and  thos  of  Fuchssteiner  [9]  by  showing  how  the 
recursion  operator  derived  in  this  paper  algorithmically  implies  tire  maslorsymmeiry  found 
in  [9].  In  §2,  §3  we  derive  the  factorizable  recursion  operators  of  the  HM  and  LL  equations 
respectively. 


1.1  Basic  Notions 

We  consider  the  evolution  equation  (1.1)  in  the  abstract  form 

S(  =  A’(S)  ( 1.0) 

Let  /.  denote  the  vector  space  of  C f>0  —  maps  from  R  into  R3  and  let  TE  denote  the  space  of 
suitable  Cx  vectorficlds  on  E.  The  manifold  on  which  the  flow  (l.G)  lakes  place  is  denoted 
by  M  and  the  space  of  its  smooth  vector  fields  by  T.M.  Clearly  ,  M  is  a  subspace  of  E  such 
that  S (E  satisfies  S  •  S  =  1.  Similarly  T.M  is  a  subspace  of  TE  such  that  I ' ( S )*  7"s ZT  satisfies 
l'(S)  •  S  =  0,  i.e.  KfSfz))  belongs  to  the  tangent  plane  of  the  unit  sphere  at  S(x). 

In  T.M  we  define  the  usual  Lie-bracket  by 

[A',6’],.=  /v'[<7]  -  GT'[/v ]. 

3 


(  1  -7(i ) 


where  A"'[G]  denotes  the  Frecliet  derivative  of  K  in  the  direction  G,  i.e. 

A  '[G\  ==  A  (5  -f-  cG )|<=0.  (1.76) 

Let  T" M  be  the  dual  of  TM  with  respect  to  the  bilinear  form 

h,<j)==  J  dxy  •  a:  -^cTmMy  acTM.  ( 1 . S > 

Let  I  :  M  —  R  be  a  functional;  then  its  gradient,  V /,  is  defined  by 


/'[t>]=  (V/,r),  vcTM.  (1.9) 

% 

It  is  well  known  that  a  function  f  is  a  gradient  iff  /'  =  (/')  +  ,  where  the  adjoint  L+  of  an 
operator  L  is  defined  by  (L  +  -/,a)  -  (7,  La).  In  order  to  make  the  gradient  unique  wo  consider 
its  projection  onto  the  tangent  plane  of  the  unit  sphere  in  R3  at  the  point  S(j-);  i.e.  7  »S  =  0. 
The  conserved  quantities  of  the  LL  equation  take  the  form 

I  =  J  dx(T(S)  -  r(e)),  e  =  (0,0,  1 )+,  (1.10) 


where  we  have  assumed  that  S  —  e  as  1  —  ±oc.  As  an  example  consider 


then 


!  hus 


Ho  =  J  dx( r0(S)~  r0(e)),  rD  =  l-(s.js  -  sr.sj, 

H'olv\  -  j  <lx(v  •  JS sx)  =  J  dxv  •  ( JS  4-  Srr). 


(l.lln) 


V//0  =  r(Srr  +  ./S),  'a  =  -S  A  ( S  A  a)  =  a  - 


S  )S. 


1.116) 


(i)  The  hierarchy  of  the  LL  equation  consists  of  all  (lows  which  commute  with  (1.1);  i.e.  it 
consists  of  all  time-independent  symmetries  a.  \Yc  recall  that  a  is  a  symmetrv  of  (1.1) 
iff 


Ol 


+  A  j  L  = 


(ii)  An  equation  (1.0)  is  a  Hamiltonian  system  iff  it  can  be  written  in  the  form 


Sj  =  0Y //,  (  1 .  Tin  ) 

where  0  is  a  Hamiltonian  operator,  i.e.  0  is  skew-symmetric  with  respect  to  (1.8)  and 
it  satisfies,  also,  the  Jacobi  identity; 


( V/| .  (-/[Y’/^JV/-})  +  cyclic  permutations  =0.  V/p/'*.!/,  1=  (l.l.'j/t) 


•1 


and  II  is  a  functional.  The  Hamiltonian  operator  0  induces  the  following  Poisson  bracket, 


(At  h}  ?  (^  A,  0V/2).  (1.14) 

(iii)  A  functional  I  is  a  conserved  quantity  of  (1.6)  iff  /'[A  ]  =  0-  01'  (cf.  113a). 

l'[I< }  =  ( V/,  0V II )  =  {/,//}  =  0. 

It  turns  out  that  it  is  more  convenient  to  work  with  gradients  of  conserved  quantities;  these 
conserved  gradients  satisfy 

!j  +  7'[A-]+(A")  +  [7]=  0,  7  =W.  (1.16) 

For  Hamiltonian  systems  there  is  an  isomorphism  between  the  [he  commutator  (1.7a)  and 
the  Poisson  bracket  (1.14),  [  1 0]-[  12]: 

[0VA,Or/2]L  =  0V({/,,/2}).  (1.16) 

This  isomorphism  implies  that,  for  a  Hamiltonian  system,  symmetries  and  gradients  of  con¬ 
served  quantities  are  related  by 


rr  =  0V/,  acTM,  VIiTWI. 


(1.17) 


It  is  well  known  that  the  LL  equation  is  a  Hamiltonian  system.  Indeed,  it  can  be  written 
in  the  form: 


S(  =  S  A  V II 0, 


(1.13) 


where  V//0  is  defined  by  (1.11)  and  0  =  SA  is  a  Hamiltonian  operator  (  0  is  obviously  skew- 
symmetric  and  it  is  a  straightforward  exercise  to  show  that  it  satisfies  the  Jacobi  identity). 

Fundamental  role  in  the  characterization  of  the  algebraic  properties  of  integrable  evolution 
equations  is  played  by  hereditary  (Nijcnhuis)  recursion  operators. 

If  <I>  is  a  hereditary  (Nijcnhuis)  operator  then 

(*nA\*mA']i*0,  ((<I>  +  )nV/f,  0(<i>+)mV//)  =  0,  (1.19) 

and  <t>’‘0  are  Hamiltonian  operators  compatible  with  0  for  all  ii.tmN.  (Two  Hamiltonian 
operators  are  compatible  if  their  sum  is  a  Hamiltonian  operator). 

In  55‘2.3  we  derive  hereditary  recursion  operators  for  II M  and  LL  equal  ions.  Then  <1* "  A  .  ( >l>+  )n  V II 0 
<I,,l(S  A  •)  define  hierarchies  of  commuting  symmetries,  conserved  gradients  in  involution  and 
Hamiltonian  operators  respectively. 


1.2  Mastersymmetries 

The  general  theory  associated  with  mastersymmetries  of  evolution  equations  in  one  spatial 
and  one  temporal  dimension  is  well  established  [21],  [24],  [26].  Here  we  only  note  that  given  a 
time-dependent  symmetry  a  of  the  form 


■) 


a  =  oq  +  tax, 

and  a  recursion  operator  ‘l>,  then 

(1.20a) 

r  =  $<T0 

is  a  mastersymmetry.  Alternatively,  if 

(1.20/;) 

7  =  7o  +  hi 

is  a  time-dependent  conserved  gradient,  and  =  4>  +  ,  then 

(1.21a) 

T  =  0*70 

is  a  mastersymmetry. 

It  turns  out  that 

(1.216) 

T  =  s  A  V ll(xS), 

(1.22a) 

where  'h n  is  the  adjoint  of  the  recursion  operator  of  the  LL  (see  equation  (3.1)  ),  is  a  mas- 
tersyinmetrv  of  the  I,L  equation.  This  coincides  with  the  one  given  !>v  Fuchssteincr  [()]. 


2  The  Heisenberg  Model  (HM) 

The  IlM  equation  is  given  by 


S,  =  S  A  Srr,  S  •  S  =  1. 

Its  associated  isospoctral  eigenvalue  problem  is  given  by 

ux  = 

where  A  is  the  spectral  parameter  and  the  Pauli  matrices  a3  are  defined  in  ( 1.2b) 

Proposition  2.1 

(a)  The  isospectral  eigenvalue  problem  (2.2)  yields  the  recursion  operator  ‘h/f.vf  defined  by 

<h//.u  =  -7  [s  A  /9  -  {D~'(S  A  Sr  •  -)}Sr]  .  C-.3) 

(b)  'fhe  adjoint  of  <!>//</  with  respect  to  the  bilinear  form  (  l.S  ). 

=  -j(SA  1)~  { D~l(S  •  D  )}S  A  Sr)  (2,1) 

satisfies 


(2.1) 

(2.2) 


s  A  ('l ' UM-)  =  ‘h/z.i/fS  A  •). 


(c)  The  isospectral  problem  (2.2)  is  associated  with  the  hierarchy  of  integrable  evolution 
equations 


S(  =  S  A  'J' ?/7\/ ( S  A  Sx)  =  4» 7/"/v / ( —  S ,  n  =  1,2, 3 .  (2.<i) 

The  HM  expiation  corresponds  to  n  =  2. 

(d)  The  hierarchy  S  A  n  =  0,1,2,...  is  a  hierarchy  of  Hamiltonian  operators.  In 

particular  the  second  Hamiltonian  operator  of  the  IIM  is  given  by  Slum  =  S  A  >f '/M/,  thus  the 
HM  is  a  bi-Hamiltonian  system  with  compatible  Hamiltonian  operators  SA  and  S 2 / / a / 

Proof.  Given  (2.2)  we  look  for  compatible  flows  in  the  form 

Ut  =  -tSLilW'-  (2.7) 

The  compatibility  condition  Utz  =  UIt  of  equations  (2.2),  (2.7)  implies 

Sf  =  AVr  —  2SAV,  V  =  (K,,V'2,r3).  (2.8) 


We  seek  solutions  V  in  the  form 


v  =  E^=IV(i)A-*.  ( 2.1) ) 


Then  (2.S)  yields 


CO 

11 

< 

(2.10) 

yO+D  =  2SA  V(-’),  j=l,.. 

• ,  n  -  1 , 

(2.11) 

s  A  V(n)  =  0. 

(2.12) 

Since  vi''1  •  S  =  0.  we  define  as  follows: 

v<-')  =  -S  A 

(2. Id) 

with 

y(-')  •  S  =  0. 

i  "2.1  1  i 

Then  equations  ( 2. 1 0 )-(2. 12 )  tire  transformed  into 

S  A  S<  =  -v(1), 

(2.15) 

V(;+D  _  -2[S  A  (S  A  (£>-‘{SA  v^}))]. 


S  A  /;-*( S  A  v(n))  =0. 


(2.1(1) 


Wc  solve  equation  (2.16)  for  vf-d  as  follows: 

Equation  (2.16)  is  equivalent  to 

v0+i)  _  2fl-‘{SAvW)  -2(S.r'{SAvw))S. 

Hence 


viJ+,)  =  2S  A  -  2(S  ■  Zr‘(S  A  v(^)Sr  -  2(S  .  D~'{ S  A  v(j)}),S. 
From  equation  (2. IS),  taking  Sa  and  S»  of  both  sides  we  obtain 

SAv^'l  =  -2vw  -  2(S  . /T'{S  A  v(j)})SASr. 

'  aiul 

s«v^+1>  =  -2(s.jr'(SAvw))  . 


(2.18) 


(2.19) 


2S  •  ZT‘{S  A  v<J>}  =  -D~\ S  •  v<;  +  l>). 
Substituting  in  (2.19),  we  got 

v<J>  =  -i  (s  A  v[J  +  1)  -  {D~l(S»  v^+1))}S  A  S,)  . 


(2.20) 


(2.21) 


i.o.  (cf.  (2.4)) 


v(^)  _  tyvO+i) 


So. 


v(l)  _  v(’‘l' 


and  solving  (2.15)  and  (2.17)  wo  get 

S,  =  S  A  ^"-‘(S  A  Sr).  (2.22) 

In  the  Appendix,  we  show  that  SA  and  Q//.\r  are  compatible  Hamiltonian  operators  thus, 
establishing  the  bi-Hamiltonian  structure  of  the  li.M. 

Remarks  2.1. 

(i)  Equation  ( 1.15)  is  derived  by  differentiating  (7,  A')  =  0  in  the  arbitrary  direction  v,  where 
v  •  S  =  0.  Thus,  one  can  extend  the  definition  of  a  conserved  gradient  by  allowing 
functions  7  which  are  not  of  the  form  *7,  provided  that 

SA(^+7'[A-]  +  (A-')  +  (7])  =  0,  ( 2.2:1) 


S 


(2.2-1) 


([V  -  (7,)  +  ]a>  b)  =  0,  a,  b  orthogonal  to  S. 

Indeed  the  starting  7  of  the  IIM  hierarchy  satisfies, 

7  =  S  A  SXl  7,(A’l  +  ( A")+[7]  =  —  j(Sx  •  SX)XS,  (2.25) 

([V-  (7')+]a,b)  =  (Sx  A  a,  b)  =  0.  (2.26) 

(ii)  'i ii.u( S  A  Sr)  =  ~SXX  =  V 7/0,  where 

ii0  =  r  dx( r0(S)  -  r0(c)>.  r0  =  -]-sx •  sx  .  (2.27) 

J  —  X) 

(iii)  7(I^  =  zS  A  Sx  —  2tSzx  is  a  conserved  gradient  of  the  IIM.  Hence 

t  =  Q'lf a ,\i(xS  A  Sx)  =  zS  A  V//0  +  S  A  Sx  ’  (2.28) 

is  a  mastersymmetry  of  IIM.  This  coincides  with  equation  (12)  of  [9]  if  J  =  0. 

(iv)  It  is  shown  in  the  Appendix  that  the  operator  fl//,u  =  S  A  ’I' //a/  satisfies  the  Jacobi 

identity.  is  equivalent  to  Cl  =  \(D  +  D{SD~'(SX  •  •)}),  since  S  •  a  =  0.  However, 

in  order  to  prove  the  Jacobi  identity  for  Q  we  have  to  take  into  account  that  9.  a  • 
b  =  91 b  •  c  =  He  •  a  =  0  which  are  Frechet-derivativc  consequences  of  the  equations 
S«a  =  S«b  =  S*c  =  0. 

3  The  Landau-Lifshitz  (LL)  Equation. 

Proposition  3.1. 

(a)  The  isospectral  eigenvalue  problem  (1.2),  yields  the  recursion  operator  ^ a  defined  by: 

*LL  =  *//.«- J-  ((4AS)  A  (S  A  •)  -  (/r‘{S  .  -1.4S  A  (S  A  -)})SX  -  (Zr*{S  •  (S  A  •  ),})< -US 

(3.1a) 

(b)  The  adjoint  of  with  respect  to  the  bilinear  form  (1.8)  is 


< 'LL  =  +  ~S  A  ((  1.-IS )  A  •  -(/;_1{ S  .  1. IS  A  )SX  -  (  /J-‘(S  •  /)  }  )  I,1S  A  s) . 


fd.i  b) 


and  satisfies 


S  A  ('I'll-)  =  $ ll( S  a  •)  =  91 LL. 


(3.1c) 


(c)  The  associated  hierarchy  of  intcgrable  evolution  equations  is  given  by 


S£  =  S  A 'f'2Z'(nS  A  S*)>  n  =  1,2,3,...,  o  =  constant  (3.2a) 


St  =  SA#2Z1(0).  n  =  1,2,3,...  .  (3.26) 

The  LL-equation  corresponds  to  (3.2b),  n=‘2.  Note  that  in  (3.2b)  Z2_1(0)  is  understood 
as  a  constant. 

(d)  The  hierarchy  S  A  n  —  0,1,2,...  is  a  hierarchy  of  Hamiltonian  operators.  In 

particular  the  second  Hamiltonian  operator  of  the  LL  equation  is  given  by  li/./,  =  SAW/./,, 
thus  the  LL  is  a  bi-llamiltonian  system  with  compatible  Hamiltonian  oj)orators  Sa  and 
&LL- 

Proof  .  Given  (1.2),  we  seek  compatible  flows  in  the  form 


/,  =  -*{£?„  IF, 


The  compatibility  condition  UtI  =  Uzt  of  equations  (1.2),  (3.3)  implies 


.«!!>>  -  -  i  S?aIS, =  o 


liquating  coefficients  of  <r;,  for  j  =  1.2,3,  one  obtains 

Si..  =  '2-~^L(S3V2~S2V3)  +  Vi.r. 


and  cyclic  permutations. 

In  terms  of  the  parameters  fi.u  (cf.  ( 1.1),  (1.5)),  we  get 


N|,t  =  — — ——(S3I2  -  2s 2 3 )  +  ^  l.x- 

u 


(3.fi«) 


S2 «  =  Q>-(5,  V'3  -  S3VX)  +  la.,. 


(3.M) 


S3.,  =  -  SXV2)  +  v3,x. 

V 


(3. be) 


U’e  seek  solutions  j  =  1.2.3.  in  the  form 


,  un~Ja  J  +  v  11  Jb  J 

>  \  -  - -,=o lL  al  +  —  ,=ufL  °i 

1 >  1 


(3.7n) 


./  (/1  +  o)/i^n  n-j  (j)  ,  V’l  ..n-llSi) 

>  2  -  - - jsO/4  (l2  +  ~>  =  0 °2 


(3.76) 


p  (/'  +  ^)(/*  +  rr)  n-j  (j)  ,  m-jcO) 

*  3  -  - -j=oll  (li  +  ~^}=olL  u:>  ■ 

V 


(3.7c) 


l' pon  substitution  of  (3.7)  in  (3.0)  one  obtains 
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-b</+,)  +  (S  .  b(j+1>)xS  +  (S  .  b(j+1))Sr  =  l-D{S  A  ql»  -  [D-\ S  .  q</)]S  A  Sr).  (3. IS) 
because  of  (3. 1 1 ). 

Taking  S*  of  (3.  IS),  (3.12)  and  (3.17)  we  get 

-(s .  b'y+’t)  +  <s .  b(j'+,,)r  =  js .  ;;{s  a  qwj.  (3.19) 

S  •  b^+l)  =  S  •  (4.4S)  A  a(j+,).  (3.20) 

and 

S  •  (4. -IS)  A  a(j  +  t)  =  +  jS  •  (4. IS)  A  q(j).  (3.21) 

Therefore 

S*b<^»  =  i-Z?-1  {S  •  [£>{S  A  q^>}  +(4,lS)AqW]}  (3.22) 

4 

From  (3.14),  (3.17),  (3.18)  and  (3.22)  we  get,  (cf.  (2.4)  also), 

q0+1)  =  *//.t/q(;)+ jSa((-i.4S)  a  q(j>  -  <  d~'  {s .  1,1s  a  q0,})sr  -(/;-■  {s .  q^ju-us)  a  s 

(3.23) 

therfore,  establisliing  (3.1b). 

Remarks  3.1 

(i)  7o  =  iS  is  a  conserved  gradient  for  the  LL  equation  not  however  in  T'M .  It  turns  out 
that 


T  =  S  A  VLL(xS)  =  x(S  A  Srx  +  S  A  JS)  4-  S  A  Sx  (3.24) 

is  a  mastersymmetry  of  the  LL  equation. 

(ii)  In  the  isotropic  limit  (A  —  <liag(Q,  0, 0)),  — <  <1>)/U. 

(iii)  There  exist  several  equivalent  forms  of  the  recursion  operator  and  of  the  second 
Hamiltonian  operator  0 One  may  verify  the  Jacobi  identity  of  these  equivalent  forms  by 
u^ing  the  approach  of  Remark  2.1  (iv). 

Appendix 

In  this  appendix,  we  prove  that  the  operator  I?//;/  given  bv  the  formula 

tons /»  =  s  A  (♦//.t/a)  =  -{& t  -  l){SD~l(S  •  ar)})  (.4.1) 

is  a  Hamiltonian  operator  compatible  with  0  =  SA. 

In  the  following  “=”  will  denote  equality  up  to  perfect  derivatives. 

(i)  $l//.\r  is  skew-symmetric: 

(,’onsider  a,  b  in  T'M,  then 


2(f}//A/a)  •  b  =  ax«b-b»  Z){S£>-I(S  •  ar)} 
=  -a»bx  +  (br«S)jD-1(S«ar) 

=  -a  •  br  -  (S  •  ar)Z)_1(S  •  bx) 

=  -a  •  bx  +  (a  •  S*)D-1(S  •  bx) 

=  ~20j/A/b  •  a, 

therefore. 


(ft// A/a,  b)  =  ~(a,  ftu.ub). 
(ii)  ft-HM  satisfies  the  Jacobi  identity: 

Consider  a,  b,  c  in  T'M,  tlicn 


(A. 2) 


d(ft'//A/[n//A/b]a)  •  e  =  {bx  •  cx  -  (S  •  cx)(S  •  bx)  -  (Sx  •  cx)Z?  ’(S  •  bx)}/J  1  ( S  •  ax) 


-{bx  •  ax  -  (S  •  ax)(S  •  br)  -  (Sx  •  ax)Z)-1(S  .  br)}D_l(S  •  cr).  (A.  3) 

Therefore,  4(fl'^Af[nHA/b]a)  •  c+  (cyclic  permutations  of  a,  b,  c)  = 

=  {bx  •  cx  -  (S  .  cx)(S  .  bx)  -  (Sx  .  cz)D-'(S  •  bx)}D~'(S  •  ar) 


+  {  — bx  •  ax  +  (S  •  ax)(S  •  bx)  +  (Sx  •  az)D~'(S  •  b X)}D  ](S  •  cx) 
+  {cx  •  ax  -  (S  •  ax)(S  •  cx)  -  (Sx  •  ax)L>-1(S  •  cr)}T>_I(S  •  bx) 


+  {-cx  •  bx  +  (S  •  bx)(S  •  cr)  +  (Sx  *  bx)£>  1  ( S  •  cx)}£>.  *(S  •  ax) 


+  {ax  •  bx  —  (S  •  br)(S  •  ax)  —  (Sx  •  bz)D  '(S»ax)}£>  l(S*cx) 

+  {-ax  •  cx  +  (S  •  cx)(S  •  ax)  +  (Sx  •  cx)JJ_I(S  •  ax)}Z)-1(S  •  bx)  h  0  (.1.4) 

(iii)  The  Hamiltonian  operators  ft//M  and  0  are  compatible  i.e.  their  sum  is  a  Hamiltonian 
operator. 

Since  ft/i.M  and  0  are  Hamiltonian  operators,  it  is  sufficient  to  prove  that 

( {^/M/f®b]a  +  0'[12//A/b]a},  c)  +  cyclic  permutations  =0.  i.l.j) 

lor  any  a,  b,  c  in  T*M . 

Indeed 


-2(fT^Af(0bJa+0'[nHAfbja)»c  =  (SAb*c)(S«ar)  +  [(SAb)x«c](S*ax)  +  (c»Sx)L)-I(SAb»ax) 


-  bx  A  a  •  c  +  ( S  A  a  •  c  )S  •  bx 


id 


=  — [(S  A  b)x  •  c]D  ‘(S  •  ar)  -  (S  A  b  •  cr)D"'(S  •  ar)  +  [(S  A  •  c]D  ‘(S»nx) 


+  D~l(S  •  cx)(S  A  b  •  ax)  -  (bjAaic)  —  [(S  A  a)x  •  c  ]D  1(S«bj)-(SAa»cI)U'i(S*bJ.j 

=  -(S  A  b  •  cr)D''(S  •  aj)  +  (S  A  b  i  a^JD'^S  •  cr)  -  (bz  A  a  •  c) 

-(S  A  ax  •  c)D~x{ S  •  br)  -  S  A  a  •  cxD~l(S  •  bx).  (.4.0) 

So 


y/[(-)b)a  +  0;[fib]a)  •  c  4-  cyclic  permutations  of  a,b,cs 


=  bxAa«c  +  (SAb«cx)D  1(S«ax)-(SAb»ar)Z)-I(S«cr)+(SAax»c)Z)  '(S^b^  +  fSAa^Cr)/}  '(S»bx) 


■fcxAb«a4-(SAc«ax)/9_1(S«b. )  -(SAc»b Z)D  *(S«ax)  +  (SAbx«a )D  ,(S«cx)  +  (SAb«ax)D~l(S«cx) 


+axAc«b  +  (SAa«l?,jD_1(S«cx)-(SAa«cx)D  1(S«br)+(SAcx»b).D-1(S«ax)+(SAc*bx)/.J~1(S»ax) 


=  ( b  A  a  #  c)x  -  0 
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Abstract 

A  new  idea  is  introduced  requiring  that  each  development  path  will  be  the  path 
of  least  resistance  to  developer  penetration.  Consequently,  minimum  dissolution  time 
is  required  for  the  development  of  the  final  line  profile.  This  idea  manifests  itself  in 
a  variational  calculation  of  the  path  integral  along  each  local  development  trajectory, 
from  which  the  dissolution  profile  is  obtained  uniquely,  as  a  solution  of  a  non-linear 
PDE.  The  PAC  concentration  is  obtained  from  the  standard  Dill's  equations  for  the 
exposure-bleaching  process  for  both  mouotonic  as  well  as  standing  waves.  The  pro¬ 
cedure  has  been  implemented  and  tested.  It  has  been  found  to  be  very  accurate  and 
it  eliminates  the  path  crossings  inherent  in  the  predictions  of  the  string  algorithm. 
The  arbitrary  elimination  of  unfavorable  points  is  avoided  as  well  for  all  developing 
times. 

*  Supported  in  part  by  Grants  AFOSR-S7-0310  and  NSF  #ECS-S611298 
f  On  leave  of  abscence  from  Clarkson  University 
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I.  Introduction 

The  importance  of  simulations  for  \  LSI  lithography  and  etching  processes  is 
widely  accepted  and  many  simulation  techniques  are  utilized  throughout  the  [('  in¬ 
dustry.  The  most  coi  mon  simulation  systems  are  SAMPLE  (1)  and  PROLITII  (2) 
which  are  the  established  standards.  Both  SAMPLE  and  PROLITH  allow  the  user 
to  search  for  optimal  conditions  for  an  experiment  at  hand.  Both  combine  a  projec¬ 
tion  exposure  model  for  a  thin  photoresist  film  with  a  "development''  model,  and  an 
ultimate  goal  of  both  systems  is  an  accurate  prediction  of  the  line  profile  over  any 
substrate  topography. 

The  "exposure”  model  is  a  system  of  coupled,  non-linear  partial  differential  equa¬ 
tions  first  proposed  by  Dill  (3).  The  two  unknown  functions  are  the  pho¬ 

toactive  compound  concentration  (PACK  and  /(.r,  ->  0  ,  the  intensity  of  light  at  coor¬ 
dinates  (x,  z)  at  time  t.  One  should  note  that  the  order  of  the  equation  determining 
/(.  r.  r.  t)  or  the  corresponding  electric  field  E{x.  z.  t)  is  either  first  or  second  depending 
on  whether  the  film  is  thick  (no  standing  waves  present)  or  thin  (standing  waves  are 
a  dominant  feature).  The  second  equation  is  a  first  order  rate  equation,  expressing 
the  assumption  that  the  rate  of  change  of  log  \I  is  declining  and  it  is  proportional  to 
the  light  intensity  /,  with  initial  condition  .l/(.r.~,0)  =  1. 

The  monotonic  case  has  been  solved  analytically  (1)  and  the  solution  has  been 
used  in  various  applications  (5,  6).  The  standing  waves  case  has  been  solved  exactly 
(7)  but  the  solution  is  very  complicated  and  a  WKB  approximation  scheme  has  been 
proposed  (S)  to  replace  the  standard  iteration  schemes. 

In  this  paper  we  assume  that  the  PAC'  concentration  M(x,z)  is  a  given  function 
that  has  been  obtained  by  one  of  the  above  methods,  after  an  exposure  time  ! /. 
Here  we  concentrate  on  the  etching-development  model.  Various  authors  (9-13)  of¬ 
fered  phenomenological  dissolution  rate-development  functions  /?(.l/),  that  in  essence 
represent  the  velocity  of  dissolution  of  the  exposed  PAC. 
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Both  simulators  (SAMPLE.  PROLITH)  employ  the  "string  dcvelopnn-ut  algo¬ 
rithm  in  their  development-etching  model  .  I  lie  bonndarv  between  the  dcvcli  >ned 
and  undeveloped  regions  is  expressed  as  series  of  points  in  the  rr-plane  connected 
by  linear  splines  (a  string).  Each  point  advances  along  the  angle  bisector  of  the  two 
adjacent  segments,  with  a  velocity  R(x.z).  As  the  density  of  points  increases  in  some 
locations  several  are  eliminated,  and  others  are  introduced  in  sparse  regions,  so  their 
density  along  the  string  remains  roughly  constant.  When  the  final  development  time 
is  achieved  t he  programs  report  the  final  simulated  profile. 

It  is  the  purpose  of  this  paper  to  propose  an  alternative  to  this  string  algorithm, 
based  on  least  square  action  principle.  It  has  several  advantages  over  the  string- 
algorithm: 

(i)  It  is  mathematically  rigorous. 

(ii)  1  he  proposed  method  is  applicable  to  three  dimensions  -  a  serious  limitation 
of  the  string  algorithm. 

(iii)  It  contains  no  arbitrary  additions  and  subtractions  of  points  along  the  profile. 

( i v )  I  here  are  no  crossings  of  development  paths  that  create  loops  in  the  profile, 
l'liese  loops  are  present  in  the  standard  simulations,  creating  the  necessity  to  delete 
t  hem. 

II.  Propagation  of  a  disturbance 

Let  a  disturbance  propagate  through  a  medium  with  velocity  /?[.\/(.r.  - )].  The 
disturbance  propagates  orthogonal  to  itself.  In  other  words,  at  time  t.  one  must 
obtain 


|  grad  t  |=  R~l 

or  more  precisely  (for  the  standard  case) 


/<9f\2  ( 0t\ 2  1 

[dxj  +[d:J  ~  R?[M(t,z)] 


(1) 
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This  is  a  non-linear  first  order  PDE  which  can  be  solved  by  the  method  of  envelope- 
characteristics. 

It  can  be  shown  that  as  long  as  a  "ray"  does  not  cross  any  other  development 
"ray",  its  .r(.s)  and  c(s)  coordinates  as  functions  of  the  arclength  along  the  rav  are 
determined  by  the  following  system  of  ordinary  differential  equations: 


d2x 

Is2 


OlogR  t  dx  2 


dx 


«*> + 


OlogR 

Oz 


<£«£> 


OlogR 

Ox 


(3«) 


<l2z  _  OlogR  dx  dz  OlogR  dz  2  OlogR 

ds*  ~  Ox  (d7)(dl)+  Oz  (dl)  Oz 

The  standard  formulation  of  development  time  t  is  given  by 


m 


Jo  R[M{x(s),z(s)}) 

The  variation  of  t ,  i.e.  6t.  resulting  from  a  slight  development  6x,8z  leads  precisely 
to  equations  (3a)  and  (3b).  In  other  words  t  as  given  by  equation  (1)  solves  the 
non-linear  PDE  (2)  inside  its  envelope. 

This  formulation  (introduced  by  Carrier  &  Pearson)  dictates  the  algorithm  we 
use. 

(i)  Obtain  an  initial  profile 

(ii)  Develop  each  point  for  a  time  interval  A t  using  the  system  of  equations  (3a. 
3b),  and  make  sure  that  the  paths  do  not  cross  by  selecting  At  to  be  small  enough 

(iii)  Use  the  new  profile  as  the  initial  profile  and  repeat  the  process. 

The  time  interval  At  is  dependent  on  the  curvature  of  the  profile,  since  it  de¬ 
termines  the  thickness  of  the  characteristic  strip.  Note  that  we  are  dealing  with  a 
local  process  and  that  the  individual  rays  may  not  cross,  since  the  physical  process 
is  unique  and  smooth  and  crossing  rays  would  lead  to  either  shock-waves  or  a  non 
unique  solution.  Thus  tl  e  strips  must  be  dealt  with  on  an  infinitesimal  level  and  not 
globally. 
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III.  Implementation  and  Examples 

['lie  initial  profile  is  taken  as  the  .r-axis.  with  51  equally  spaced  points.  A  spe¬ 
cialized  Runge-Kutta  scheme  was  developed  for  a  system  of  five  ordinary  differential 
equations  that  include  the  two  coordinates,  their  arclength  derivatives  and  the  de¬ 
velopment  time.  For  most  processes  tested,  the  average  development  time  step.  At. 
was  found  to  be  0.05  sec.  After  each  time  step  an  optimizing  cubic  spline  routine  was 
implemented,  resulting  in  a  smooth  representation  of  the  profile.  The  new  profile  is 
divided  into  segments  of  equal  arclength  in  order  to  maintain  consistency  with  the 
previous  profile.  Thus  the  number  of  segments  varies  according  to  the  shape  ot  the 
profile.  This  process  is  repeated  until  the  prescribed  development  time  has  elapsed. 
\Ve  refer  to  this  program  by  the  name  EIKPCS. 

It  should  be  emphasized  that  the  description  of  a  three  dimensional  profile  must 
be  determined  parametrically.  However,  the  cases  reported  here  can  be  expressed 
explicitly  as  functions  of  the  coordinates.  In  these  cases  the  profile  is  reported  in  var¬ 
ious  segments,  where  in  each  segment  the  corresponding  functions  are  single- valued. 
These  segments  are  connected  to  represent  the  final  etching  profile. 

The  dissolution  rate  function  /?(.!/)  employed  in  this  study  is  the  one  proposed 
by  C.  Mack(9).  Throughout  this  paper  the  following  development  parameters  were 
used:  RmaI  =  dOO  nm/s,  Rmin  =  1  nm/s,  m Tn  =  0.5,  n  -  5.  Figure  1  illustrates  the 
relative  development  rate  as  a  function  of  the  relative  PAC  concentration. 

As  described  in  the  introduction  two  data  files  of  .l/(.r,c)  values  are  utilized. 
R.M1  and  EXPOSE.  The  file  RM1  has  been  generated  to  simulate  the  CEM-positive 
resist  system  proposed  by  Mack(14),  which  corresponds  to  the  monotonic  example 
illustrated  in  this  paper.  The  exact  solutions  of  the  Dill's  model  equations(4)  were 
used  in  this  simulation.  The  file  EXPOSE  was  given  to  us  by  C.  Mack,  and  it 
corresponds  to  a  standard  standing  waves  example  in  PROLITH.  Both  of  these  data 
files  are  used  for  demonstration  purposes  only. 
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In  fig.  2.3  we  compare  the  dissolution  profile  obtained  from  the  string  algorithm 
for  the  monotonic  case  to  the  results  obtained  from  the  proposed  algorithm,  employing 
the  file  RM1.  In  these  figures  60  sec  of  development  time  at  0.0  )  sec  per  time  step  was 
simulated.  The  program  of  the  string  algorithm  has  the  "loop  eliminator"  routine' 
turned  off.  The  reader  should  observe  the  early  formation  of  a  loop  at  the  upper 
corner,  while  the  EIKPCS  profile  does  not  exhibit  this  aberration.  In  fig.  4.5  we  make5 
a  similar  comparison  at  75  sec  development  time,  and  the  loop  is  clearly  elemonstrateei. 

In  fig.  6,7,8  we  display  the  utility  of  our  system  to  handle  standing  waves  using 
the  data  file  EXPOSE.  In  these  examples,  development  times  of  30  sec.  45  sec  and  60 
sec  were  employed.  The  final  profiles  do  not  exhibit  any  loop.  They  contain  approxi¬ 
mately  230  points  and  as  the  resolution  increases  they  can  be  made  smoother.  It  is 
well-known  that  the  standing  waves  systems  display  several  sizeable  loops  when  the 
string  algorithm  is  employed  and  when  these  loops  are  eliminated  they  tend  to  give 
the  impression  of  somewhat  reduced  amplitude. 

IV.  Conclusion 

We  conclude  that  the  mathematically  rigorous  algorithm  indeed  performs  as  ex¬ 
pected,  thus  reducing  the  ambiguity  in  development  simulation. 
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Figure  Captions 


Figure  1:  Relative  development  rate  vs.  relative  PAC  concentration  using  MACK's 
model.  The  development  parameters  are  Rm,n  =  200 nm/s,  /?mm  =  lnnj/s. 
rriTH  —  0.5  and  n  =  5. 

Figure  2:  Simulated  resist  profile  of  60  sec  development  time  using  the  program 
EIKPC’S  developed  in  this  work  and  the  data  file  RM1 

Figure  3:  Simulated  resist  profile  of  60  sec  development  time  using  the  string  algo¬ 
rithm  and  the  data  file  R.M1 

Figure  4:  Simulated  resist  profile  of  75  sec  development  time  using  the  program 
EIKPCS  developed  in  this  work  and  the  data  file  RMl 

Figure  5:  Simulated  resist  profile  of  75  sec  development  time  using  the  string  algo¬ 
rithm  and  the  data  file  RMl 

Figure  6:  Simulated  dissolution  profile  of  a  photoresist  with  reflecting  substrate, 
using  the  data  file  EXPOSE  of  C.Mack  and  the  program  EIKPCS  at  30  sec 
development  time 

Figure  7:  Simulated  dissolution  profile  of  a  photoresist  with  reflecting  substrate, 
using  the  data  file  EXPOSE  of  C.Mack  and  the  program  EIKPCS  at  45  sec 
development  time 

Figure  S:  Simulated  dissolution  profile  of  a  photoresist  with  reflecting  substrate, 
using  the  data  file  EXPOSE  of  C.Mack  and  the  program  EIKPCS  at  60  sec 
development  time 
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Abstract 

We  present  a  method  for  studying  initial-boundary  value  problems  associated  with 
integrable  nonlinear  evolution  equations.  For  concreteness  we  consider  the  nonlinear 
Schrodinger  equation  in  the  variable  q(x,  f),  x  in  [0,oo),  with  a  mixed  boundary 
condition,  i.e.  ^(O,  t)  +  aq(0,t)  is  given  (a  is  an  arbitrary  real  constant).  q(x,t) 
can  be  obtained  by  solving  a  linear  integral  equation  uniquely  defined  in  terms  of 
appropriate  scattering  data.  These  data  satisfy  a  single  nonlinear  integrodifferential 
equation  uniquely  defined  in  terms  of  the  boundary  condition.  For  the  special  case  of 
a  homogeneous  boundary  condition,  the  scattering  data  is  found  in  closed  form. 
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Introduction 


It  is  well  known  that  the  inverse  scattering  transform  (1ST)  has  been  applied  to  a  large 
number  of  physically  important  nonlinear  evolution  equations  in  1+1  (i.e.  in  one  spatial 
and  one  temporal  dimensions).  The  initial  value  problems  for  decaying  [1],  periodic  [2],  and 
self  similar  potentials  [3]  has  received  much  attention.  The  1ST  has  also  been  successfully 
extended  to  initial  value  problems  for  decaying  potentials  for  equations  in  2+1  (i.e.  in  two 
spatial  and  one  temporal  dimensions)  [4]. 

In  spite  of  the  above  success,  the  question  of  extending  the  1ST  to  solve  initial-boundary 
value  problems  remains  essentially  open  [5].  The  simplest  such  problem  arises  if  an  equation 
is  formulated  on  the  half-infinite  line.  Let  us  consider  the  nonlinear  Schrodinger  equation 
(NLS) 


iqt  =  ?xx  ±  2|<z|2?,  0  <  x  <  oo;  q(£,0)  =  h(x),  qr(0,  t)  +  aq(0,  t)  =  g(t),  (1.1) 

where  h(x)  decays  for  large  x,  a  is  a  real  constant,  and  the  given  functions  h(x),  g(t) 
have  appropriate  smoothness,  and  satisfy  the  necessary  compatibility  conditions  to  ensure 
the  existence  of  solution  at  x  =  0,  t  =  0.  Solving  such  an  initial-boundary  value  problem 
has  important  physical  and  mathematical  implications: 

(i)  Most  physical  problems  are  naturally  formulated  as  boundary  value  problems.  For 
example,  injecting  current  in  a  neuron,  or  sending  optical  solitons  down  a  monomode  fiber 
are  boundary  value  problems.  In  particular,  NLS  with  an  additional  term  qx  on  the  right 
hand  side  and  a  — »  oo,  models  water  waves  [1].  Equation  (1.1)  also  arises  in  the  propagation 
of  optical  solitons  [6],  as  well  as  in  several  other  important  physical  problems.  Since  NLS 
usually  arises  in  applications  in  non- laboratory  coordinates  it  is  useful  to  consider  equation 
(1.1)  with  a  ^0. 

(ii)  The  linear  limit  of  the  standard  1ST  (where  — oo  <  x  <  oo,  </(£,())  given)  is  the 
Fourier  transform,  which  is  why  the  1ST  is  considered  as  the  nonlinear  analogue  of  the 
Fourier  transform  [7].  The  linear  limit  of  (1.1),  i.e. 

iqt  =  qxx ,  0  <  £  <  oo;  q(x,0)  =  h(x),  qs(0,  t)  +  a?(0,  t)  =  g(t),  (1.2) 

can  be  solved  by  the  sine  transform  (a  — ►  oo),  or  the  cosine  transform  (a  =  0),  or  in  general 
by  the  transform  [8] 

q(k)  *  jH  ,  m  = 

,(i)=  i  dk{e~2ik*  +  f{—k)eliix)q(k)  +  2ae~a*  f“ (1.3) 

IT  JO  JO 

where  the  second  term  of  (1.3b)  is  missing  if  a  <  0.  It  is  thus  natural  to  ask  what  is  the 
nonlinear  analogue  of  the  above  transforms. 
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In  this  paper  we  present  a  method  for  studying  boundary  value  problems  in  I  +  1,  and 
we  apply  this  method  to  equation  (1.1): 

(i)  The  first  step  involves  finding  the  correct  x-transform  of  the  given  nonlinear  equation. 
Indeed,  our  formalism  in  the  linear  limit,  i.e.  q  small,  reduces  to  the  inversion  formula  (1.3). 

(ii)  The  next  step  involves  finding  the  evolution  of  the  scattering  data.  In  the  linear  case 
it  corresponds  to  using  the  transform  (1.3)  to  solve  iqt  =  qxx.  In  the  usual  1ST  one  uses 
the  t-part  of  the  Lax  pair  to  find  the  evolution  of  the  scattering  data.  However,  in  our  case 
'P tx  —  'frt  7^  0,  where  \P(x,  t,  k )  is  the  eigenfunction  appearing  in  the  Lax  pair,  and  one  needs 
first  to  obtain  the  correct  t-part.  In  this  respect  we  use  the  given  evolution  equation  and 
an  integral  (as  opposed  to  the  usual  differential)  representation  of  the  x-part  of  the  Lax-pair 
(hence  we  do  not  need  apriori  knowledge  of  —  ^rt).  An  alternative  way  to  finding  the 
t-part  of  the  Lax  pair  is  to  use  that  $(*,  t)  is  continuous  at  x  =  0.  Having  obtained  the 
t-part  of  the  Lax  pair,  the  evolution  of  the  scattering  data  follows.  The  correct  choice  of  the 
x-transform  is  reflected  by  the  fact  that  the  evolution  of  the  scattering  data  depends  on  g(t) 
and  not  on  qx(0,  t),  g( 0,  t)  separately.  Furthermore,  in  the  linear  limit  the  scattering  data 
satisfies 


_4t 

qt-4ik2q  =  2iJ Q(g*(°.  *)  +  Q?(0,  0).  (1-4) 

which  is  precisely  the  time  evolution  of  the  linear  transform  (1.3)  when  applied  to  equation 
(1.2).  However,  the  above  evolution  also  depends  on  certain  quadratic  products  of  ^(0,  t,  k). 


(iii)  The  final  step  consists  of  expressing  these  quadratic  products  in  terms  of  the  scat¬ 
tering  data.  This  yields  a  nonlinear  equation  for  the  scattering  data.  In  the  case  of  the  NLS 
equation  (1.1),  this  yields  the  following  nonlinear  singular  integro-differentiation  equation 
for  the  reflection  coefficient  b(a  — ►  oo) 


bt  —  4  ik2b 
4k 


=  “9(0,0  +  J 


oo  m.-Md 

in  f1  * |5|!) (t,)- 


(1.5) 


(a)  The  application  of  the  above  method  to  other  equations  in  1  +  1  has  certain  ana¬ 
lytical  complications  reflecting  difficulties  with  the  linearized  version  of  the  given  equation. 
However,  it  can  be  applied  to  other  equations  in  1  +  1,  as  well  as  in  2  +  1. 


(b)  This  method  opens  the  way  for  studying  boundary  value  problems  on  finite  do¬ 
mains. 

(c)  It  can  be  used  to  study  forced  integrable  systems  where  the  forcing  involves  Dirac’s 
delta  function  and  its  derivatives. 

The  special  cases  of  g(x,0)  =  0  and  qx(x,  0)  =  0  were  considered  in  [9].  Also  for  the 
case  of  a  general  homogeneous  boundary  condition,  i.e.  qx(x,  0)  +  aq(x ,  0)  =  0,  Sklyanin  has 
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established  complete  integrabilities  by  proving  the  existence  of  infinitely  many  conservation 
laws  [10]. 

A.  Outline  and  Open  Questions 

In  §11  we  consider  the  NLS  with  $(0,  t )  given,  i.e.  we  study  the  nonlinear  analogue  of 
the  sine  transform.  If  q(0,  t)  =  0  the  analysis  is  straightforward:  This  problem  is  equivalent 
to  one  formulated  in  — oo  <  x  <  oo  [9]  and  can  be  solved  in  terms  of  a  system  of  linear 
integral  equations.  If  q(0,  t)  ^  0  the  analysis  becomes  nonlinear.  The  main  result  of  this 
section  is  expressed  by  proposition  2.10:  The  problem  is  again  formulated  in  terms  of  a 
system  of  linear  integral  equations  uniquely  defined  in  terms  of  appropriate  scattering  data. 
However,  while  these  scattering  data  are  found  in  closed  form  if  <?(0,  t)  =  0,  they  satisfy  a 
nonlinear  singular  integrodifferential  equation  if  ?(0,  t)  ^  0  (see  (2.45)).  The  existence  and 
uniqueness  of  solutions  of  this  nonlinear  equation  remains  open.  Throughout  this  section  we 
assume  that  the  transmission  coefficients  do  not  have  poles  in  the  upper,  lower  half 

k-complex  plane  (see  (c)  below). 

In  §3  we  consider  the  general  case  where  qx( 0,  t)  +  aq( 0,  t)  is  given.  The  two  main  results 
of  this  section  are: 

(i)  If  gr(0,  t)  +  a?(0,  t)  =  0  the  problem  is  equivalent  to  one  for  — oo  <  x  <  oo  and  can 
be  solved  via  a  system  of  linear  integral  equations  uniquely  defined  in  terms  of  appropriate 
scattering  data;  these  data  are  found  in  closed  form. 

(ii)  If  ?*(0,  t)  -f  a(0,  t)  ^  0  the  problem  is  nonlinear  since  the  scattering  data  again  satisfy  a 
nonlinear  singular  integrodifferential  equation.  The  evolution  of  the  scattering  data  is  given 
explicitly  and  involves  gr(0,  t)  +  ag(0,  t).  For  brevity  of  presentation,  the  details  of  how  to 
derive  the  analogue  of  (2.45)  are  omitted.  We  again  assume  that  j,  £  do  not  have  poles. 

Several  important  problems  remain  open: 

(a)  The  uniqueness  and  existence  of  solutions  of  the  nonlinear  singualr  integrodifferen¬ 
tial  equation  satisfied  by  the  scattering  data  needs  to  be  established. 

(b)  The  question  of  whether  the  above  equation  can  be  linearized  remains  open.  This 
question  is  important  not  only  for  practical  but  also  for  theoretical  reasons:  It  has  been 
assumed  so  far  that  complete  integrability  is  a  local  property.  However,  if  the  above  equation 
can  not  be  linearized,  it  would  be  implied  that  integrability  also  depends  on  the  boundary 
conditions. 

(c)  The  formalism  presented  here  can  be  modified  to  include  poles  of  the  transmission 
coefficients.  However,  since  these  poles  move  in  time,  the  analysis  becomes  quite  more 
complicated.  Preliminary  results  indicate  that  it  might  be  possible  to  avoid  considering 
directly  these  poles  by  mapping  the  given  initial  and  boundary  data  to  suitable  data  which 
do  not  possess  poles.  We  have  found  [17]  that  t  — *  —  t  and  q  — *  q*  are  useful  transformations 
in  this  respect. 
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(d)  The  existence  and  uniqueness  of  solution  for  the  Korteweg-deVries  (KdV)  equation 
for  0  <  x  <  oo,  where  q(x,  0)  and  ?(0,  t)  are  given,  has  been  proven  by  Bona  and  Winther 
[11].  The  application  of  our  method  to  the  KdV  equation  has  certain  difficulties  stemming 
from  the  fact  that  even  the  application  of  the  x-transform  to  solving  the  linearized  KdV  is 
problematic.  This  suggests  that  perhaps  one  needs  to  study  the  nonlinear  analogue  of  the 
Laplace  transform.  We  expect  that  some  of  the  ideas  presented  here  will  also  be  useful  for 
this  study  of  this  problem  as  well. 

(e)  It  has  been  established  numerically  that  the  KdV  with  0  <  x  <  oo,  q(x,  0)  given, 
can  be  used  to  generate  solitons  (see  the  discussion  by  Keller  [12]  for  details).  Similar  results 
have  recently  been  found  for  the  NLS  [16].  An  asymptotic  investigation  of  the  nonlinear 
equation  mentioned  above  (equation  (1.5)),  taking  into  consideration  (c),  should  provide 
some  insight  into  these  numerical  observations  as  well  as  should  yield  the  appropriate  math¬ 
ematical  formulae. 


2  Dirichlet  Boundary  Condition 

We  first  consider  (1.1)  with  a  — ♦  oo.  The  linear  analogue  of  this  problem  is  given  by 

iqt  =  qxx,  0  <  x  <  oo,  q(x,0)  =  h(x),  q{0,t)  given,  (2.1) 

and  can  be  solved  by  the  sine  transform, 

q(k,  t)  =?  f  d£q(Z,t)3inkt,  q(x,  t)  =  —  /  dkq(k,t)ainkx,  (2.2) 

JO  7T  Jo 

where  the  sine  data  satisfies 

qt  =  ik2q  —  ikq(0,  t).  (2.3) 

Alternatively,  one  may  solve  (2.1)  by  the  Fourier  transform,  by  embedding  (2.1)  in  —  oo  < 
x  <  oo;  this  can  be  achieved  by  using  an  odd  extension,  then  (2.1)  is  equivalent  to 

iqt  =  qxx  -  2q(0,  t)6'(x),  -oo  <  x  <  oo,  q(x,  0)  =  h(x),  (2.4) 


q{x ,  t)  =  ?(x,  t)H{x)  -  q{-x,  t)H[—x), 

where  H(x)  denotes  the  Heaviside  function,  i.e.  H{x)  =  1,  if  x  >  0,  H(x )  =0  if  x  < 
0,  and  6'(x)  denotes  the  derivative  of  the  Dirac  distribution. 

Similar  considerations  apply  to  the  nonlinear  problem  at  hand,  which  also  can  be  embed¬ 
ded  in  —  oo  <  x  <  oo  by  employing  distributions  (the  details  are  given  in  [13]).  Here  we  use 
an  odd  extension  of  q(x ,  t)  in  order  to  derive  the  nonlinear  analogue  of  the  sine  transform, 
but  we  avoid  the  explicit  use  of  distributions. 
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2.1  The  Nonlinear  Analogue  of  the  Sine  Transform 

The  first  step  of  our  method  involves  finding  the  correct  x-transform  for  the  nonlinear  equa¬ 
tion  (1.1).  This  amounts  to  using  the  x-part  of  the  Lax  pair  to  derive  an  inversion  formula 
which  reduces  to  (2.2)  for  small  q. 


A.  Analytic  Eigenfunctions 

Let  us  consider  the  linear  eigenvalue  problem 

q>x  =  ikjip  +  Q<p,  —oc<x<oo,  Q  =  Q(x)H(x)  —  Q(— x)H(— x),  (2.5) 


J  = 


$(*)  \ 

0  J’ 


where  <p  is  a  2  x  2  matrix  valued  function  of  x.  Let  <p  =  $exp(ikxJ)  then  (2.5)  becomes 


=  ik[J,  $]  +  Q9,  (2.6) 

where  [  ,  ]  denotes  the  usual  commutator. 

Proposition  2.1.  Let  the  matrices  'J,  $  solve 

=  /  -  f°°  $  =  /+/*  d£eifc(*~«JQ$,  (2.7) 

J  x  J -oo 

where  if  F  is  an  arbitrary  2x2  matrix  and  if  Y  is  a  diagonal  matrix,  then  exp(Y)F  = 
exp(Y)Fexp(—Y).  Then 

(i)  'P,  $  solve  (2.6). 

(ii)  =  (tf-,#*),  $  =  ($+,$-),  where  +(— )  denotes  analyticity  in  the  upper(lower) 
half  k-complex  plane. 


B.  The  Scattering  Equation 
Proposition  2.2. 

(i)  The  eigenfunctions  defined  by  (2.7)  are  related  via 


¥(*,*)  =  *(x,*)C,WS(*),  S(k )  =(;  J  )  =  /- 

(ii)  a(k),  a(k)  are  —  functions  respectively. 

(iii)  detS(k)  =  1 

(iv)  — s:  k ) 

(v)  S(k)S(-k )  =  I,  or  a(—k)  =  a(k),  b(—k)  =  -b(k),  b(-k )  =  —b(k). 


(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 
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Bipoi 


(i)  Since  both  satisfy  (2.6)  they  are  related  via  '5  =  $exp(ikxJ)C ,  where  C 
is  an  x-independent  matrix.  The  form  of  C  follows  by  considering  the  above  equation  as 

X  — *  —  oo. 

(ii)  Follows  from  the  definitions  of  S,  tf. 

(iii)  Follows  from  the  facts  that  det'i  =  det$  =  1. 

(iv)  Follows  from  the  fact  that  Q{— x)  =  —  Q(x). 

(v)  Follows  from  (2.8)  and  (2.11). 

C.  The  Large  k  Behavior 

The  potential  Q(x)  is  discontinuous  at  the  origin.  Thus  we  expect  that  the  scattering 
data  decay  slowly  for  large  k. 

Proposition  2.3.  Let  k  be  real.  Then 

(i)  a  — ♦  1,  a  — ♦  1,  6  — ►  33  k  — *  oo.  (2.13) 

(ii)  Let  x  >  0,  then 


— » 


( 


lill  \ 

2j*  J  ,  * 


—  liil  4- 

2i*  T 


r(0)e2»*» 

ik 


ii£l  _  q(0)'-2ik* 
2  ik  ik 


as  k  — *•  oo.  (2.14) 


PlQQf 

(i)  For  large  *,*-/,  thus  a  -  1,  3-1,  5  -  -  dtfe2ik*  =  /0°°  d£q( 0(e"2<*«  - 
e2,*f).  Integrating  the  last  equation  by  parts  we  obtain  6  —  2j^. 

(ii)  Equation  (2.14a)  follows  from  (2.7a).  To  obtain  (2.14b)  note  that  (2.7b)  implies 


q*t 


Thus  —  1,  $2  ~ *  1  aDd 


q$2e~2ik(x~° 


-  -  /°  d(q(-()e-2*(-*>  +  [* dtqiQe-2*'-* 

J -oo  JO 

D.  The  Inversion  Formula 

Proposition  2.4.  Let  a,b,d,b  be  defined  by  (2.8). 

(i)  Assume  that  the  vectors  $+,  solve 


,-2  ikx 


2  ik 


e2ik*q(x)-2q(0)\. 


•♦“©-Si/ 


i  /> 

ik  i'-(t  +  iop 
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(2.15) 


»-  -  (o) + _l  r  dk'^)<r2i-x*+{v  x  >  o 

*  -  W  +  2*i  J-oodk  k1  —  (k  —  zO)  ’  X>0- 


Then 


q(x)  = - r  dk-e~2ikx$t,  r(x)  =  --  dk-e2ikx$ J,  x  >  0. 

-rr  J-oo  a  ir  J-<x  a 

(ii)  Assume  that  the  vector  'P+,  solve 

#- = n  -  -L  r 

'°'  2 jri  7-oo  k'-(k-  *0) 

■p+  - fo) ,  1  x>0. 

'l'  2iri  J-oo  k' —  (k  +  iO)  ’ 


(2.16) 


Then 


q(x)  =  --  r  dk-e~2ikx<l!;,  r( x)  =  --  f°°  dk^e3**^,  x  >  0. 

7T  J — oo  Q  7T  */ — oo  Cl 

Proof.  The  scattering  equation  implies 
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(2.17) 


(2.18) 


£1 

a 


=  $+  +  -e2,*r$" 


't+  _  6 

-  =  $  +  Te  2  *  $  +  . 

a  a 

Assuming  that  a ,  a  have  no  zeros  in  the  lower,  upper  half  k-complex  plane,  the  above  equa¬ 
tions  define  a  Riemann-Hilbert  (RH)  problem  [14],  which  is  equivalent  to  (2.15).  Similarly, 
the  scattering  equation  in  the  form  $  =  Vexp(ikxJ)S~1  implies  (2.17).  To  obtain  (2.16)  we 
need  to  consider  the  alrge  k  behavior  of  (2.15).  Equation  (2.15a)  is 

*+(l>  =  ©  -27iUk'^rzr  ~  2  r!  **■<*»' 

where  J^denotes  a  principal  value  integral.  As  k  — »  oo,  ~  — ►  —  — ►  1, 

The  terms  with  j  behavior  will  give  a  nontrivial  contribution: 


i 

%■ 


-e2ik'x$ j  =  ( -e2ik'x$;  +  ^-e2ik,x]  - 
a  \a  tk  ) 


•(0)e 


2  ik'x 


ik' 


and 


Hence,  for  x  >  0 


„2.Vr 


J-00  dk  k>{k>  -k)  k  V1  ' 
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=  -  r  dk^-e2'kxVl(x,k)  =  — r(x). 
7T  •/ —oo  CtyfC J 


2.2  Evolution  of  the  Scattering  Data 

We  recall  the  well  known  [12]  Lax  pair  associated  with  the  NLS  equation 

<pt  =  ikJ<p  +  Qtp,  <pt  =  U(p,  U  =  -2ik2J  -  iqrJ  -  2kQ  -  iQxJ.  (2.22) 
Indeed,  the  compatibility  condition  ipxt  =  <ptx  implies 

Qt  =  —iQxxJ  +  2iqrQJ ,  (2.23) 

which  reduces  to  the  NLS  if  r  =  ±q *,  where  *  denotes  complex  consjugate. 
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Proposition  2.5.  Let  0  and  Q  solve  (2.7a)  and  (2.23)  respectively.  Then  ip  =  ^exp(ikxj), 
solves 


rpt  =  Urp  +  2 ik2rpj  -  4kH(-x)xpxp~l(0,  t,  k)Q(0,  t)xp(0,  t,  fc),  (2.24a) 

where 

U  =  -2 ik2J  -  iqfj  -  2 kQ  -  iQxJ,  Q( 0,  t)  =  (  °(Q  ^ j  .  (2.246) 

Proof. 

(i)  We  first  derive  the  above  result  using  a  continuity  argument.  It  is  easily  shown  that 
equations  (2.22)  and  <pt  =  U<p  +  <pF  also  imply  (2.23)  for  an  arbitrary  function  F(x,  k).  To 
derive  (2.24)  we  choose  F  to  be  a  discontinuous  function  of  x  such  that  xpt  is  continuous.  Let 

xpt  =  Uxp  +  ipF,  x  >  0; 

as  i  — ►  +oo,  xp  —*  exp(ikxJ),  thus  F  =  2 ik2J,  hence 

ipt  =  Uxp  +  2 ik2xpj,  x  >  0. 

Let 

ipt  =  Uip +  2ik2ipJ +  ipC,  x  <  0, 
and  fix  C  by  requiring  that  4>t  is  continuous  at  x  =  0,  thus 

C  =  —4kxp~1(0,t,k)Q(0,t)xp(0,t,k). 

(ii)  Equation  xp  satisfies 

0  =  eikxJ  -  jH  d{eik{*-i)JQrP,  x>0 

0  =  eikxJ  -  d&^-WQxP  +  J°  dxPeik(x^)JQ{-Oi>,  x  <  0. 

Postulate  xpt  =  Uxp  +  /,  then  for  x  >  0 

V><  =  -  rdte,k{x~°J(Qt'P  +  Q'Pt), 

J  x 

or 


£/0  +  /  =  -  jH  d£etklx-VJ(-iQcxJ  +  2iqrQJ  +  QU)xP  +  /, 

and  similarly  for  x  <  0.  This  yields  an  integral  equation  for  f  which  implies  (2.24). 

Remark  2.2.  Equation  (2.24)  and  xpx  =  ikjip  +  Qxp  imply  that  xptx  —  ipxt  is  a  distribution, 
for  details  see  [13]. 
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Using  the  t-part  of  the  Lax  pair  it  is  now  straightforward  to  derive  the  evolution  of  the 
scattering  data: 

Proposition  2.6.  Let  S  be  defined  by  (2.8)  and  assume  that  Q,  if>  evolve  according  to 
equation  (2.23),  (2.24)  respectively.  Then 

St  =  -2 ik2[J,  5]  -  4*S'IT1(0,  t,  k)Q{ 0,  t)V (0,  t,  /fc),  (2.25) 

i.e. 

at  =  —Ak(afi  +  bM~),  at  =  Ak(afi  —  bM+),  (2.26) 

bt  = —4ik2b  —  4k(bn  +  aM~),  bt  =  iik2b  +  Ak(bn  —  aM+),  (2.27) 

where 


M(t,  k)  =  ^-'(0,  t,  k)Q{0,  t)^(0,  t,  k )  = 


qVi'Bt  -  r' 

r(^r)2  - 


,(*+)’- r(tf+)2 


(0,*,*)  = 


A  (  I*  M+\ 
-\M~  -n  ) 

Remarks  2.3. 

(i)  In  the  homogeneous  case  Q(0,  t )  =  0,  then 


(2.28) 


a(t,  k)  =  a(0,  k),  a(t,  k)  =  a(0,  Jfc),  b(t,  k)  =  6(0,  k)e~4ik3t,  b(t,  k)  =  6(0,  k)eiik2t.  (2.29) 

(ii)  In  the  linear  limit,  fi  — +  0,  M+  —*■  q,  M~  — >  r.  Thus 

bt  ~  4iik2b  —  Akq(0,  t). 

This  is  precisely  the  time  evolution  of  the  sine  transform  (see  (2.3)  and  (2.21)). 

(iii)  It  can  be  shown  that  equations  (2.26)-(2.27)  are  invariant  under  k  —*  —k. 

2.3  A  Nonlinear  Equation  for  the  Scattering  Data 


The  main  difficulty  associated  with  the  inhomogeneous  boundary  value  problems  is  the 
dependence  of  the  evolution  of  the  scattering  data  on  quadratic  products  of  eigenfunctions 
evaluated  at  x  =  0.  It  seems  quite  remarkable  that  it  is  possible  to  completely  eliminate 
these  products  and  obtain  equations  involving  only  the  scattering  data: 

Proposition  2.7. 

The  scattering  data  6,  b  satisfy  the  following  equations: 
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h  _  AiPl  ,00  m.Md 

—4 —  -  +  L  ik'*F^aiH  ln(1  -  66><^ 


+  4ijt26  /<»  5 

■V  -  -^  +  Ldk'^rr^mH^1  - 


(2.30) 


(2.31) 


where  H  denotes  the  Hilbert  transform,  i.e. 


W)(*>  *  \f° 

JT  y~oo  £  —  X 


Having  obtained  6,6,  then  a,  a  followed  by  solving  the  Riemann- Hilbert  problem 

ad  =  1  4-  bi,  a,  a  — (■  1  as  k  — ►  oo. 


(2.32) 


(2.33) 


Proof  .  Let 


N{t,  k)  =  $-‘(0,  t,  fc)g(0,  t)$(0,  t,  As)  = 


t/  iV- 


N+  -v 


(2.34) 


Then 


M  =  <H~lQV  =  5"1$"1g$S  =  S~XNS , 


5M  =  iV5. 

The  above  equation  can  be  written  in  the  following  convenient  form: 

M+  N~  b.  7l._.  6.  , 

—  - -  — (a^i  4-  6M  )  4-  -(a/x  —  bM+)  =  /l, 

a  a  a  a 

N+  M~  b.  r.,_x  6.  ,  w4.\  n 

—  - =  — (a/x  +  bM  )  4 — (afi  —  bM+)  =  B. 

a  a  a  a 


Equation  (2.36a)  implies 


M+  ,n  .  1  /■“  A(k') 

a  _9(°’*)+  2ivJ-oo  k'-k-iO' 


(2.35) 


(2.36a) 


(2.366) 


(2.37) 


We  next  express  and  A  in  terms  of  scattering  data: 

b  at  b  at  bd 

A  ~  ~4i7+4kT  =  4idi^n 


(2.38) 
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where  we  have  used  the  definition  of  A  and  (2.26).  Also  equation  (2.36a)  implies 


a 


-{an  +  bM~)  +  6/i  -  (66  +  1)~  = 


b  at  bt  —  4 ik2b 
4 k  a  +  4k  ' 


where  we  have  used  (2.26)  and  (2.27).  Thus 


M+  _  yV _ ^  _  6  at  bt  —  4ik2b 

a  a  4k  a  4k 


Substituting  (2.38),  (2.39)  in  (2.37)  we  obtain 


bt  —  4  ik2b 
4k 


-9(0,<)  + 


8k  \  a  a  J 


Thus 


where  P±  denote  the  usual  projection  operators,  i.e. 

p*f,±L  +  LHf. 

Alternatively,  using  (2.33)  the  above  yields 

bt  -  4ik2b  /n  x  b  8  ,  ,  -  b  d 

~ l —  =  -,(0' 4)  +  Ikdt ln(1  +  w)  +  ! - lna)- 


(2.39) 


(2.40) 


(2.41) 


(2.42) 


But 


and 


In  a  —  In  a  =  —  iH(\na  +  In  a)  =  —  iH  ln(l  +  66), 


since  In  a,  In  a  are  +,—  functions  respectively.  Thus  equation  (2.42)  implies  (2.30).  Simi¬ 
larly,  equation  (2.36b)  yields 


6j  +  4ifc26 
4k 


— r(0,  0  +  P+ 


I  4k  a 


(2.43) 


which  implies  (2.31). 


(i)  In  the  linear  limit  equations  (2.30),  (2.31)  reduce  to 

bt  —  4 ik?b  =  —4*9(0,  t),  bt  +  4 ik2b  =  — 4*r(0,  t), 

which  are  the  time  evolution  of  the  sine  transform. 

(ii)  Equations  (2.30),  (2.31)  become  linear  if  66  is  known. 

(iii)  The  scattering  data  7  =  6/a,  7  =  6/a  satisfy  the  following  equations: 


7 1  —  iik2y  =  —4*9(0,  t)  -f  4 kP~ 


7 1  +  4i&27  =  — 4*r(0,  t)  -f  4*P+ 


ln(l  -  77)  A  1 

4*  )} ' 


(^)} 


A.  The  NLS 

The  NLS 


iqt  =  Qxx  -  ^\q\2q,  a  =  ±1  (2.44) 

corresponds  to  r  =  <rqm ,  then  6(*,  t)  =  crbm(km,  t ),  and  6  satisfies 

I .  _  4.1;26  /-oo  11*11  _  £l*l  Q 

■ik  --  =  -4*9(0, 0  +  /_TO  ln(l  -  cr|6|2)(*').  (2-45) 

Proposition  2.8.  The  initial-boundary  value  problem  associated  with  the  NLS  equation 
(2.44),  where  q(x,  0),  9(0,  t)  are  given  appropriately  smooth  functions  and  q(x,  0)  decays  for 
large  x,  is  solved  by 

q(x,t)  =  ——[  dk7(k,t)e~2,kx't>i(x,t,k),  7==-,  x  >  0,  (2.46) 

7T  J —00  CL 

where  6  solves  the  nonlinear  integrodifferential  equation  (2.45),  a  solves  (2.33),  and  'L  = 
(tff,  $2)  solves  the  linear  integral  equations 

=  1  -  P"{7*e2,*I(«,2~)*}>  *2  =  (2.47) 

Proof.  The  above  result  follows  from  Proposition  2.7  and  2.4:  for  real  *,  7  =  <77*,  thus 

(2.17)  imply  =  o/'Pj)*,  ^2  =  (^T)*  aQd  they  reduce  to  (2.47). 

Remark  2.5.  If  9(0,  t )  =  0,  (2.45)  reduces  bt  —  4f*26  =  0. 
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B.  A  Note  on  the  Odd  Extension 

The  above  analysis  is  based  on  considering  an  odd  extension  of  the  potential  q.  This  has 
two  consequences:  (i)  The  linear  limit  of  the  analysis  reduces  to  the  sine  transform  formalism, 
(ii)  The  formalism  involves  only  g(0,t)  (which  is  given)  and  not  qx(0,t).  However,  the  above 
formalism  is  nonlinear,  since  7  satisfies  a  nonlinear  integrodifferential  equation.  It  is  thus 
natural  to  ask  if  there  exist  an  alternative  linear  formalism.  It  appears  to  the  author  that 
the  odd  extension  is  the  only  natural  one  associated  with  this  problem.  This  is  based  on  the 
following.  Let  us  consider 


$x  =  ik[J,  $]  +  Q$,  0  <  x  <  00. 

The  eigenfunctions 

V  =  I-  I™  dteik(x-()JQV,  $  =  e,kxJA(k,  t )  +  T  d^s~i)JQ^>,  (2.48) 

J  x  JO 

define  the  RH  problem 

$  =  tye'kxJS,  S  =  A(kt  t)  +  r  dte-'kiJQ$,  (2.49) 

Jo 

provided  that  An,A\2  are  functions  in  k.  Letting  <p  =  $elkxJ  it  can  be  shown  that  <pt 
satisfies 


=  +  vA-'lAt  +  (2  ik2J  +  iQ,(0,  t)J  +  i(gr)(0,  t)J  +  2fcQ(0,  t))A}.  (2.50) 

Then  the  evolution  of  the  scattering  data  (2.49b)  depends  on  the  term  in  the  bracket  ap¬ 
pearing  in  (2.50).  Thus  we  need  to  choose  A  such  that: 

(i)  A21,  An  have  proper  analyticity  properties  in  k. 

(ii)  The  evolution  of  the  scattering  data  does  not  depend  on  Qr(0,  t ).  We  claim  that  if 

A(k,  t )  *  f°°  dteik<JQ({,  t,  k),  (2.51) 

Jo 

then  the  above  two  requirements  are  satisfied.  Indeed 

A=  [°°  dteikiJQ(t,t)*(-Z,t,k)e-iktJ  =  f°°  d^Q^t^-^Uk) 

Jo  Jo 

has  the  correct  analyticity  properties.  Also  it  can  be  shown  that  (ii)  is  fulfilled.  However, 
the  eigenfunctions  (2.48)  with  A  defined  as  above  are  the  eigenfunctions  (2.7)  which  follow 
from  an  odd  extension.  Furthermore,  it  appears  that  (2.51)  is  the  unique  choice  satisfying 
(i),  (ii):  From  the  linear  limit  of  the  inversion  formula,  it  follows  that 

A  =  7-  rd^Q(U)F(U,k), 

Jo 

where  F  -*  I  in  the  linear  limit.  The  choices  F  =  /,  or  F  =  A  contradict  (ii)  ,  while 
F  =  </>(£,  t,  k )  contradicts  (i). 
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(3.1) 


3  The  General  Case 


Equation  (1.2)  can  be  solved  by  the  transform  (1.3).  The  inverse  data  satisfy 

4k 

qt  -  4 ik2q  =  -- -[ga.(°,  t)  +  ag(0,  *)]. 

It  should  be  stressed  that  the  factor  f(k)  appearing  in  (1.3)  is  uniquely  determined  by  the 
requirement  that  the  inverse  data  depend  only  of  g(t)  and  not  separately  on  g(0,  t),  qx(0,  t). 
Indeed, 

q,  =  /”  </{(«"“  +  /“  d +  /(*)e-2'*<),«  = 

JO  JO 


=  4  ik2~  +  i(l  +  /) 
Thus,  if  -2 =  a,  then  /  = 


qx(Q,t)-2ik{j-Jlq(0,t) 


3.1  The  Nonlinear  Analogue  of  the  Transform  (1.3) 


Motivated  by  the  linear  problem  we  consider  the  following  extension  of  the  potential  Q: 


Q(x,  t,  k)  =  Q(x,  t)H(x)  +  F(k)Q(-x,  t)H(-x),  F(k )  =  diag(f(k),  /(-*)).  (3.2) 

Remarks. 3- 1- 

(i)  Suppose  that  Q  satisfies  the  first  member  of  the  AKNS  hierarchy,  i.e.  Q  solves  (2.23). 
Then  F(k)Q(—x,t)  also  solves  (2.23).  (This  follows  from  the  fact  that  f(k)f(—k)  =  1.) 

(ii)  The  potential  Q  satisfies  the  symmetry  condition 

Q(-x,k)  =  F(-k)Q(x,k)  (3.3) 


A.  Analytic  Eigenfunctions 

Proposition  3.1.  Let  the  matrices  '5,  $  solve  (2.7)  where  Q  is  given  by  (3.2).  Let  x  >  0. 
Then  '5, 

(i)  Solve  (2.6),  with  Q  defined  by  (3.2). 

(ii)  Satisfy  the  following  symmetry  condition 

$(-x,  -k)  =  A(-*)#(x,  k)A(k),  A(k)  =  (  ~f0(k)  J  )  ,  (3.4) 

or  in  component  form,  if  $  =  ('P-,  'If+),  $  =  ($+,  $“),  then 


$t(-xi~k)  =  *r(*,*0,  $2  (-x,-*)  =  —/(*)' (*,*)» 


$f(-z,  -k)  =  k),  *2+(~*,  —k)  =  tf+(x,  k)  (3.5) 

(iii)  'P+,  'P_  are  4-,  —  vectors  in  the  complex  k-plane.  $+,  for  a  >  0  are  sectionally 
meromorphic  functions  in  the  complex  k  plane:  $+  is  analytic  in  the  upper  half  complex 
k-plane  and  has  a  pole  at  y,  if  a  >  0  ;  similarly  is  analytic  in  the  lower  half  complex 
k-plane  and  has  a  pole  at  =jL  if  a  >  0. 

Proof,  (i)  is  straightforward.  To  prove  (ii)  note  that 

#(-*,  -*)  =  /-  /_“  -k)9(t,  —k)  = 

=  /-  I*  die^x-VJ F{-k)Q{Z,k)y(-Z,-k). 

J —oo 

Multiply  the  above  matrix  by  a  matrix  C  =  diag(C\,C-i)  and  choose  C  such  that  C F(  —  k)Q(x,  k) 
—Q(x,k)C,  i.e.  C\  =  —Cif(k),  for  example  let  C  =  A,  defined  by  (3.4).  Thus 

AV(-x, -k)  =  A+  f  dZeik{x-°JQ({,  k)A*(-t,  -k), 

J  —  OO 

or 

A*  (-x,  -A:)A_1  =  /  +  r  dte'k{x-<)JQ(i,  k)AV{-t,  -k)A~\ 

J —  OO 

and  hence  (3.4a)  follows,  since  A~x(k )  =  A(—k). 

(iii)  Consider  (2.7a)  with  x  >  0.  Then  are  +,  —  functions  respectively,  since 

Q(£,  k )  =  Q{£).  Equation  (2.7b),  for  x  >  0  imply 

*t  =  1  +  f  +  1°  dU(k)q(-0*t, 

JO  J — oo 

$+  =  /r^r$+e2,*(I-«)+  dtf(-k)r{  -£)$+e2i*<x“« 

JO  J — oo 

letting  — >■  — ^  in  the  integrals  over  (— oc,0)  and  using  $2(—I>k)  =  —  /(— A:)'I,J(x,  —  k), 
$}■(— x,  k)  =  ^(x,  —  k)  we  obtain 

*t  =  1  -  rdtq*i{t,-k)  +  /*<*&*?, 

Jo  Jo 

$+  =  f(—k)  r  dte2ik{x+i)r'Hi(t,  -k)  +  r  d^ik(x-^r<i>t  •  (3-6) 

Jo  Jo 

Since  'Irj"(x,  k),  ^J(x,  k)  are  —  functions  it  follows  that  'Pj'(x,  —  k),  ^J(x,  —  k)  are  +  func¬ 
tions.  Also  exp(2ikx)  is  a  4-  function  since  x  >  0.  Thus  the  forcing  of  the  above  in¬ 
tegral  equations  is  a  function  analytic  in  the  upper  half  k-complex  plane  with  a  pole  at 
2 ik  4-  a  =  0  iff  a  >  0.  Similarly 

=  /(*)  JQ°°dte-2iklx+Vq*l(t-k)  +  J*  d£e~2ik^x~®  q$2  > 

$7  =  1-  [°°dZrVt{Z-k)  +  r  dir$~.  (3.7) 

Jo  Jo 
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B.  The  Scattering  Equation 


Proposition  3-2. 

(i)  The  eigenfunctions  defined  by  (2.7),  where  Q  is  given  by  (3.2),  are  related  via 
(2-8). 

(ii)  detS  =  1. 

(iii)  The  scattering  data  satisfy  the  following  symmetry  condition, 

S(-k)  =  A{-k)S~l{k)A(k),  (3.8) 

where  A(k)  is  defined  in  (3.4b),  or  in  component  form 

a(-k)  =  a(k),  b(-k)  =  f(-k)b{k),  b(-k)  =  f(k)b(k).  (3.9) 

(iv)  a,  a  are  analytic  in  the  upper,  lower  half  complex  k-plane  with  a  pole  at  — ,  ^  iff 
a  >  0. 

Proof.  The  derivation  of  (i),  (ii)  is  similar  to  that  of  Proposition  (2.2).  To  derive  (iii)  use 
(3.4).  To  derive  (iv),  note  that 

a(*)  =  1  -  /(-*)  /°  U,  k)  +  r  k), 

J  —03  JO 

or 

roo  roo 

a(k)  =  1  -  f(-k)  /  dtr*t(-t,k)+  ^r*+(e,Jb).  (3.10) 

Jo  Jo 

Similarly  for  a(k)  . 

Remark  3-2. 

(i)  When  a  — *  oo,  /  —*  —1,  A  — >  /  and  (3.4),  (3.8)  reduce  to  4>(— x,  —  k)  — 
^(x.k),  S(—k)S(k)  =  /,  i.e.  to  equations  (2.11),  (2.12). 

(ii)  When  a  — ►  0,  i.e.  when  ^(O,  t)  is  given,  the  linear  problem  is  solved  by  the  cosine 
transform.  In  this  case  /  =  1,  A  —  J  and  (3.4),  (3.8)  reduce  to 


$(— x,  —  k)  =  Jty(x,  k)J,  a(—k)  =  a(k),  b(—k)  =  b(k),  b(—k)  =  b(k).  (3.11) 

C.  The  Inverse  Problem 

In  the  case  of  a  =  0,  the  potential  Q  is  continuous  at  the  origin,  while  Qx  is  discontinuous. 
Hence  the  scattering  data  6,6  behave  like  jj-  for  large  k.  Since  for  large  k,f—+  1,  actually 
the  above  behavior  is  also  valid  for  all  finite  values  of  a  (the  case  a  — ►  oo  is  different  and 
was  considered  separately  in  §2.) 

Proposition  3.3.  The  inverse  formulae  of  Proposition  2.4  are  also  valid  if  the  scattering  data 
are  defined  by  (2.8),  with  Q  given  by  (3.2). 


Proof.  If  or  <  0  the  result  is  straightforward,  since  all  the  quantities  of  interest  have  the 
proper  analyticity  properties.  If  a  >  0,  these  quantities  have  removable  singularities  and 
hence  the  analysis  goes  through.  For  example,  near  k  =  y,  <P+(ifc)  ~  f(—k)  and  a(k)  ~ 
f(—k),  thus  has  a  removable  singularity. 

Remark  3.2.  The  linear  limit  of  the  inversion  formulae  given  by  Proposition  3.3,  is  the 
transform  defined  by  (1.3):  Recall  that 

q  =  —  -  /  dke~2ikx -^i",  x  >  0;  1  =  -  c^e^g'Pj.  (3.12a) 

7T  J — oo  Cl  J — oo 

The  linear  limit  is  straightforward  if  a  <  0  :  *P J",  ,  a,  tend  to  1  and  the  above  yield 

b  =  —  1°  d£e2ikif(k)q(-£)  -  f°°  d^e2ik(q,  q  =  -  f°  dke2ikxb  -  -  f°°  dke~2ikxb, 

•J —oo  Jo  J — oo  7T  Jo 

or 

q  =  ~  jH  dk  (e~2ikx  +  f(-k)e2tkx)  b(k ),  b  =  -  j~  d{  (e2ik(  +  f{k)t~2ik <)  ?.  (3.126) 

If  a  >  0,  then  develop  pole  singularities  since  <P+,  still  behave  like  f[—k),  f(k) 

near  k  =  y,  A:  =  —  y,  respectively,  but  a,  a  — »  1.  The  contribution  from  these  singularities 
is  e~axC,  C  constant,  which  yields  the  additional  term  appearing  in  (1.3). 

3.2  Evolution  of  the  Scattering  Data 

In  analogy  with  Propositions  2.5,  2.6  we  have: 

Proposition  3.4.  Let  'P  and  Q  solve  (2.7a)  and  (2.23)  respectively,  where  Q  is  given  by  (3.2). 
The 

(i)  V*  =r  'Pei p(ikxJ)  solves 


il>t  =  Urp  +  2 ik24>  +  iH(-x)ipip(Q ,  t)  1J(I  +  F)(<2r(0, 0  +  c*Q(0,  t))ip{ 0,  t),  (3.13) 

where  F  =  diag(f(k),f(—k)). 

(ii)  The  scattering  data  S  satisfies 

Si  =  [Uo,  S]  +  1^(0,  +  F)(gx(0,  t)  +  aQ(0,  <))^(0,  t).  (3.14) 

Proof.  The  derivation  is  similar  to  that  of  Proposition  2.5,  2.6:  If  xj;t  =  Uxp  +  2 ik2xpj  + 
H(—x)ipC,  continuity  implies 

C  =  0(0,  <)_1[2A:(F  _  r)Q(0,  t )  +  i(F  +  /)  JQx(0,  <)]0(O,  t )  = 

=  0(0,  t)-'[iJ(F  +  /)(Q*(0,  t)  +  aQ(  0,  t))]0(  0,  t). 
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As  x  — ►  —  oo,  (3.13)  implies  (3.14). 


Remarks  3.3. 

(i)  In  the  linear  limit,  the  evolution  of  the  scattering  data  reduces  to  (3.1).  For  example, 
one  of  the  components  of  (3.14)  gives 

Ik 

bt  =  4 ik2b  +  — - (qx(0,  t)  +  aq( 0,  t )) .  (3.15) 

Zik  —  a 

Equations  (3.12b),  (3.15)  provide  the  solution  of  (2.1)  (for  a  <  0). 

(ii)  In  the  homogeneous  case  Q r(0,  t)  -fa(2(0,  t)  =  0  and  the  scattering  data  can  be  found 
in  closed  form  (see  equations  (2.28)). 

Exploring  the  analyticity  structure  of  'F(0,  t)  one  may  again  formulate  a  nonlinear  equa¬ 
tion  for  the  scattering  data  similar  to  that  given  in  2.3.  The  study  of  this  nonlinear  singular 
integrodifferential  equation  will  be  presented  elsewhere. 
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